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Re su men

He mos lle va do a cabo si mu la cio nes del tipo Au tó ma ta Ce lu lar para un mo de lo de un po lie -
lec tro li to en di lu ción in fi ni ta, para re pro du cir de ma ne ra cua li ta ti va sus pro pie da des con for ma -
cio na les. Nues tros re sul ta dos pre di cen las lla ma das es truc tu ras de co llar de per las, las cua les
se com pa ran bien con si mu la cio nes de Di ná mi ca Mo le cu lar más ela bo ra das y cos to sas.Ce llu lar 
au to ma ta si mu la tion of the spa tial con for ma tions of polye lec trolytes.

Pa la bras cla ve: Autmas celulares; polielectrolito; electroneutralidad local.

Cellular automata simulation of the spatial
conformations of polyelectrolytes

Abs tract

We ca rried out a Ce llu lar Au to ma ta si mu la tion of a mo del polye lec troly te so lu tion at in fi ni -
te di lu tion, in or der to re pro du ce qua li ta ti vely its con for ma tio nal pro per ties. Our re sults pre dict
the so ca lled pearl neck la ce struc tu res, which com pa re fa vo ra bly with the more ela bo ra ted and
costly Mo le cu lar Dyna mics si mu la tions.

Key words: Cellular automata; polyelectrolyte; local electroneutrality.

I. In tro duc tion

Polye lec troly te (PE) so lu tions are sys tems
wi dely stu died sin ce they show pro per ties that
are of fun da men tal in te rest for appli ca tions in
health scien ce, food in dus try, wa ter treat ment,
sur fa ce coa tings, oil in dus try, among other
fields. In fact, one of the pro blems found in ge ne -
tic en gi nee ring in the appea ran ce of con for ma -

tio nal chan ges of the ADN mo le cu le, which is a
char ged polye lec troly te (1).

Here we study an in fi ni te di lu tion polye lec -
troly te so lu tion, so that, the in te rac tion among
polye lec troly te ma cro mo le cu les are ne gli gi ble.
We mo del the polye lec troly te as ha ving disso cia -
ble func tio nal groups that give rise to char ged si -
tes and coun ter- ions in aqueous so lu tion. The
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long ran ge in te rac tions ari sing from the se mul -
tip le char ges are res pon si ble for their ma cros co -
pic com plex pro per ties, which can not be ex plai -
ned by re gu lar polymer theo ries. The spa tial
struc tu res of the se ma te rials in so lu tion have
been stu died ex ten si vely, par ti cu lar ly with a sca -
ling theory (2, 3) that are not appro pria te for
highly char ged PE. The first si mu la tions ca rried
out for a sin gle chain pre dic ted the for ma tion of
groups of mo no mers, as the frac tion of char ged
mo no mers in crea sed. Such struc tu res are known 
as pearl neck la ces. The size of such pearls and the 
dis tan ce bet ween then is de ter mi ned by the ba -
lan ce bet ween the elec tros ta tic re pul sion and ste -
ric effects.

The se pearl neck la ce struc tu res have also
been found in Mo le cu lar Dyna mics (MD) si mu -
la tions (4–10). In this pa per we are in te res ted in
the appli ca tion of the much sim pler Ce llu lar Au -
to ma ta si mu la tion to cha rac te ri ze the main fea -
tu res of a polye lec troly te that could be res pon si -
ble for such con for ma tions. The com ple te si mu -
la tion of this com plex sys tem re qui res the des -
crip tion of a mo del in terms of po ten tial or for ces. 
In the MD si mu la tions of Lim bach and Holm (4),
the mo no mers are con nec ted along the chain by
the fi ni te ex ten di ble non li near elas tic (FENE)
bond re pre sen ted by the po ten tial energy.
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where r is the dis tance be tween two bonded
mono mers, KE, is the elas tic bond con stant,
s is the mono mer di ame ter, kB is Boltz -
mann’s con stant, T is the ab so lute tem pera -
ture and the pa rame ter R0 rep re sents the
maxi mum ex ten sion of the bond be tween
two neigh bor mono mers. Two charged sites i 
and j, with charges eqi and eqj , a dis tance rij
apart, in ter act with the elec tro static Cou -
lomb po ten tial.
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This po ten tial is weighed by the Bje rrum
length l p
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der Wa als in te rac tion bet ween any two par ti cles
or mo no mers is re pre sen ted in the MD si mu la -
tion by a typi cal trun ca ted Len nard- Jo nes po ten -
tial.
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where Î is the po ten tial en ergy well depth
and Îcut  is the cut off en ergy. This po ten tial
pre vents the su per po si tion of the bond ing
mono mers. Counter- ions in ter act via a
purely re pul sive LJ in ter ac tion with 
R c = 21 6/ s.

