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Abstract

Compact stars cooling theory is revised thought secular stability criteria, this is when the
relaxation times are not negligible. Using the Cattaneo Law for the heat flux, it is shown chan-
ges in the energy transport equation and insinuates quasiperiodic pulses in the luminosity.
Applications in rapid variations in single white-dwarf oscillators and quasi periodic luminosity
pulses of Neutron Stars (NS) are suggested. Also we discussed the Secular Stability in millise-
conds emissions Pulsar.
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Enfriamiento de estrellas compactas e inestabilidad
secular

Resumen

La teoria de enfriamiento de estrellas compactas es revisada a través del criterio de estabi-
lidad secular, cuando el tiempo de relajacion no es despreciable. Usando la Ley de Cattaneo
para el flujo de calor, se muestran los cambios en la ecuacion de transporte de energia y se insi-
nuan emisiones cuasi-periddicas en la luminosidad. Se sugieren aplicaciones del formalismo
en el estudio de las variaciones de Estrellas Enanas Blancas aisladas y en pulsaciones de estre-
llas de Neutrones. También se discute la Inestabilidad Secular en la emision de pulsares de mi-
lisegundos.

Palabras clave: Estrellas: compactas; interior- tiempo de enfriamiento; conveccion;
pulsares: interior.

Introduction propagation by waves is obviated. This
simplification will be spurious in the dege-
nerated material because, the relaxation
time is not neglecting. Also inside NS layers,
constituted for superfluid helium II, the re-
laxation time as high as hundred seconds
and the luminosity will oscillate (3). In this

The thermal properties are those res-
ponsible for the radiation and further evolu-
tion of White Dwarfs (WD) and Neutron
Stars (NS). However in standards calcula-
tion of the cooling time (1, 2) the possibility
of the heat
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article, it is described how changes the coo-
ling time and the luminosity in WD and NS
stars if heat waves are taken into account.
To make this, the Maxwell-Fourier is repla-
ced by the Cattaneo causal law in the energy
transport equation (section 2), the cooling
theory is revised in section 3 and 4 for NS
and WD respectively, and the section 4 we
discussed the secular stability in the pulsar
interior. The conclusions are show in the
last section.

2. Cooling of Neutron Stars

If the energy in the stars is transported
through the star layer by radiation, conduc-
tion and/or convection, the temperature
gradient is given, in the stellar interior, in
terms of local values of opacity k density p
and energy flux F by the relation (2-4):

ar _ s
dr  4acT?®

(1]

This relation is based in Fourier-
Maxwell law, according to which perturba-
tions propagate with infinite speed. A heat
flux equation leading to a hyperbolic equa-
tion (telegraph equation) is the Cattaneo law
(5):

F() == fexpl-e-0) /e 9Tt 12

For the study of the cooling of the NS we
shall closely follow the approach given by ref.
[4], keeping in as much as possible their no-
tation and changing the energy transport
equation. The total luminosity L= -47R*F, is

L= ARk [ DT.expl~(t—t") / <Jat’ 3]

T =

where we have used that VT= DT/R (T¢,.
tral” Lsurroundings)/R- By the other hand the
rate by which the thermal energy changes is

T
given by: L= C, % and the equation [3],

we obtains:
DT 17 pt
% = E[fo DT(t') exp[~(t—t')/ z]dt' + y .exp(~t / 1)]
[4]
with
X = ff’m AT(t) exp(t' / 7)dt =7 .DT(0); & zﬁ [5]

Taking Laplace Transform of both si-
des and some elementary algebra, then:

DTOt = DT(0).e* {cos(wx) - senL(wa) (14 2 ]}

47RIc |
[6]

with X =t /27, W= 4?”— 1. Then feeding

back [6] into [3] we obtain:

L= [47rRkDT(O) exp(—t / E)].f(x, w)=L, . f(x,w)

(7]
where
flx,w) = w21+ ] [(5 +0?).cos(wx)— € —wwz) .sin(wx)}
[ x 2 |
eX‘pLE.(w —I)J [8]

