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Abs tract

Com pact stars coo ling theory is re vi sed thought se cu lar sta bi lity cri te ria, this is when the
re la xa tion ti mes are not ne gli gi ble. Using the Cat ta neo Law for the heat flux, it is shown chan -
ges in the energy trans port equa tion and in si nua tes qua si pe rio dic pul ses in the lu mi no sity.
Appli ca tions in ra pid va ria tions in sin gle whi te- dwarf os ci lla tors and qua si pe rio dic lu mi no sity
pul ses of Neu tron Stars (NS) are sugges ted. Also we dis cussed the Se cu lar Sta bi lity in mi lli se -
conds emis sions Pul sar.
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En fria mien to de es tre llas com pac tas e ines ta bi li dad
se cu lar

Re su men

La teo ría de en fria mien to de es tre llas com pac tas es re vi sa da a tra vés del cri te rio de es ta bi -
li dad se cu lar, cuan do el tiem po de re la ja ción no es des pre cia ble. Usan do la Ley de Cat ta neo
para el flu jo de ca lor, se mues tran los cam bios en la ecua ción de trans por te de ener gía y se in si -
núan emi sio nes cua si- pe rió di cas en la lu mi no si dad. Se su gie ren apli ca cio nes del for ma lis mo
en el es tu dio de las va ria cio nes de Es tre llas Ena nas Blan cas ais la das y en pul sa cio nes de es tre -
llas de Neu tro nes. Tam bién se dis cu te la Ines ta bi li dad Se cu lar en la emi sión de pul sa res de mi -
li se gun dos.

Pa la bras cla ve: Es tre llas: com pac tas; in te rior- tiem po de en fria mien to; con vec ción;
pul sa res: in te rior.

In tro duc tion

The ther mal pro per ties are tho se res -
pon si ble for the ra dia tion and fur ther evo lu -
tion of Whi te Dwarfs (WD) and Neu tron
Stars (NS). Howe ver in stan dards cal cu la -
tion of the coo ling time (1, 2) the pos si bi lity
of the heat 

pro pa ga tion by wa ves is ob via ted. This
sim pli fi ca tion will be spu rious in the de ge -
ne ra ted ma te rial be cau se, the re la xa tion
time is not ne glec ting. Also in si de NS la yers,
cons ti tu ted for su per fluid he lium II, the re -
la xa tion time as high as hun dred se conds
and the lu mi no sity will os ci lla te (3). In this
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ar tic le, it is des cri bed how chan ges the coo -
ling time and the lu mi no sity in WD and NS
stars if heat wa ves are ta ken into account.
To make this, the Maxwe ll- Fourier is re pla -
ced by the Cat ta neo cau sal law in the energy
trans port equa tion (sec tion 2), the coo ling
theory is re vi sed in sec tion 3 and 4 for NS
and WD res pec ti vely, and the sec tion 4 we
dis cussed the se cu lar sta bi lity in the pul sar
in te rior. The con clu sions are show in the
last sec tion.

2. Coo ling of Neu tron Stars

If the energy in the stars is trans por ted
through the star la yer by ra dia tion, con duc -
tion and/or con vec tion, the tem pe ra tu re
gra dient is gi ven, in the ste llar in te rior, in
terms of lo cal va lues of opa city k  den sity r
and energy flux F by the re la tion (2-4):

dT

dr acT
F=

3

4 3

kr
[1]

This re la tion is ba sed in Fourier-
 Maxwell law, accor ding to which per tur ba -
tions pro pa ga te with in fi ni te spe ed. A heat
flux equa tion lea ding to a hyper bo lic equa -
tion (te le graph equa tion) is the Cat ta neo law
(5):
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For the study of the coo ling of the NS we
shall clo sely fo llow the approach gi ven by ref.
[4], kee ping in as much as pos si ble their no -
ta tion and chan ging the energy trans port
equa tion. The to tal lu mi no sity L= -4pR2 F, is
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whe re we have used that Ñ T» DT/R  (TCen -

tral-TSu rroun dings)/R. By the other hand the
rate by which the ther mal energy chan ges is

gi ven by: L C
dDT

dtV=  and the equa tion [3],

we ob tains:
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Ta king La pla ce Trans form of both si -
des and some ele men tary al ge bra, then:
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with X tº /2t; W º -
4
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p

x
. Then fe eding

back [6] into [3] we ob tain:
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The last term in [7] de fi nes the stan -
dard lu mi no sity in the Maxwell Fourier (LO)
re gi men (when the re la xa tion time is ne gli gi -
ble). The Equa tion [7]) con nects the stan -
dard lu mi no sity and the “true” lu mi no sity
be fo re ther mal re la xa tion (in pre sen ce of
heat wa ves). Let us con si der a nor mal NS
witch tem pe ra tu re T9 (units of thou sand mi -
llion de gree) and to tal ther mal energy (4)
U= A T9 . Now, in ser ting the appro pria te lu -
mi no sity into coo ling equa tion, we ob tain 

dU L dt
fifi

= -òò .
00

 But the lu mi no sity in [7]
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is time de pen dent and the new coo ling time
is de fi ned as e- fol ding time. The coo ling
equa tion is now

