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Abstract

Consider a fifth order linear recurrence sequence with integer coefficients. The problem
whether each of its elements is nonnegative is shown to be decidable.
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Resumen

Considere una secuencia de recurrencia lineal de quinto orden con coeficientes enteros.
Se muestra que el problema de si cada uno de sus elementos es no negativo es decidible.
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1 Introduction
A fifth order linear recurrence sequence considered here is a sequence of integers (uy,)n>0 satisfying
Up = A1Up—1 + A2Up_2 + A3Up—3 + Qalp_4 + a5Up_5 (N >5), (1)

where a1, a9, a3, aq,a5 € Z — {0}. As elaborated in [10], there are three main decision problems
related to linear recurrence sequences, namely,

e The Skolem Problem: Does a given linear recurrence sequence have a zero?

e The Positivity Problem: Are all the terms of a given linear recurrence sequence positive?
This problem has two variations whether strict or non-strict positivity is required; here we
are only interested in the non-strict case.
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e The Ultimate Positivity Problem: Is a given linear recurrence sequence ultimately
positive, i.e., are all the terms of the sequence positive except possibly for a finite number
of exceptions?

It is known ([10, Section 4], [5]) that the decidability of the positivity problem implies the
decidability of the Skolem problem.

The positivity problem associated with (1) asks whether it is possible to decide whether w,, > 0
for all n > 0?7 At present, this problem remains open. However, certain partial results have
already appeared. The positivity problem for sequences satisfying a second order linear recurrence
relation was shown to be decidable by Halava-Harju-Hirvensalo in 2006, see [6]; see also [2] and
[3]. The positivity problem for sequences satisfying a third or a fourth order linear recurrence
relation was shown to be decidable in [7], [8] and [11]. We show here that the same conclusion
holds for a fifth order linear recurrence sequence.

Theorem 1.1. The positivity problem is decidable for each sequence of integers satisfying a fifth
order linear recurrence with integer coefficients.

Our analysis here treats all possible shapes of sequence elements similar to the fourth order
case in [11]. Apart from many more cases to be scrutinized and tools employed in the fourth
order case, there are certain noteworthy ingredients needed, namely:

e A result about spanning set of a Z-module generated by finitely many (irrational) real
numbers [2, Lemma 3];

e The multi-dimensional Kronecker-Weyl theorem [4, Theorems IV.I and IV.II], [2, Theorem
4];

e A result about values of a linear combination of cosine functions whose arguments are
rational multiples of 7 [2, Lemma 7];

e A deep result about linear forms in logarithm [1].

2 Preliminaries

Our first auxiliary result gives an explicit shape of elements of a linear recurrence sequence with
integer coefficients. The general characteristic polynomial associated with the recurrence relation
(1) of order k is

Char(z) := 2K - a2 — ag.

Let all the distinct (nonzero) real roots of Char(z) be )\, with multiplicities p,, + 1 where
tm € Ng:=NU{0}, m =1,...,r, and let all the distinct (nonzero) complex conjugate pairs of
the roots be ~; (: \’yj|e“’i) ,7; with multiplicities v; +1 (v; € Ng,j =1,...,5), so that

w4+ e+ 20+ -+ 22U+ 1r+2s =k

It is well-known [12] that each sequence element satisfying (1) has the form

Uy = Z P (n)Al, + Z {Ej(n)v} + F;(n)3;}  (n € Np),
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Fifth order sequences and positivity 3

where

o
P (n):= ZAW“ n® (Amp, #0om=1,2,...,r)
a=0

Ej(n):=>_ Bjyn’; Fi(n):=Y_ Cjyn® (Bj,, #0,Cj,, #0,j=1,....5).
b=0 b=0

We claim that the coefficients A,, , and those of P,,(n) are real, while those of E;(n) and F;(n)
are complex conjugate pairs, i.e., B;, = Cj. To see this, note that from the given initial real
values wg, u1,...,ur_1, solving for the coefficients via Cramer’s rule we get, e.g. for the first
coefficient of Pj(n),

det( X Y Y )Ajg=det( X(u) Y Y ) (3)
where
r o1 0 1 0
A A Ar Ar
X == . . . . . . )
i /\’f—l (k — 1)#1/\71€—1 )\’Tc—l (k — 1)#1)\5—1
r o1 0 1 0
’)/1 e ’)/1 e /75 ... ’)/s
Y = . . . . . . . ,
TP S VRt RPN N R

the matrix Y is obtained from Y by replacing each of its elements with its complex conjugate,
and X(u) is the matrix obtained from X by replacing the first column by the column vector

[wo wr ... up—y ]t. Taking complex conjugate on both sides of (1.3), we get
det(X ? Y)Zl}ozdet(X(u) ? Y) (4)

Employing elementary operations on the determinants of both sides in this last equation, we
obtain (3) with A; ¢ in place of A;, which shows that A; o € R. Similar arguments applied to
other coefficients validate the claim.

Returning to our case of fifth order, the characteristic polynomial associated with the relation
(1) is

Char(z) := 2% — a2 — -+ — ayz — as.