The last term in [7] defines the stan-
dard luminosity in the Maxwell Fourier (L)
regimen (when the relaxation time is negligi-
ble). The Equation [7]) connects the stan-
dard luminosity and the “true” luminosity
before thermal relaxation (in presence of
heat waves). Let us consider a normal NS
witch temperature T, (units of thousand mi-
llion degree) and total thermal energy (4)
U= AT, . Now, inserting the appropriate lu-
minosity into cooling equation, we obtain

f j dU = — f (‘)ﬁ L.dt But the luminosity in [7]
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is time dependent and the new cooling time
is defined as e-folding time. The cooling
equation is now

A

(L)

where (L) is the average in the interval (0,£).
This interval has been defined by e-folding
time and it is not restrictive in this discus-
sion. We can see easily that the value avera-
ge of that oscillatory functions (L) is very
different of the corresponding to a monoto-
nous luminosity function(L). Combining [6]
and [9] it is clear that the cooling time could
be bigger or smaller than the usual cooling
time of NS depending on the values assu-
med for relaxation time.

[T2( ) - DT2(0)] [9]

Ty =

3. The Cooling Time of White
Dwarfs

The influence and importance of the
convection and mixing length theory (MLT)
in the study and calculations of the at-
mosphere model for white dwarf is highly re-
port (Ref. (6) and references therein).

If the WD core is degenerated (or with
layers superfluid helium) then the relaxa-
tion time couldn’t be this negligible. In this
case the WD luminosity admits quasi perio-
dic variation while the times are less than
relaxation time. Using the convection theory
for the energy transport in the regime of Cat-
taneo it finds that the luminosity has the
form of equation [7] (7). We assume the Cat-
taneo law for the temperature gradient simi-
larly to [1] in the condition of hydrostatic
equilibrium, may also be written as:

dT 3« 1 (aL ) [10]

—= ——lT—+L
dP 64moc GMT?® \ at
Notice that if ¢ = O the relation [10] is
the “classical” equation for transport of
energy in the stars interior. The presence of
a sub surface convection zone can highly
affect the WD rate cooling and its age, as to

be seen now. According to. [7] and [10] the
energy transport equation is given as:

» 0T 3k (d)
T3 J.pi 2l = 0 (L ) .
P 64m0 GM
{I—T)'f(x,w)+raf(x’w)} [11]
T, ot

where we used the Kramers opacity law.
Now, we simplify matters by assuming a dis-
continues transition from degeneracy to non
degeneracy to certain point (subscript 0). We
have (8) that:

2/5 2
T, = ﬁ2/7(L(%e) (M/Me)_gg2/7(x,w) [12]

where T, is written in term of the Sun mass
(M E)) and Sun luminosity (L@) and the

energy equation allow write the luminosity
as:

aT,
it

~L=c, "M [13]

Feeding back [11] and [7] into [13], af-
ter some integration from O to z,, (life time or
the cooling time) then:

o T . if(xw) B
'{(H_rd +f(x,w) ax J
_2(Mo -5
dt = 5(1,@ )CvﬁT [14]

Obviously when 7 = 0 (without heat wa-
ves) the cooling time is the very well know,
WD cooling time (z@‘”), in the classical litera-
ture about subject. In general, if the heat
waves existent then cooling time increase.
The general solution of Equation [14] is:

x=2r,/T

AT, + A, -

= 7@

Inl % sin(wx) + p, cos(wx)
j 2 sin(wx) + q, cos(wx)

x=0

(15]
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where q;, q,, Py, P2, A1 ¥ A, are coefficient in
function ofrand . It is easy to look that the
non-lineal term in left member of the Equa-
tion [15] is restrained.

4. Secular Instability

Double diffusive instabilities arise
when the transport of two different proper-
ties compete against each other to dominate
the stability of a fluid, in stars, heat and
composition are the quantities transported
by mixing and convection (1, 2). In a fluid
distribution layers of higher molecular
weight above a colder region of lower mole-
cular weight may be dynamically stable if
the specific weight of the former is reduced,
because of its higher temperature, below
that of the underlying layer. If a blob of the
upper layer is pushed downward, buoyancy
will push it back. However on the time scale
by which the blob loses it’s excess tempera-
ture (DT), the buoyancy decreases and the
blob sinks. This secular instability (Thermo-
haline Instability) is controlled by heat lea-
kage of the blob (2). Under these conditions
the blob speed is:

H, DT

V,=— 2 =
¢ (Vad_v) TdT

[16]

Where V_,y V are the logarithmic varia-
tion of the temperature respect to pressure,
under constant entropy constant and head
constant respectively, Hp is the scale height
of pressure and 7, is the thermal adjust-
ment time (See ref. (2) for detail).