II. Ce llu lar au to ma ta mo del

Even though in the Ce llu lar Au to ma ta si -
mu la tion we do not use any form of po ten tial
ener gies or for ces in an ex pli cit ma nner, the ru les
for the mo ve ment of the diffe rent par ti cles must
be ins pi red on a mo del de fi ned in terms of such
po ten tials. We the re fo re es ta blish our ru les ba sed 
on the essen ce of the pre vious three po ten tials.

A. Polye lec troly te chain cons truc tion
    rules

The polymer is cons truc ted by pla cing the
mo no mers in a three di men sio nal cu bic net work
of side L and vo lu me L3. Each cell then has 26
neighbors and re pre sents a mo no mer with a mo -
no va lent char ge +1, -1, or, for a neu tral mo no mer, 
0, as de pic ted in Fi gu re 1 in two di men sions. Out
of a to tal of N mo no mers in the chain, it is assu -
med that a gi ven frac tion f is char ged. The
polymer is then cons truc ted by ran domly bin -
ding con se cu ti ve si tes in the net work. Each mo -
no mer could be char ged or un char ged, with a
dis tri bu tion cho sen ran domly. A key step on the
cons truc tion of the polyion is the spa tial lo ca tion
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of the disso cia ted coun ter- ions. We pla ce the
coun ter- ions also ran domly in free cells in the vo -
lu me around the char ged mo no mer within a dis -
tan ce l

B
¸ that is, in a vo lu me ( )2 3l

B
 cen te red on

the char ged site. The use of the Bje rrum pa ra me -
ter, which is re la ted to the qua lity of the sol vent,
en su res the con ser va tion of the to tal elec tro neu -
tra lity but gi ves a spa tial dis tri bu tion of coun -
ter- ions around the char ged si tes.

So, each mo no mer i of the sys tem is re pre -
sen ted in a Nx4 ma trix whe re each ele ment
M(mx,my,mz, qi) in di ca tes the ith polymer with
char ge qi, that could be -1, +1 or 0, at the po si tions
x, y, z gi ven by the cell la bel [mx,my,mz]. The
coun ter- ions with oppo si te char ge are re pre sen -
ted by a si mi lar fNx4 ma trix MC.

For sim pli city we cho se mo no mers with
disso cia ble groups that give a site with a po si ti ve
char ge. We then set the fo llowing dis pla ce ment
ru les for the diffe rent par ti cles:

B. Dis pla ce ment Ru les

Neu tral Mo no mer Par tic le

1. Lo ca te the unoccu pied nea rest neighbor
si tes. The new po si tion whe re a move could be
ac cep ta ble are tho se whe re it does not su pe rim -
po sed with any other par tic le in the sys tem and
whe re no bond is bro ken.

2. Count the amount of mo no mer par ti cles
around the cu rrent po si tion and around every
unoccu pied neighbor, within a cube of vo lu me
(2L)3 cen te red on it.

3. Move the test neu tral mo no mer to the po -
si tion that has the higher amount of mo no mers
around it, in clu ding the cu rrent one if it were the
case.

Po si ti vely Char ged Mo no mer Par tic le

1. As be fo re, lo ca te the unoccu pied ac cep ta -
ble nea rest neighbor si tes.

2. Count the amount of char ge around the
cu rrent po si tion and around every unoccu pied
neighbor, within a cube of vo lu me ( )2 3l

B
 cen te -

red on it.