Let A\, € C\ {0} (k =1,...,m) be all the distinct roots of Char(z), with multiplicities ¢1,...,¢p,
respectively, so that ¢; + --- + £, = 5. Each sequence element satisfying (1) can be written as

un:ZPk(n) I8 (n>0),
k=1
with Py(n) € C[n|, degPy, = ¢, —1 (k = 1,...,m). The roots of Char(z) having the largest

absolute value are called dominating roots. The following result of Bell-Gerhold, [2, Theorem 2],
helps reducing about half the number of cases to be considered.
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Proposition 2.1. Let (u,) be a nonzero recurrence sequence with no positive dominating cha-
racteristic root, then the sets {n € N : u,, > 0} and {n € N : u,, < 0} have positive density, and
so both sets contain infinitely many elements.

Apart from those in [11, Lemma 2.3], some more forms of sequence elements which have
already been shown to be decidable are contained in the next lemma.

Lemma 2.1. The positivity problem for the following forms of sequence elements are decidable.
1. up, = ANY + BXy (A, B €R; A\, X2 € R\ {0} distinct)
. up, = (A4 B)A" (A,BeR; AeR\{0})
Uy = AN+ AN (A€ C; e C\{0})
cUp = AN+ BXY + CA} (A, B,C € R; A\, A, A3 € R\ {0} distinct)

2
3
4
5. up, = (A+ Bn+Cn?)\" (A, B,C eR; e R\ {0})
6. up = AN+ (B+Cn)\y (A4,B,C €R; A, Ay € R\ {0} distinct)
7. Uy = AN} + BAY 4+ BXS (A, B,C € R; A\, Ay € R\ {0} distinct)
8. up = AN? + BAZ + CA2 + DN} (A, B,C,D € R; A\, A2, Az, A € R\ {0} distinct)
9. u, = (A+ Bn+Cn?+ Dn®)A" (A,B,C,D € R; A€ R\ {0})
10. up, = AN? + (B + Cn+ Dn?)\y (A, B,C,D € R; A\, Ay € R\ {0} distinct)
11. up = (A4 Bn)A} + (C+ Dn)Xy (A, B,C,D € R; A\, X2 € R\ {0} distinct)
12. up = ANP + BAY + (C + D)X} (A, B,C,D € R; Ap, Ao, A3 € R\ {0} distinct)
13. up = (A+Bn)\? +CAF +ON8 (A, BER; A\ ¢ R\ {0}; C€C; A\, € C\R)
14. up = (A+Bn)A\" + (A+ Bn)\" (A,B€C; A€ C\R)
15. up = AN} + AN" + BA} + BA} (A, B € C; A\, A2 € C\ R distinct)
16. u, = AN} + BAY + CA\2 + CA} (A, B € R; A\, Ay € R\ {0} distinct; C € C; A3 € C\ R).

3 Proof of Theorem 1.1

In this section the proof of Theorem 3.1 is exposed. This is divided into several cases taking into
account the nature of the roots of Char(z).

3.1 Char(z) has only real roots

In this case, the general term of the sequence is
Up = PL(n)AY + Pa(n)AS + -+ 4+ Pr(n)An, (n >0, m <5).

This case is decidable by the same proof as that in [11, Section 3].
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3.2 Char(z) has non-real roots

The possible shapes of the five roots are:
I. One real number and two identical complex conjugate pairs, denoted by C(rz2z2);
II. Three identical real numbers and one complex conjugate pair, denoted by C(r32%);

III. Two distinct real numbers one of whose is of multiplicity 2 and one complex conjugate pair,
denoted by C(rir32%);

IV. There distinct real numbers and one complex conjugate pair, denoted by C(rirarzzz).

V. One real number and two complex conjugate pairs, denoted by C(rz1Z;2222);

3.2.1 Case I: C(rz?z?)
In this case, the general term of the sequence is
Up = AN + (B +Cn)AS + (B+Cn)\y  (n>0),

where A, \; € R\ {0}; B,C € C and Ay € C\ R. Let Ay = |\2]e??, B = |Ble¥! and C = |C|e?¥?
where 0, 1,9 € [—m, 7], @ ¢ {—m,0} so that

Un, = AN + 2| A2|"{|B| cos(p1 + nb) + n|C| cos(p2 + nb)}.

By Proposition 2.1, we need only treat the case where there is a positive dominating root, i.e.,
A1 > |A2| > 0. There are two subcases.

Subcase 1.1 A\; = |Aq.
Rewrite the general term of the sequence as
up = AT{A + 2|B| cos(p1 + nb) + 2n|C| cos(ps + nb)}.
Then, the sequence (u,,) is nonnegative if and only if, for all n,
A+ 2|B| cos(p1 4+ nb) + 2n|C| cos(p2 + nd) > 0. (5)

Since
sign (A 4 2|B| cos(¢1 + nb) + 2n|C| cos(p2 + nb)) = sign (cos(p2 + nb)),

when n is large enough, provided |C|cos(ps + nf) # 0. By |11, Lemma 2.2 III|, cos(¢2 + nb)
takes some positive and some negative values for infinitely many n € N. Thus, (5) holds only
when C' = 0, which reduces the shape of u,, to the form 7., Lemma 2.1, and so it is decidable.

