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Abstract

The effective viscosity of a helium gas in the transition regime has been measured with
an improved version of a torsion pendulum viscometer with thermally controlled walls. The
experimental results have been analyzed in terms of a model including Burnett-type
corrections that takes into account the cylindrical geometry of the system. Our results bring
an additional indication of the importance of Burnett-type corrections to that recently found
by Salomons and Mareschal in the quite different problem of atomistic simulations of a strong
shock wave in a hard-sphere gas.
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Nuevos resultados experimentales sobre la utilidad de
las correcciones tipo Burnett para la viscosidad
de un gas

Resumen

La viscosidad efectiva de un gas de helio en el régimen de transicion es medida con una
version de un viscosimetro de péndulo de torsion con las paredes externas a temperatura
controlada. Los resultados experimentales han sido analizados en términos de un modelo que
incluye correcciones tipo Burnett vy que a la vez toma en cuenta la geometria cilindrica del
sistema. Nuestros resultados muestran la importancia que pueden tener las correcciones tipo
Burnett, importancia que ha sido también ilustrada por los resultados de Salomons y
Mareschal en simulaciones numeéricas de una onda de choque en un gas de esferas rigidas.

Palabras claves: Correcciones de Burnett; régimen de transicion; viscosidad.

Introduction duL

sz=_qa—;+qpﬂya [1]
Starting from the Boltzmann equation

it can be shown that for a dilute gas there
are additional terms to those corresponding
to the Newton law of friction and the Fourier J—-KE+{J 2]
law of heat conduction (1): 2= Koa Tl

and
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where (F,Jg and (J,)g stand for the above
mentioned additional terms, and n and x are
the usual coefficients of viscosity and ther-
mal conductivity. Both (P,,)5 and (J,)5 con-
sist of a series of terms each of which are
the product of a coefficient (depending on
thermodynamic variables and molecular
parameters), and either the product of gra-
dients or high order derivatives of u, and/or
T. We will call (P,,)g and (J,)5 Burnett type
corrections because of the Burnett equa-
tions as a generalization of the Navier-Sto-
kes equations (2,3).

The terms appearing in (P,,)g and (J,)g
may become relevant in at least two situ-
ations:

(i) When the Match number M is large
(M is the ratio of the fluid velocity and the
velocity of sound). In that case, due to the
relatively large value of the fluid velocity,
high order derivatives and non-linear fluid
velocity gradient factors in terms of (P, )z
and (J,)g may take values making relevant
these corrections (3).

(ii) When the mean free path ! cannot
be neglected in front of a characteristic mac-
roscopic length L of the system under con-
sideration. In that case the coefficients of
the terms appearing in (P,,)g or {J%B are
large due to their dependence on ({/L)" (n=2)
(4.5).

Recently it has been shown using
atomic simulations for a strong shock wave
in a hard-sphere gas that the Burnett type
corrections considerably improve the de-
scription of the thermal conductivity and
the viscosity over the Navier-Stokes predic-
tions in the shock-front region (3). This
clearly indicates the importance of addi-
tional terms appearing in (P,,)z and (J,)g for
the first of the two types of situations above
mentioned.

Here, we will examine situation (ii). For
this we will consider the experimental meas-
urement of the effective viscosity as a func-
tion of the density of a gas confined to a
cylindrical container, inside which a torsion

pendulum consisting of a cylindrical mov-
ing shell hangs suspended from a quartz
fiber.

The experiment has the following gen-
eral characteristics:

a) The tangential velocity of the moving
shell is sufficiently small so that in our
experiment the Match number is much
smaller than unity.

b) The parameters characterizing our
system are such that the correspondent
Reynold number is found in a range of
values very far from that corresponding to
the occurrence of turbulence.

¢) The pressure and temperature of the

gas correspond to the so called transition
regime case ([~L).

The theoretical model that we will use
to interpret our experimental results in-
cludes additional terms in (P,)g. Equation
[1], up to third order in [ and consider
explicitly a cylindrical geometry. A con-
densed description of it will be given in
section 2. A more complete account of this
maodel is given in Reference 6.

An intuitive description of the physics
behind of the unusual oscillations of viscos-
ity in the transition regime is given in Ref-
erence 7.