3. Move the test po si ti ve char ged mo no mer
to the po si tion that has the lowest po si ti ve char ge
around it, in clu ding the cu rrent one if it were the
case.

Ne ga ti vely char ged coun ter- ion

1. Move ran domly to an unoccu pied site
within a cube of vo lu me ( )2 3l

B
 cen te red on the

ac cep ted new po si tion of the co rres pon ding po si -
ti ve mo no mer in the polyme ric chain.

III. Re sults and Dis cus sion
We de no te the po si tion of mo no mer i with r

i
 

and the dis tan ce bet ween two par ti cles i and j with 
r

i j
. The cen ter of mass for the chain is then 
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Fi gu re 1. Ce lu lar Au to ma ta Mo del. The dark

bon ded cir cles re pre sent the char ged

mo no mers, the gray cir cles are the

neu tral mo no mers and the open cir -

cles are the coun ter- ions. The sha ded

area co rres ponds to the ran ge vo lu me

l sB = 3 .



A pa ra me ter that is use ful in the study of
the spa tial con for ma tions of a polymer is the ra -
dius of gyra tion RG,

de fined as

R
N

xg i
i

N
2 2

1

1
=

=

å [4]

Accor ding with our cons truc tion and mo -
ve ment ru les, we can vary the length of the chain
L, or the num ber of mo no mers N, sa tis fying
L= Ns and the num ber of char ged mo no mers,
Nc = fN. We also take as an in de pen dent va ria ble
the pa ra me ter l

B
 which de ter mi nes the num ber

of cells, of size s, whe re the ran ge of the elec tros -
ta tic attrac tion bet ween a char ged mo no mer and
con tra- ion ex tends. The char ge dis tri bu tion of
the se quen ce of char ged and un char ged mo no -
mers is de ter mi ned ran domly de pen ding on the
ini tial ran dom seed.

In Fi gure 2 we show some of the equi li -
brium con for ma tions ob tai ned for a polye lec -
troly te with N = 100 mo no mers, with l s

B
= 3 , for 

se ve ral char ge frac tions. The line re pre sents the
polye lec troly te, the fi lled black bon ded cir cles
re pre sent the char ged mo no mers. The coun ter-
 ions in so lu tion are re pre sen ted by open non bon -

ded cir cles. For cla rity, the neu tral mo no mers are
not shown. For a low char ge frac tion of f = 0.1, the
polyion pre sents an elon ga ted string appea ran ce. 
As the char ge frac tion is in crea sed the polyion
con tracts and some groups of mo no mers tend to
form clus ters, so that, al ready for f = 0.5, it shows
the lo ca lly co llap sed struc tu res known as pearl
neck la ce. The se re sults are very si mi lar to tho se
ob tai ned by the Mo le cu lar Dyna mics si mu la -
tions of Lim bach and Holm (2, 4). It is im por tant
to no ti ce that for a gi ven to tal char ge, de ter mi ned
by the frac tion f, diffe rent dis tri bu tions of the
char ged mo no mers give diffe rent con for ma -
tions. To study this beha vior, we have ca rried out 
si mu la tions with se ve ral ini tial seeds for N=100
mo no mers, with a fi xed frac tion f =  0.5 and a ran -
ge pa ra me ter of l s

B
/ = 3.  In Fi gu re 3, we show

the tem po ral evo lu tion of the ra dius of gyra tion
Rg. In all ca ses the con for ma tions chan ge from the 
ini tial gi ven Rg va lue to a pla teau va lue that co -
rres pond to the equi li brium struc tu res. Fi gu re 3
clear ly show that the pla teau Rg va lues, and
then ce, the fi nal con for ma tions de pend on the
char ge dis tri bu tion. In Fi gu re 4 we show
snapshots of fi nal struc tu res co rres pon ding with
the diffe rent seeds of  Fi gu re 3.
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Figure 2.  Fi nal polye lec troly te con fi gu ra tion for diffe rent char ge frac tions f: A) 0.1 B) 0.3 C) 0.5 D) 0.7.