( ) ( )[ ]tV

A

L
T fi DT= -2 2 0 [9]

whe re L  is the ave ra ge in the in ter val (0,x).
This in ter val has been de fi ned by e- fol ding
time and it is not res tric ti ve in this dis cus -
sion. We can see ea sily that the va lue ave ra -
ge of that os ci lla tory func tions (L) is very
diffe rent of the co rres pon ding to a mo no to -
nous lu mi no sity func tion(LO).Com bi ning [6]
and [9] it is clear that the coo ling time could
be bigger or sma ller than the usual coo ling
time of NS de pen ding on the va lues assu -
med for re la xa tion time.

3. The Coo ling Time of Whi te
Dwarfs

The in fluen ce and im por tan ce of the
con vec tion and mi xing length theory (MLT)
in the study and cal cu la tions of the at -
mosphe re mo del for whi te dwarf is highly re -
port (Ref. (6) and re fe ren ces the rein).

If the WD core is de ge ne ra ted (or with
la yers su per fluid he lium) then the re la xa -
tion time couldn’t be this ne gli gi ble. In this
case the WD lu mi no sity ad mits qua si pe rio -
dic va ria tion whi le the ti mes are less than
re la xa tion time. Using the con vec tion theory 
for the energy trans port in the re gi me of Cat -
ta neo it finds that the lu mi no sity has the
form of equa tion [7] (7). We assu me the Cat -
ta neo law for the tem pe ra tu re gra dient si mi -
lar ly to [1] in the con di tion of hydros ta tic
equi li brium, may also be wri tten as:
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No ti ce that if t » 0 the re la tion [10] is
the “clas si cal” equa tion for trans port of
energy in the stars in te rior. The pre sen ce of
a sub sur fa ce con vec tion zone can highly
affect the WD rate coo ling and its age, as to

be seen now. Accor ding to. [7] and [10] the
energy trans port equa tion is gi ven as:
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whe re we used the Kra mers opa city law.
Now, we sim plify mat ters by assu ming a dis -
con ti nues tran si tion from de ge ne racy to non 
de ge ne racy to cer tain point (subs cript 0). We 
have (8) that:
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whe re T0 is wri tten in term of the Sun mass 
( )M Q  and Sun lu mi no sity ( )L Q  and the

energy equa tion allow wri te the lu mi no sity
as:
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Fe eding back [11] and [7] into [13], af -
ter some in te gra tion from 0 to tV  (life time or
the coo ling time) then:

( )

( )
1

0

1

+ + ×
æ

è
ç
ç

ö

ø
÷
÷ò

-

t

t

t ¶

¶

t

d f x w

f x w

x

V

,

,

dt
M

L
c T=

æ

è
ç
ç

ö

ø
÷
÷

-2
5

5

2Q

Q

uJ [14]

Ob vious ly when t » 0 (without heat wa -
ves) the coo ling time is the very well know,
WD coo ling time ( ( )

tV
d ), in the clas si cal li te ra -

tu re about sub ject. In ge ne ral, if the heat
wa ves exis tent then coo ling time in crea se.
The ge ne ral so lu tion of Equa tion [14] is:
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whe re q1, q2, p1, p2, A1 y A2 are coe ffi cient in
func tion of t and td . It is easy to look that the
non- li neal term in left mem ber of the Equa -
tion [15] is res tra i ned.

4. Se cu lar Ins ta bi lity

Dou ble diffu si ve ins ta bi li ties ari se
when the trans port of two diffe rent pro per -
ties com pe te against each other to do mi na te
the sta bi lity of a fluid, in stars, heat and
com po si tion are the quan ti ties trans por ted
by mi xing and con vec tion (1, 2). In a fluid
dis tri bu tion la yers of higher mo le cu lar
weight abo ve a col der re gion of lower mo le -
cu lar weight may be dyna mi ca lly sta ble if
the spe ci fic weight of the for mer is re du ced,
be cau se of its higher tem pe ra tu re, be low
that of the un der lying la yer. If a blob of the
upper la yer is pushed downward, buo yancy
will push it back. Howe ver on the time sca le
by which the blob lo ses it’s ex cess tem pe ra -
tu re (DT), the buo yancy de crea ses and the
blob sinks. This se cu lar ins ta bi lity (Ther mo -
ha li ne Ins ta bi lity) is con tro lled by heat lea -
ka ge of the blob (2). Un der the se con di tions
the blob spe ed is:

( )
V

H DT

Td

p

ad d

= -
Ñ - Ñ t

[16]

Whe re Ñad y Ñ are the lo ga rith mic va ria -
tion of the tem pe ra tu re res pect to pressu re,
un der cons tant en tropy cons tant and head
cons tant res pec ti vely, Hp is the sca le height
of pressu re and td  is the ther mal ad just -
ment time (See ref. (2) for de tail).