We will concentrate here on the predic-
tion of this model according to which the
effective viscosity in the transition regime
presents periodic regions of rapid variation
as a function of density; the separation in
density An between these regions fulfilling
the simple equation:

.ﬂn::—""—-l—-— : [3]

1/2
4
— AR
where o is the mean atomic cross-section of
the gas and AR the radial separation be-

tween concentric surfaces which are in re-
lative motion.
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Here we report experimental results for
the effective viscosity of helium in the tran-
sition regime (section 3). These results
strongly depart from what is expected when
(P,)g is neglected in Equation [1]. The ex-
perimental measurement of effective viscos-
ity shows regions of rapid variation with the
density and the location in density of these
regions can be reasonably well described by
Equation [3]. The experimental results have
been obtained with an improved version of
a viscometer corresponding to AR=2.0+£0.1
cm. The comparison of these results with
those previously reported by us for helium
employing a viscometer with AR=5.0+0.1
cm (5), indicates that the relation Ane= 1/AR
that follows from Equation (3) holds. Finally
the present results are also contrasted with
those previously obtained with a third vis-
cometer whose moving shell is not equidis-
tant from the two fixed surfaces of the
apparatus (8).

Viscosity of a gas in the
transition regime and in a
centrifuge field of force

Let us consider a dilute gas, enclosed
in a cylindrical recipient of radius R, which
rotates around the symmetry axis with con-

stant angular velocity Q To describe this
systern we use two cylindrical coordinate
systems: one fixed in the laboratory, and the

other rotating with angular velocity H.but
having the same origin and the same Z axis

as the fixed system. We denote a,the ther-
mal velocity of a molecule measured in the

rotating coordinate system, and V the ve-
locity of the same molecule measured in the
fixed coordinate system. Using cylindrical
coordinates p, ¢ and Z, the local distribution
function can be written as (6)

/2
m ml~2
196.T) =nto [m]ﬂ - ). 0

where k is Boltzmann's constant, 3 =
(U, Uy .Uy, Up =0,, Uy=v,- 14, (p) U,=v,
and U, (p) is the fluid wvelocity. The local
density n (p) depends on the radial variable
p. In fact, it can be shown to depend very
weakly on p except when very high angular
velocities occur, which is not the case of our
experiments here (6).

Following the path integral method,
the molecular distribution function can be
calculated up to third order in the mean
collision time 1 (4-6). Using this molecular
distribution function f and following a simi-
lar procedure to that previously described
(6), the tangential stress P, = mdeUfUpU¢,
is found to be (6):

2
U, k2! 320 3 (an) |
Pw=ﬂkﬂ3p"—3f3—m“{zg—;[a-p] |
aut kﬂ‘]'e&SU¢

where the last two terms in the r.h.s. corres-
pond to third order Burnett-type correc-
tions in the collision time. We will ignore in
Eq [5] the terms arising because of the
dependence of n on p.

The problem of the boundary condi-
tions for Equation [5] was already consid-
ered in Reference 6. The nature of the inter-
action between the molecules of the gas and
the solid surfaces is a complex problem
depending on the physical and chemical
properties of the surfaces and on the mole-
cules of the gas. We have taken into account
this complexity in an effective way through
the values that the fluid velocity and the
spatial derivative of it may take in the neigh-
borhood of the solid surfaces. For instance,
at the most elementary level we may con-

sider the slipping factors of the gas at this
surface in an effective way, when the value

vy of v, at p = R, is smaller than the tangen-
tial velocity of the solid surface correspond-
ing to p = R;. The effect of the boundary
conditions on viscosity has been already
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studied for a variety of cases. As was pre-
viously shown, the periodic non monotonic
variation of the viscosity with density re-
mains even under random values of the
derivative of the fluid velocity at the con-
tainer walls (6).

For the boundary conditions

vy =V, (p = Ry). vp = (p = Ry),
ol =ﬂ‘ a_'nd =_¢|
1 ap p=R a dp p=F,

where p=R; and p=R, correspond to the
fixed and the moving surfaces of the visco-
meter, respectively, along with a condition
of zero relative acceleration of the concentric
layers:

2nHpP,, = const ,

Eqguation [5], yvields (6):

' 1——m4'&2'&11'1—';“{"'R }

[
th¢=—1'|1:|‘: ae .