Subcase 1.2: A\ > |\3].
Rewrite the general term of the sequence as

un = AT{A + 2([Aa|/A1)" (| B| cos(p1 + nb) + n|C]cos(p2 + nb))}-
The sequence (u,,) is nonnegative if and only if

A+ 2(|A2|/A)"(|B] cos(pr + nb) + n|C|cos(pz + 1)) >0 (n>0).
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e If A =0, the shape of u,, reduces to the form 17., Lemma 2.1.

o If A <0, then A+ 2(|A2|/A1)"(|B]|cos(p1 +nb) + n|C| cos(p2 +nb)) < 0 for all sufficiently
large n, and so this case is untenable.

e If A > 0, since
A+ 2(|A2]/A1)"(|B] cos(p1 + nB) + n|C| cos(pz +nb)) = A >0 (n — c0),

there is an explicitly computable least My € Ny, depending on A, B, C, A1, A2, 01, 02, 01, 02
for which

A+ 2(JA2] /A1) (|B] cos(p1 + nb) + n|C| cos(p2 + nb)) > 0 for all n > M.

Thus, the sequence (u,) is nonnegative if and only if M; = 0.

3.2.2 Case II: C(r322)

In this case, the general term of the sequence is u, = (A + Bn + Cn?)A} + DA} + DA5. This
case is decidable by the same proof as in Case 4.1 of [11, p. 137].

3.2.3 Case III: C(r1732%)

In this case, the general term of the sequence is
Up = AN + (B + Cn)AY + DAY + DAY (n>0),

where A, B,C € R; A\, 2 € R\ {0}; D € C and Ay € C\ R. Let \3 = |\3]e? and D = |Dl|e?
where 0, ¢ € [—m, 7], 8 ¢ {—m,0} so that
up, = AXT 4+ (B + Cn) AL + 2| D||A3]™ cos(¢ + nb).

We assume that the three coefficients A, C, D are all nonzero, for otherwise we would end in
the cases 13. or 16., or the case 6., Lemma 2.1. We treat two subcases depending on whether
[A] = [A2f-

Subcase III.1: [A\]| = ||, and so Ao = —A;
If \; > 0, then the sequence term is of the form u, = {A + (=1)"(B + Cn)}\} + D5 + DA},

ie.,
Usk = {A+ B+ 20k}\3* + DAZF + D2k
U1 = {A — B —C —2Ck}INFT 4+ DAFFL 4 DASFFL (k> 0).

The two sequences (ugx) and (ugk+1) are decidable because they are of the form 73., Lemma 2.1.

If Ay <0, then the sequence term is of the form u, = {(—1)"A + B + Cn}A\y + DA} + DAY,
i.e.,

ugr, = {A+ B+ 2CkIN3* + D2 + D)2*
Uggr1 = {—A+ B+ C + 20K\ + DAZFTE 4 DAZFTL (k> 0).

The two sequences (usar) and (ugg11) are decidable because they are of the form 13., Lemma 2.1.
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Subcase III1.2: || # |\a].

There are three possibilities for the absolute values of \;.

111.2.1: |)\1‘ = |)\3|.

By Proposition 2.1, we need only treat the case where there is a positive dominating root. We
consider two possibilities corresponding to the positive dominating root being A1 or As.

1. A1 is the positive dominating root, and so A1 > |a|.

Rewrite the general term of the sequence
Up, = AT {A+2|D|cos(¢ +nb) + (B+ Cn)(A2/A)"} (n>0).
Then, the sequence (u,,) is nonnegative if and only if, for all n,
A > =2|D|cos(¢ +nb) — (B + Cn)(A2/M)" (n>0). (6)

e If 0 is a rational multiple of 7, say, 0 = sw/t where s,t € Z* \ {0} and ged(s,t) = 1.
By Lemma 2.2 of [11], cos(¢ + né) is periodic and takes at most 2¢ distinct explicit
(positive and negative) values at n € {0,1,...,2t — 1}(mod 2¢). Let

P:=A{p1,....,ps}, Q@ :={aq1,.... ¢}
be subsets of {0,1,...,2t — 1} such that
ci=cos(p+pif) <0 (1<i<s), dj=cos(p+gq)>0 (1<j<r).
Since
Ny = (p1 + 2tNg) U - -- U (ps + 2tNp) U (g1 + 2tNg) U - - - U (g, + 2tNp) ,

and for each ¢ € N| let

Fi(f) = =2|Dlc; — (B + C(p; + 2t0)) (A /A)PiT2 (i=1,...,5)

N;(0) = =2|D|d; — (B + C(g; + 2t0))(A2/A) " (j=1,...,7).
If — (B4 C(p; + 20t)(A2/ A1) T2 < 0 for all £ € N, then we see clearly that

sup F;(¢) = —2|Dl¢;.
£eNy

If there exists £y € N such that
—(B 4+ C(p; + 26t) (Mg /A )P+ > 0,

since —(B + C(p; + 20t)) (Ao /A1)PiT2% — 0 (¢ — o0), there is an L; € Ny, L; > £, for
which