In NS with upper la yers of he lium su -
per fluid, the ra dial con vec ti ve mo tions
could be pre sent (se cu lar ins ta bi lity). The
mo tions of the con vec ti ve glo bu les with
diffe rent mo le cu lar weight, would cau se the
va ria tions in the ra dial spe ed of the glo bu le
gi ven by (9):
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This show that the con vec ti ve blob does 
not always move down the tem pe ra tu re gra -
dient be fo re re la xa tion, but in the oppo si te
di rec tion du ring short pe riods of time. The
blobs os ci lla ting in com pact ra dio pul sar
sour ces will in du ce os ci lla tions in the ro ta -
tion rate and the reby mi cro fluc tua tions in
the emis sion rate. This pro cess could be
good mo del by qua si pe rio dic mi cros truc tu re 
ob ser ved in five ra dio pul sars, re por ted by
Cor des et al 1990 (10). They find a pe rio dic
mi cros truc tu re with qua si pe riods ran ging
from 0.5 to 5 ms, the same as the or der of
mag ni tu de ex pec ted for the re la xa tion time
in NS.

Of agre e ment with the mag ne tic di po le
mo del the pul sar ra dia te energy at rate (11):
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whe re W is the ve lo city an gu lar, and a is the
in cli na tions of the mag ne tic field (B) with the 
ro ta tion di rec tions. The va ria tion of energy
ca rried away by ra dia tion ori gi na tes from
the ro ta tio nal ki ne tic energy is gi ven by:
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This Equa tion can be in te gra ted to ob -
tain:
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whe re

& .I
dI

dt
r dmº » ò2
r r

n [21]

It is the va ria tion tem po rary of the mo -
ment of iner tia (I), due to the mo ve ment of a
glo bu le of mass dm, with spe ed n, lo ca ted in
the po si tion r. Into NS de ge ne ra te ma te rial,
the con vec ti ve glo bu les pre sents ra dial mo -
ve ments qua si pe rio dic (with ran ging from
mi lli se conds to se conds) in sca le of the re la -
xa tion time, this va ria tions cau sed the fluc -
tua tions in the Iner tia mo ment, and the
qua si pe rio dic va ria tions in the flux of the
energy.

5. Con clu sions

The Equa tion [7] show that the lu mi no -
sity is de pen dently of the pre vious his tory of
the tem pe ra tu re gra dient and the en ve lo pe
com po si tion. This re sult open new pos si bi li -
ties not fo re seen in the re cent stu dies of fast
coo ling of Neu tron Stars (12). Also the Equa -
tion [9] show that the coo ling time could be
very diffe rent than the usual NS coo ling
time, de pen ding on the va lues assu med for
t, in the spe cial case t x»  we ob tain that the
NS coo ling time di mi nish.

In the coo lest WD, the Equa tion [14]
suggests that the re la xa tion time in crea ses
and the pro pa ga tion of heat wa ves must be
con si de red in the la ter pha ses. The re la xa -
tion time for WD and qua si pe rio dic va ria -
tion of lu mi no sity could be a mo del of the
sin gle whi te dwarf os ci lla tion (ZZ ceti stars)
be cau se the typi cal pe riod is a few hun dred
se conds (13). If t t» d  (cri ti cal case) then 

( )
t tV V

d
» 2 : the age of WD will be two ti mes

grea ter when the cau sal pro pa ga tion of heat
s con si de ra te. Also the WD coo ling time
(coo lest ob jects) is very sen si ti ve to lu mi no -
sity and this can char ge the re sults for the
ol dest ste llar ages and the ga lac tic disk.

The re la tions [20] and [21] alle ged that
qua si pe rio dic os ci lla tions ob ser ving in QPO
could be “na tu ra lly” mo de led for ins ta bi lity

cri te ria whe reas the blobs (and hot spots)
ge ne ra te for con vec tion in stars at mosphe re
be fo re ther mal re la xa tion. Also, this qua si-
 pe rio dic os ci lla tion in the mi lli se cond ran ge
is the or der to re la xa tion time for NS (9, 11).
As the spe ed of the glo bu le agre e ment os ci -
lla tes cua si pe rio di ca lly with the equa tion
[17], the iner tial mo ment va ria tion (dI/dt)
will also be an os ci lla tory func tion with the
same pe riod. It is clear that the os ci lla tion
time t, gi ven in the equa tion [20], will also
pre sent fluc tua tions of or der t.

Also, in the spe ci fic case of a com pact
X- ray sour ce (10, 14) in a bi nary sys tem,
accre ted mat ter may form an ou ter la yer,
crea ting con di tions for se cu lar ins ta bi lity.
The blobs os ci lla ting in com pact X- ray sour -
ces will in du ce os ci lla tions in the ro ta tion
rate and the reby os ci lla tions in the emis sion 
rate. In a fu tu re, the more spe ci fic mo del
could be cal cu la tions ba sed in the pre li mi -
nary re sults abo ve des crip tion.
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