'[m—mu i Ra fR.}—Lr1+fz}tan[%Rﬂ %

L
6]

where w= (me‘zExT)”z = {8!311:}”21':?.-611.
Av=vy-v;, AR=R,; - R}, and

g(R) =-;£ senuR-Cl (aR)cosoR-SloR)senuR,
[71

fR) = %cnst + ClloR)sinoR-SlwR)coswR,
(8]

g, =9R)). g;=49(Ry). fi=fiR)). f;=1fRy).
and Sllx) and CI[» are the well known inte-
gral functions (9). It can be shown that the
limit R,, Ry — = of P, given in Equation [6]
with AR = L = constant, leads to the expres-
sion of the stress tensor corresponding to a
planar geometry given in Equation [41] of
Reference 5. On the other hand, the high
density limit of Equation [6] gives the correct
continuous regime expression. The stress-

tensor component P, given by Equation [6]
predicts regions of rapid variation with den-
sity which are separated by the quantity An
given in Equation [3]. Finally, although
Equation [6] yields values for the effective
viscosity which may differ in a sizable way
from the corresponding ones obtained pre-
viously for a planar geometry (5). the expres-
sion for An is the same for the two cases (5).
This is relevant to our discussion of the
experimental results in the next sections.

Experimental

Figures 1 and 2 show a simplified
scheme of the viscometer used. The main
characteristics of this instrument are:

i) Hollow fix walls (Figure 1) were built,
and a couple of thermostated baths has
been attached to each of the walls in order
to keep the temperature gradient constant;
if) Two platinum resistance sensors has
been placed near the fix and moving walls
in order to monitor temperature variations;
iii) A pressure sensor system which includes
a digital Pirani-PG3 vacuum gauge, as well
as a sensitive thermal conductivity gauge
heads was added (Figure 2); iv) A stepping
motor has been attached to the precision
rotatory feed through with the aid of a rub-
ber band (Figure 2) in order to transmit
similar torques to the torsion pendulum as
the experiment evolves. This device greatly
diminishes the human error, lowering amny
influence of the initial torque in the result-
ing oscillations. In all cases, the stepping
motor controller has been turned off after
the appropriate torque was given in order to
avoid the transmission of unwanted vibra-
tions to the viscometer.; v) The output of the
laser phototransistor has been connected to
a personal computer with the use of a mul-
tifunction analog/digital board and appro-
priate termination breadboards (Figure 2).

A C-coded program elaborated with
LabWindows (version 2.2) and the addition
of a AT-MIO-16H-25 card to a PC, has
allowed to record the pressure, temperature
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Figure 1. Torsion pendulum viscometer with thermally controlled walls.
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Figure 2. Scheme of the measurement system of the viscometer and data processing devices.
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and elapsed time at each laser pulse de-
tected by the phototransistor. In this way,
all relevant data can be recorded for each
period of oscillation, allowing separate
analysis of their variation with respect to the
pressure.

A cylindrical aluminum paper moving
shell weighing 52.8 £ 0.1 g. and having a
total length of 70.0 £ 0.1 cm., was employed.
A distance of 2.00 = 0.05 cm. between the
fix and moving walls was selected (AR). Fif-
teen degrees torques were used in order to
impulse the pendulum. The periods of oscil-
lation were recorded within an angle of 15
degrees from the equilibrium point. The
pressure was changed from 1 to 50 ym Hg
in approximately 1.5 pm Hg steps, and some
other points were taken in order to reach
150 ym Hg. It has been found convenient to
start from the highest pressure and lower
the pressure gradually, since in that way
the pressure is much more easily control-
led. The temperature was held constant at
293 K. with maximum deviations of less
than 0.2 K. The accuracy of the time counter
is the order of 10° seconds, being the aver-
age period of oscillation of the viscometer
about 23.05 seconds for the range of se-
lected pressures.

Using the dependence of the periods of
oscillations with the pressure (4), a cubic
spline fit of the variation of f =—PWAanU Av
was dravwn (Figure 3). The function f can be
written as (4):

smR@ B2
Mo A T,

f=

where T; is the experimental value of the
period of oscillation of the torsion pendulum
corresponding to the pressure p, The quan-
tities M and A are the mass and the area of
the moving shell of the torsion pendulum,
and ng is the viscosity of the gas in the
continuos regime. We have given to Ty in
Equation [9] the value of the minimum of
the measured periods T; s in each experi-
ment corresponding to a run in the pressu-

re. Each point in Figure 3 corresponds to
the average period of oscillation of a set of
11 periods recorded at each pressure. This
figure shows an upward drift on top of which
the oscillations are clearly seen. This drift
depends on the gas type, as has been obser-
ved in previous experiments on Nitrogen
and Argon (10).