The pearl neck la ce con for ma tions appear as the char ge frac tion increa ses.



As we can see from Fi gu re 4, the for ma tion
of the pearl neck la ce struc tu res is in de pen dent of 
the char ge si tes dis tri bu tion, for a gi ven f and l

B
.

The se clus ters seem to be sta bi li zed by the coun -
ter- ions as a con se quen ce of the elec tro neu tra lity
con di tion that we for ce to be sa tis fied.

This is so be cau se in our mo del the de gree
of free dom of the mo bi le coun ter- ions is much
higher that that of the mo no mers tied to the
chain. The strong re pul sions that ori gi na te by the
for ma tion of clus ters of neu tral and po si ti vely
char ged mo no mers is com pen sa ted by the coun -
te rion cloud that forms around it.
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Fi gu re 3. Evo lu tion of the Ra dius of Gyra tion Rg as a func tion of time steps t, for N= 100, l sB / = 3 and

f= 0.5. Each cur ve co rres ponds to diffe rent ran dom char ged si tes dis tri bu tions, ob tai ned with

diffe rent seeds.

Figure 4. Equilibrium Polyelectrolyte structures in the plateau Rg region for the charge of distributions

of Fi gu re 3. A) seed1, B) seed2, C) seed3 and D) seed4.



In or der to study the re pro du ci ti bi lity of
the con fi gu ra tions found, we ca rried out a lar ge
num ber of si mu la tion runs, for fi xed va lues of
N = 150, f = 0.5, l s

B
/ = 3 and 9 and for the same

ini tial char ge dis tri bu tion. In Fi gu re 5 we show
the his to grams for the fre quency with which a gi -
ven va lue of Rg appears. We can see that the dis -
tri bu tion of the Rg is very clo sely a gaus sian with

a rea so na bly low dis per sion of less than a 10%
about the mean va lue. 

In Fi gu re (5B) we can see that si mi lar dis tri -
bu tion is ob tai ned when the ran ge pa ra me ter 
l s

B
/  in crea ses to a va lue of 9. We have fur ther

tes ted the effect of the pa ra me ter l
B
 by ge ne ra -

ting struc tu res for diffe rent va lues of it. In Fi gu re
6 we show some equi li brium con for ma tions for 
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Fi gu re 5. Histograms for Rg for N = 150, f = 0.5 and two values of l sB / ¸  A) 3 and B) 9.

Figure 6. Polyelectrolyte conformations for several values of the reduced Bjerrum pa ra me ter l sB /  A)

3,B) 6,C) 9 and D) 12. Here f = 0.9 and N = 100 and we used the same initial charge dis tri bu tions.



l s
B

/  equal to A) 3,B) 6,C) 9 and D) 12. Here we
use a lar ge char ge frac tion f = 0.5 and N = 100 and
we used the same ini tial char ge dis tri bu tions in
all ca ses. As we can ob ser ve as Bje rrum length in -
crea ses the fi nal polye lec troly te struc tu res be co -
me more com pact. The num ber or pearls or con -
glo me ra tes is higher for the lower va lues of l

B
 a

re sult si mi lar to that ob tai ned by MD si mu la -
tions of Lim bach y Holm [4]-[10]

IV. Con clu sions

With the sim ple te chni que des cri bed here,
we were able to re pro du ce the com plex struc tu re
of mo del polye lec trolytes that fare very well
with tho se pre dic ted by the more sophis ti ca ted
Mo le cu lar Dyna mic and Mon te Car lo si mu la -
tions (2, 4). We even pre dict si tua tions with sin -
gle con glo me ra tes and with pearl neck la ce type
con glo me ra tes. We thus show the po ten tia lity of
the Ce lu lar Au to ma ta in the si mu la tion of the
trends in the for ma tion of the va rious types of
spa tial con for ma tions of polye lec trolytes. We re -
mark on the im por tan ce of the char ge dis tri bu -
tion once the frac tio nal char ge is fi xed.
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