Fi(f) = —2|Dle; — (B + C(p; +20t)) N2/ M) T2 L
sup i) = =20Dlei+_ max | {= (B + Clpi+200) O/ M)}
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call this maximum M;. Similarly, if —(B + C(g; + 20t)(Aa/A1)% T2 < 0, for all £ € N,
then sup,ey, N;j(£) = —2|D|d;, while if there exists £, € N such that

—(B + C(Qj + 2€1t)()\2/>\1)q-7+2£1t >0,
then maxyen, N;(¢) is attainable; call this maximum K;. Thus, (6) holds if and only
if
A> max {—2|D|Ci,Mi,—2‘D‘dj7Kj},

e s

and so this case is decidable.

e If 6, is not a rational multiple of 7, rewrite the terms of the sequence as
un = [Ao|" {(A + 2D cos(e + nf)) (Ar/ [A2])" + (B + Cn)(A2/ [A2])"} .
The sequence {u,} is nonnegative if and only if
(A+2|D|cos(p +nb)) (A\1/ [A2])" + (B+ Cn)(A2/ [A])" 20 (n=0)  (7)

We consider four separate situations.

(a) If A < 0, since the values of cos(p + nf) is dense in the closed interval [—1,1],
there is a computable nonnegative integer N4 such that

(A4 2|D|cos(p + NabB)) (A1) [A2)V4 4+ (B4 CNA)( N/ [X2)V4 <0

and so (25) cannot be fulfilled.
(b) f0< A< 2|D|,let A=2|D|— A >0 so that

(A +2|D|cos(p +nb)) (A1/ |Xa])™ + (B + Cn)(Aa/ |A2])"™

(8)
={2|D| (1 + cos(p +n0)) = A)} (A1/ [A2])" + (B + Cn)(Az/ [A2])"

Taking a subsequence (ny) for which cos(p1 +nk1) — —1 (k — 00), the left-hand
side of (8) tends to —oo, showing that (7) cannot be fulfilled.

(c) f A>2|D|>0,let § =A—2|D| > 0. Since

(A+2|D|cos(e+nb)) (A1/ [A2)"™ + (B + Cn)(A2/ [X2)"

> 0(A1/ | A2])™ + (B 4+ Cn)(A2/ [A2])" — 00 (n — 00),
there is a computable nonnegative integer N* such that
(A+2|D|cos(¢ +nb)) (M1/ |X2])™ + (B + Cn)(A2/ |A2])" >0

for all n > N*. Thus, (7) holds if and only if N* = 0.
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(d) If A=2|B|, then (7) becomes
2[D[(1 + cos(p +nb)) (A/ [A2])" + (B + Cn)(Aa/ |X2])" 20 (n > 0).  (9)

By [8, Lemma 2.2 II], there is Ny € Ny such that 1 4 cos(p + Ngb) = 0, which
must be unique by [11, Claim 1, p. 140], then for (9) to hold we must have

(B 4 CNo)(\2/ | M) > 0.
Using arguments similar to [8, Lemma 2.2], we deduce that
2|D] {1 + cos(ip + n6)} (\a/ al)™ + (B + Cn)(Aa/ Pal)™ = 00 (n— 00).

Thus, there is an explicitly computable least integer N; € Ny, depending on
B,C,p,0,A1, A2, such that

2|D| {1 + cos(p + n6)} A1/ |Xe)™ + (B + Cn)(Na/ [Aa])" = 0 for all n > Ny

Using all the obtained information, we conclude that (25) holds if and only if
N; =0.

2. Ay is the positive dominating root, and so Ay > |A1| = |As| > 0.

Rewrite the general term of the sequence
un = Ay {(An +2|D| cos(p +n0)) (|A\1]/A2)" + B+ Cn}  (n 2 0),

where A, = (-1)"A if \y <0, and A,, = A if A\; > 0. The sequence (u,) is nonnegative if
and only if

{A,, +2|D|cos(p +n0)}(|\1]/A2)" + B4+ Cn >0 forall n>0. (10)

We consider two possibilities.

o If C' <0, then
{A,, +2|D|cos(p +n0)}(|A\1]/A2)" + B4+ Cn <0

for all sufficiently large n, and so (10) is untenable.

o If C' > 0, since
{4, +2|D|cos(¢+nd)}(|A1|/X2)" + B+ Cn =00 (n — o0),

there is an explicitly computable least Ty € Ny, depending explicitly on A, B,C, D, p, 0, A1, Ao
for which

{A,, +2|D|cos(p +n0)}(|A\1]/A2)" + B4+ Cn >0 forall n > Tp.
Thus, the sequence (u,,) is nonnegative if and only if

{4, +2|D|cos(p + n8)}(|A1|/X2)" + B+ Cn >0 (for all n>0)< Ty =0.
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I11.2.2: |)\2‘ = |)\3|.

By Proposition 2.1, we need only treat the case where there is a positive dominating root. We
consider two possibilities corresponding to the positive dominating root being A; or As.