Results and Discussion

Function fin figure 3 shows principal
signals at 27.5 pym Hg and 50.2 pm Hg. From
the separation in density An between these
two signals we have found using Equation
[3] the diameter of Helium to be: 3.0 £ 0.3
A. This value is close to the van der Waals
excluded volume (2.65 A) estimation (11),
although considerably larger than the value
corresponding to the heat conductivity
measurements (2.30 A) and to the continu-
ous regime viscosity measurements (1.9 A)
given in the literature (11).

According to Equation [3] the separa-
tion in density An between consecutive re-
gions of rapid variation of the effective vis-
cosity with density depends inversely on the
distance AR between concentric shells in
relative motion of the viscometer. Therefore,
a comparison of the experimental measure-
ments with viscometers differing in AR could
serve to test the relation Ano 1/AR. We have
done this considering first our present ex-
perimental results, and second, the experi-
mental results reported in a previous paper
corresponding to a viscometer with AR=5.0
+ 0.1 cm (4). The separation in density
between the main two signals of f in the
experimental results reported in (4) which
correspond to a viscometer with AR=5.0 %
0.1 cm, is An= (3.9 + 0.6) x 10'* mole-
cu.les,.l’cms. Introducing this value in Equa-
tion [3], we obtain for the atomic cross-sec-
tion for helium ¢ = (2.4 + 0.3) x 107'% em?,
which yield the atomic diameter d = (2.8 +
0.2) x 10'® em, which is in good agreement
with the value presently obtained with a
viscometer where AR = 2.00 + 0.05 cm.

Scientific Journal from the Experimental
Faculty of Sciences, Volume 4 N® 4, October-December 1996



320 Burnett-type corrections for viscosity

0 1 ] L | |

4} 10 20 30 40 S0 60
'_'Ir T I I I 1
6 - {- 0.84 -
s F f\ o ]

ﬂ/\f
2 8 J/ﬂﬁ- f\ﬁA\QI Jn =
/3‘ *’—Kﬁ A .

3l J
2= -
1 | = .
{:I 1 1 {:.! 1 1 ]

o 10 20 30 40 50 60

PRESSURE (um Hg)

Figure 3. The function f = - de; AR/ Av vs pressure for a helium gas. The function f is calculated
according to Equation (9) from the periods of the torsion pendulum corresponding to
different pressures. The distance between surfaces in relative motion of the torsion pendulum

is AR = 2.00 £ 0.05 cm. In the upper figure we have represented the error bars associated to
every point of the curve.
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We have also considered the previous
experimental results corresponding to a vis-
cometer in which the internal moving shell
is not equidistant from the two fixed sur-
faces of the apparatus (8). In fact, this vis-
cometer correspond to two AR's distances
which are 18.6 + 0.1 and 4.0 + 0.1 cm,
respectively (8). In order to separate the
corresponding two expected "oscillations” of
f. the experimental results were analyzed
using a Fourier Transform technique. This
yielded two values for the atomic diameter
of helium with rather large errors: (2.2 +0.5)
x 10%, and (2.7 + 0.7) x 10® cm, respec-
tively, which taking into account the error
bars are still compatible with the two values
previously discussed. The second of these
values corresponds to AR = 4.0 + 0.1 cm (8).
Itis %uitﬂ close to the values of (3.0 £ 0.3)
x 10 and (2.8 +0.2) x 10" cm that we have
determined above corresponding respec-
tively to AR = 2.00 + 0.05 cm and AR =5.0
0.1 cm. Yet, the value d = (2.2 +0.5) x 108
cm, which corresponds to AR = 18.6 £ 0.1
cm (8), is appreciably lower than the other
two. In spite of the large error involved in
this last evaluation of the atomic diameter
of helium, this may be an indication that
Equation [3] remains valid for variations in
AR of about 150%, although it may break
down for much larger variations. Note that
large changes in AR imply (according to
Equation [3]) large changes in An if ¢, and
s0 the atomic diameter d, should come out
with the same wvalue. Remarkably this is
what is experimentally obtained.

Concluding remarks

The consistency of the experimental
results reported in this paper, and those
reported previously (4,7), with respect to the
relation An = 1/AR deduced from Equation
[3], is a more stringent experimental test
than those presented before for the occur-
rence of regions of rapid variation of the
effective viscosity as a function of density for
gases in the transition regime, these regions
being separated in density according to the

simple relation in terms of the atomic cross-
section of the gas and the separation be-
tween moving and fixed walls of the vis-
cometer, Equation [3]. On the other hand,
our results bring an additional indication of
the importance of the Burnett-type correc-
tions to that recently found in atomistic
simulations of a strong shock wave in a
hard-sphere gas (3).
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