In NS with upper layers of helium su-
perfluid, the radial convective motions
could be present (secular instability). The
motions of the convective globules with
different molecular weight, would cause the
variations in the radial speed of the globule
given by (9):

T A o e e

+ sin(wx)[a) - i (1 + QX)]} [(17]

This show that the convective blob does
not always move down the temperature gra-
dient before relaxation, but in the opposite
direction during short periods of time. The
blobs oscillating in compact radio pulsar
sources will induce oscillations in the rota-
tion rate and thereby micro fluctuations in
the emission rate. This process could be
good model by quasiperiodic microstructure
observed in five radiopulsars, reported by
Cordes et al 1990 (10). They find a periodic
microstructure with quasiperiods ranging
from 0.5 to 5 ms, the same as the order of
magnitude expected for the relaxation time
in NS.

Of agreement with the magnetic dipole
model the pulsar radiate energy atrate (11):
B2R°sen’a

6

dErot —
dt

]94 =-B.Q*  [18]

where Q is the velocity angular, and « is the
inclinations of the magnetic field (B) with the
rotation directions. The variation of energy
carried away by radiation originates from
the rotational kinetic energy is given by:

dE, _ ,d2 @ d

= 4+
dt dt 2 dt

[19]

This Equation can be integrated to ob-
tain:

T

t = —In
2

o) 2 (201

Q I

L
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where
- dl -
Izaz2fr.17dm [21]

It is the variation temporary of the mo-
ment of inertia (I), due to the movement of a
globule of mass dm, with speed v, located in
the position r. Into NS degenerate material,
the convective globules presents radial mo-
vements quasi periodic (with ranging from
milliseconds to seconds) in scale of the rela-
xation time, this variations caused the fluc-
tuations in the Inertia moment, and the
quasi periodic variations in the flux of the
energy.

5. Conclusions

The Equation [7] show that the lumino-
sity is dependently of the previous history of
the temperature gradient and the envelope
composition. This result open new possibili-
ties not foreseen in the recent studies of fast
cooling of Neutron Stars (12). Also the Equa-
tion [9] show that the cooling time could be
very different than the usual NS cooling
time, depending on the values assumed for
7, in the special case 7 = £ we obtain that the
NS cooling time diminish.

In the coolest WD, the Equation [14]
suggests that the relaxation time increases
and the propagation of heat waves must be
considered in the later phases. The relaxa-
tion time for WD and quasi periodic varia-
tion of luminosity could be a model of the
single white dwarf oscillation (ZZ ceti stars)
because the typical period is a few hundred
seconds (13). If 7 = 7, (critical case) then
7, =20\ the age of WD will be two times

greater when the causal propagation of heat
s considerate. Also the WD cooling time
(coolest objects) is very sensitive to lumino-
sity and this can charge the results for the
oldest stellar ages and the galactic disk.

The relations [20] and [21] alleged that
quasi periodic oscillations observing in QPO
could be “naturally” modeled for instability

criteria whereas the blobs (and hot spots)
generate for convection in stars atmosphere
before thermal relaxation. Also, this quasi-
periodic oscillation in the millisecond range
is the order to relaxation time for NS (9, 11).
As the speed of the globule agreement osci-
llates cuasiperiodically with the equation
[17], the inertial moment variation (dI/dt)
will also be an oscillatory function with the
same period. It is clear that the oscillation
time t, given in the equation [20], will also
present fluctuations of order .

Also, in the specific case of a compact
X-ray source (10, 14) in a binary system,
accreted matter may form an outer layer,
creating conditions for secular instability.
The blobs oscillating in compact X-ray sour-
ces will induce oscillations in the rotation
rate and thereby oscillations in the emission
rate. In a future, the more specific model
could be calculations based in the prelimi-
nary results above description.
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