1. Ay is the positive dominating root, so that Ay > |Aa] = |As3].
Rewrite the general term of the sequence as
un = AT {A+ (Cn +2|D| cos(¢ + nb))(|A2]/A1)"} (0 20),

where C,, = (=1)"(B 4+ Cn) if Ay < 0 and C,, = B+ Cn if Ay > 0. The sequence (u,) is
nonnegative if and only if

A+A{Cp +2[D[cos(p +nb)}(|Xe]/A1)" =20 (n = 0). (11)

Note that
A+ {C, +2|D|cos(p +nd) }(|A2| /M) = A (n — o). (12)

If A <0, then (12) shows that (11) cannot be fulfilled. If A > 0, then (12) implies that there
is an explicitly computable least integer 77 € Ny, depending on A, B,C, D, ¢, 0, A1, A2 such
that (11) holds for all n > T;. Consequently, in this case the sequence (u,) is nonnegative
if and only if T3 = 0.

2. \g is the positive dominating root, so that Ay = || > |A\1]-
Rewrite the general term of the sequence as
un = Ay {A(M1/A2)" + B+ Cn +2|D|cos(p +nd)} (n>0).
Then, the sequence (u,,) is nonnegative if and only if, for all n,
B > —A(M/A2)" — Cn — 2|D| cos(p + nb). (13)
If C < 0, then (13) cannot be fulfilled. If C' > 0, then —A(A1/A2)" — Cn — 2|D|cos(p +
nf) — —oo (n — o0). Thus, there exists an explicitly computable 75 € N depending on

A,C,D,p,0, A1, X2 such that

Iﬁa?{(o} {=A(\1/A2)" — Cn —2|D|cos(p +nb)} = —A(M\1/\2)"2 — CTy — 2| D| cos(p + T20).
neNU

Consequently, the sequence (u,,) is nonnegative if and only if
B> —A(M/X2)™ — OTy — 2|D| cos(p + T20).

I11.2.3: All three roots A1, A2 and A3 have different absolute values.

By Proposition 2.1, we need only treat the case where there is a positive dominating root. We
consider two possibilities corresponding to the positive dominating root being A\; or As.
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1. A1 is the positive dominating root, so that A1 > |A2|, A1 > |As].

Here, u, = A} {A+ (B + Cn)(A2/A1)™ + 2|D|(JA3]/A1)" cos( + nd)}. The sequence (u)
is nonnegative if and only if

A+ (B+Cn)(A2/M)" 4+ 2|D|(JAs|/M1)" cos(p +nb) >0 (n>0). (14)
Note that
A+ (B+Cn)(Aa/A1)"™ 4 2|D|(|As|/A1)" cos(¢ +nb) = A (n — o0). (15)

If A <0, then (15) shows that (14) cannot be fulfilled. If A > 0, then (15) implies that there
is an explicitly computable least integer T3 € Ny, depending on A, B,C, D, p,0, A1, A2, A3
such that (14) holds for all n > T3. Consequently, in this case the sequence (u,) is nonneg-
ative if and only if 75 = 0.

2. \g is the positive dominating root, so that Ay > |A1], A2 > |As].

Here, u, = Ay {A(A1/A2)" + B + Cn + 2|D|(|A3|/A2)" cos(p + nb)}. The sequence (u,) is
nonnegative if and only if

B> —A(M/X2)" — Cn —2|D|(JA3|/A2)" cos(¢ +nb) (n > 0). (16)

e If C' < 0, then (16) cannot be fulfilled.
o If C >0, since

—A(M/A2)" — Cn —2|D|(JAs]/A2)" cos(p + nb) = —c0  (n — 00).

there is an explicitly computable T, € N depending on A,C, D, p, 0, A1, A2, A3 such
that

max {—A(A1/A2)" — Cn — 2|D|(|A3]/A2)" cos(¢ + nb)} =
neNU{0}

7A()\1/)\2)T4 — CT4 — 2|D|(|)\3|/)\2)T4 COS(QD + T49)

Consequently, the sequence (u,,) is nonnegative if and only if
B> —A(M/A2)™ — CTy — 2|D|(|1A3]/A2)™ cos(p + T4b).
3.2.4 Case IV. C(rirarszz)
In this case, the general term of the sequence is
Up = AN + BNy + CA\S + DX} + DX} (n > 0),

where A, B,C € R; A1, Mo, A3 € R\ {0}; D € C and Ay € C\ R. Let \y = |\4]e? and D = |Dl|e’?
where 0, ¢ € [—m, 7], § ¢ {—m,0} so that

U = ANT + BAY + CA} + 2|D||A4]|" cos(p + nb).
Consider the three real numbers, A1, As, A3. There are two subcases.

1V.1 There are exactly two among A1, A2, A3 having the same absolute value, say, Ao = —A3.
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IV.2 None of the A1, A2, A3 has the same absolute value.

Subcase IV.1: There are exactly two among A1, A2, A3 having the same absolute value, say,
A2 = —As.
Here, u,, = AN} + {B + (—=1)"C}\} + DA} + D)}, i.e.,
ug, = ANF + {B + CY\3F + DA\?* + DAZF
Upp 1 = AN L {B — CYAZETE 4 DAZRFL L DAL (k> 0).

The two sequences (ugx) and usggy1 are decidable because they are of the form (16).

Subcase IV.2: None of the A1, A2, A3 has the same absolute value.

By Proposition 2.1, we need only treat the case where there is a positive dominating root, say,
A1 > 0 and so we may assume without loss of generality that Ay > || > [A3]| > 0 and A\ > |A\y].
We subdivide into two situations depending on whether A\; = |A\4].

IV.2.1: A = |\l
Here, u, = A\T{A+ (B + C(A3/X2)")(A2/A1)"™ + 2|D| cos(p + nb)} (n > 0). The sequence (u,)
is nonnegative if and only if

A>—{B+C(A3/22)"}(A2/A1)" — 2|D|cos(p +nb) (n>0). (17)

e If § is a rational multiple of 7, say 6 = s/t where s,t € Z*\ {0} and ged(s,t) = 1. By [11,
Lemma 2.2 1], cos(p + nf) is periodic and takes at most 2¢ distinct explicit positive and
negative values at n € {0,1,...,2t — 1}(mod 2t). Since

(17) holds if and only if
A> max {—{B+ C(A3/X2)"}( A2/ )" — 2|D|cos(p +nb)}.

0<n<T
for some computable large T > 2t — 1.
e If 0 is not a rational multiple of 7, rewrite the term of the sequence as
un = [A2|" {B(X2/[A2])" + C(As/[A2])" + (A + 2| D[ cos(p + n8)) (A1 /[A2])"} .
The sequence {u,} is nonnegative if and only if

B(Ao/|X2)" + C(As/|A2])" + (A + 2| D cos(p + nb)) (A1 /[A2])" 20 (n>0).  (18)

We consider four separate situations.

(a) If A < 0, since the values of cos(¢ + nf) is dense in the closed interval [—1,1],
Ao/ A2)™ € {£1}, (As/[A2])™ = 0, (A1/|A2])™ — o0 (n — o), there always exists a
computable nonnegative integer N* such that

BXa/IX )N+ C A3/ M) + (A4 2|D] cos(o + N*0)) (A1 /| XN <0

and so (18) cannot be fulfilled.
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(b) If 0 < A< 2|DJ,let A=2|D|— A > 0 so that (18) becomes

B(Ao/|X2)" + C(As/|A2])" + (A + 2|D| cos(p + nb)) (A1 /[ A2])"
= B(Aa/[X2])" + C(As/[X2])" +{2|D] (1 + cos(p + nb)) = Af(Ar/|Ae])". (19)

Taking a subsequence {ny} for which cos(¢ + ni8) - —1 (kK — 00), the expression in
(19) tends to —oo, showing that (18) cannot be fulfilled.

(¢c) f A>2|D|>0,let § =A—2|D| > 0. Since
{A+2|D]|cos(p +nb)} (A1 /X)) = d(A1/]|A2])* = o0 (n — 0),
there is a computable nonnegative integer N* such that
B(A2/[A2])" + C(As/[Aa)" + (A +2|D| cos( + nb)) (M1 /|A2])" = 0
for all n > N*. Thus, (18) holds if and only if N* = 0.
(d) If A=2|D|, then (18) becomes
B(Aa/|X2)" + C(As/|A2])™ 4 2[DI(1 + cos(p +n))(Ar/[A2])" = 0 (n > 0). (20

Returning to (18), if there is Ny € Ny such that 1+ cos(¢ + No#) = 0, which must be
unique by [11, Claim 1, p. 140], then for (20) to hold we must have B(Aa2/ |Aa|)™0 +
C(A3/ |A2])No > 0. Moreover, using arguments similar to Claim A and the fact that
for n large enough the values of 1 4 cos(p + nf) are positive and bounded by 2, we
deduce that

B(A2/ [X2])" + C(As/ [A2])™ + 2[D[ (1 + cos(p + nb)) (A1 / [Aa])" = 00 (n — 00).
Thus, there is an explicitly computable least integer N7 € Ny, such that
B(A2/ [Aa))™ + C(A3/ [Xa])™ + 2 |D] (1 + cos(p +nb))(A1/|A2|)” >0 for all n > Nj.
Using all the obtained information, we conclude that (20) holds if and only if Ny = 0.

IV.2.2: A\ # |\, and so A; > 4.

Here, u,, = AT{A+ B(A2/A1)" + C(A3/A1)"™ + 2| D| cos(¢ + n0)(|As|/A1)"}. The sequence (uy,) is
nonnegative if and only if,

A+ B(A2/M1)" + C(A3/A1)" + 2| D] cos(p + nb)(JAg]/A1)" >0 (n > 0). (21)

Next note that
A+ B(A2/A1)" + C(A3/A1)" + 2| D] cos(p + nb)(JAa]/A1)" — A (n — o0). (22)
If A <0, then (22) shows that (21) cannot be fulfilled. If A > 0, then (22) implies that there
is an explicitly computable least integer Ny € Ny, depending on A, B,C, D, p,0, A1, A2, A3 such

that (21) holds for all n > Nj. Consequently, in this case the sequence (u, ) is nonnegative if and
only if Ny = 0.
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3.2.5 Case V. C(rz12z12222)

In this case, the general term of the sequence is
Up = AN} + BANy + BAY + ONy + CA\Y (n > 0),

where A, \; € R\{0}; B,C € C and Mg, A\3 € C\R. Let Ay = [A2|e?®1, A3 = |\3]e?2, B = |Ble?#r
and C = |C|e?¥? where 01,02, 01,02 € [-7, 7], 01,02 ¢ {—m,0} so that

Un, = AXT 4 2|B||A2]" cos(p1 + nby) + 2|C||As|™ cos(p2 + nbs).

By Proposition 2.1, we need only treat the case where there is a positive dominating root, i.e.,
A1 > max {|Az|,|As]} > 0. We assume that all the three coefficients A, B and C' are nonzero
for otherwise we are left with the case (15) or the case (7) in [11, Lemma 2.3]. There are three
subcases.

V.1 The three X’s have the same absolute values, i.e., Ay = |A2| = |As].
V.2 All three roots A1, A2 and A3 have different absolute values.

V.8 There are exactly two A;’s having the same absolute value, i.e., Ay = |A2| or Ay = |Ag| or
[Aa| = [As].

Subcase V.1: A\; = [Aa] = |A3].

Rewrite the general term of the sequence as
U = AJ{A + 2|B| cos(¢1 + nb1) + 2|C| cos(p2 + nb3)} (n > 0).
The sequence (u,,) is nonnegative if and only if
A+ 2|B| cos(p1 + nb1) + 2|C| cos(pz2 +nb2) >0 (n > 0). (23)

Clearly, the sign of this last expression depends on the nature of #; and 6;. We have three
possibilities.

e Both 6, and 6y are rational multiples of 7, say 6; = sy7/t; and 6y = som/ty where
s1,82 € Z\ {0}, t1,t2 € N, ged(sy,t1) = 1 and ged(sg,t2) = 1. By [11, Lemma 2.2 1],
cos(¢1 + nby) is periodic, taking at most 2¢; explicitly computable positive and negative
values corresponding to n = 0,1,...,2t; — 1, and cos(p2 4+ nbs) is periodic, taking at most
2t5 explicitly computable positive and negative values corresponding ton = 0,1, ..., 2to—1.
Then, (23) holds if and only if

Az —2|B 0,) —2|C 0,)0
_OSHSII(}rlﬂa()gtl,%z){ | Bl cos(p1 + nb1) — 2|C| cos(pz + nb)6}

e One of the angles, say, 6; is a rational multiple of 7, while the other, 65 is not a rational
multiple of 7. Let #; = s/t where s,t € ZT \ {0}, ged(s,t) = 1, By [9, Lemma 2.2
I, IT1], the function cos(y1 + nby) is periodic and takes at most 2¢ explicitly computable
positive and negative values corresponding to n = 0,1,...,2t — 1. Let the minimal value
B := minpen, {2 |B| cos(yp1 +n)b1} occurs at T (mod 2t). Taking n =T + 2kt (k > 0), the
result [11, Lemma 2.2 II] tells us that the values of cos(¢a + (T + 2kt)02) is dense in [—1, 1].
Consequently, the condition (23) holds for all n > 0 if and only if A4+ B —2|C| > 0.
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e Both 6, := 270, and 65 := 270, are not rational multiples of .

(a) If 1,0y, 6, are linearly independent over Q, then by the Kroneker-Weyl theorem, [4,
Theorems IV.I and IV.II], the value set of all the pairs of fractional parts ((nf;), (nfs))
is dense in the unit square [0,1) x [0,1). Thus, the condition (23) holds for all n > 0
if and only if A—2|B|—-2|C| > 0.

(b) If 1,6, 0, are linearly dependent over Q, then there exist mg, mi,ms € Z \ {0} such

~ 0
that 6, = M Let n = maoN + J, where N € Ny, 0 < J < mgy — 1. Consider,
mao

Cy(N) = A+ 2|B|cos(@1(J) + 2maN7hy) + 2|C| cos(@a(J) + 2mi Nwb)
where (,51((]) = ¥1 + 2J7Tél and 352((]) = P2 + 2J7T(m0 +m1§1)/m2. Let
fr(t) = A+ 2|B|cos(p1(J) + 2mant) + 2|C| cos(p2(J) + 2myt),

where ¢t € [0,1]. Since f;(¢) is continuous over the compact set [0,1], the minimum
min,epo,1) f7(t) = M;(f) exists, say, at to. Since the set of fractional parts {(Nél)}

is dense in [0, 1], there exists subsequence (Nj) C N such that (Ni6;) — to and so
Cy(Ng) L M;(f), which implies that C;(N) > 0 if and only if M;(f) > 0. Therefore,
the sequence (u,) is nonnegative if and only if minjc(o1,... . m,—13y My (f) > 0.

Subcase V.2: All three roots \1, A2 and A3 have different absolute values.
Without loss of generality assume A; > |As| > |A3]. Here,

un = AT{A+2(| Bl cos(1 +n01) + [Cl(|As]/[A2])" cos(2 +n02)) ([A2l/A1)"} (0 = 0),
The sequence (u,,) is nonnegative if and only if
A+ 2{|B| cos(p1 + nb1) + [C[(|As]/|A2])" cos(p2 + nb2) }(|A2| /A1)" =20 (n = 0).

e If A <0, then A+ 2{|B]|cos(p1 + nb1) + |C|(|As]/|A2])™ cos(p2 + nb2)}(|A2|/A1)™ < 0 for
all sufficiently large n, and so this case is untenable.

o If A >0, since
A+ 2{|B]cos(p1 + nb1) + |C|(|As]/|A2])" cos(p2 + nb2) }(|A2]| /A1) = A >0 (n — 0),

there is an explicitly computable least M € Ny, depending on A, B, C, \1, A2, A3 01,02, 01, 02
for which

A+ 2{|B] cos(p1 + nb1) + |C|(|]As]/|A2])"™ cos(p2 + nb2) }(|A2]|/A1)™ >0 for all n > M.
Thus, the sequence (u,) is nonnegative if and only if M; = 0.

Subcase V.3: )\1 = ‘)\2| or )\1 = |>\3| or |)\2| = ‘)\3|

We need only treat two possibilities.

V.3.1: )\1 = |)\2| or )\1 = |)\3‘
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Without loss of generality, let A\; = |A2] > |A3]. Here,
un = A} {A + 2| B cos(p1 + nbr) + 2|C|(|As]/A1)" cos(pz + nba)} .
Then, the sequence (u,,) is nonnegative if and only if
A > —2|B|cos(p1 +nb1) — 2|C|(JA3]/A1)" cos(pz +nba)  (n > 0). (24)

e If 0, is a rational multiple of 7, say 61 = sw/t where s,t € Z* \ {0} and ged(s,t) = 1. By
[9, Lemma 2.2], cos(¢ + nf) is periodic and takes at most 2¢ distinct explicit (positive and
negative) values at n € {0,1,...,2t—1}( mod 2t). Let P := {p1,...,ps}, @ :={aq1,-.-, ¢}
be subset of {0,1,...,2t — 1} such that

¢ =cos(p1 +nb) <0 (1<i<s), dj=cos(pr1+nb1)>0(1<j<r)

Since Ny = (p1 + 2tNg) U -+ - U (ps + 2tNo) U (1 + 2tNg) U - - - U (g + 2tNp), and for each
{ € Ny, let

Fl(g) = —2|B|Ci — 2|C’|(|/\3|//\1)pi—"_2M COS((,OQ + (pi + 21%)92) (7, =1,..., S)
N;(€) = =2|Bld; = 2|C[(|As] /A1) 2 cos(ipa + (g +2t0)0) (j=1,...,7)

If 2|C|(|A3]/A1)Pi T2 cos(pa + (pi + 2t0)02) < 0 for all £ € Ny, then we see clearly that
supyen, Fi(£) = —2|Bc;. If there exists £y € Ny such that

=2|C[(|Asl/A1)P 20 cos(iz + (pi + 2tlo)f2) > 0,

since _2|C|(|/\3|//\1)pi+2t£o COS((pQ + (pi + 2tfo)02) — 0 (50 — OO)7 there is an L; € Ny,
L; > £y for which

sup F;(£) = =2|Blc; + re {=21C|(|As]/A1)P T2 cos(pa + (pi + 2t0)02) }

call this maximum M;. Similarly, if —2|C|(|As]/A1)%F2 cos(p2 + (qj + 2t€)62) < 0 for all
¢ € No, then sup,cy, N;(€) = —2|B|d;, while if there exists £; € Ny such that

=2|C|(|As]/ A1) %2 cos(pz + (g5 + 2t0)62) > 0,
then maxyen, N;(¢) is attainable; call this maximum K. Thus, (24) holds if and only if

A> max {_2|B|613M17KJ}

T 1<i<s, 1<5<r
and so this case is decidable.
e If A, is not a rational multiple of m, rewrite the terms of the sequence as
up = [As]" {(A + 2| B cos(ip1 +nb1)) (M/|A3])" + 2|C| cos(pz + nba)} .
The sequence {uy} is nonnegative if and only if
(A +2|B|cos(p1 +nb1)) (Ar/|As])™ + 2 |C| cos(pz + nbz) >0 (n > 0) (25)

We consider four separate situations.
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(a) If A <0, since the values of cos(p; + n1) is dense in the closed interval [—1, 1], and
(A1 /]A3])™ = 0o (n — 00), there is a computable nonnegative integer N4 such that

(A4 2|B|cos(p1 + Nab1)) (A1/ |)\3\)NA +2|Ccos(p2 + Naba) <0

and so (25) cannot be fulfilled.
(b) f0< A<2|B|,let A=2|B|— A >0 so that

(A +2[Bcos(p1 +nb1)) (Ar/ [As])™ + 2|C| cos(p2 4 nb2)
={2[BJ (1 + cos(p1 +nby) — A)} (Ar/ [As])" +2|C|cos(p2 +nba).  (26)

Taking a subsequence {ny} for which cos(p; + ngf1) — —1 (kK — o), the left-hand
side of (26) tends to —oo as k — oo, showing that (25) cannot be fulfilled.

(c) fA>2|B|>0,let 6 =A—2|B| > 0. Since

(A +2|B|cos(p1 +nb1))( A1/ |A3])™ + 2|C| cos(p2 + nbs)
>0/ As])™ +2|C| cos(pa + nb2) = 0o (n — o0),

there is a computable nonnegative integer N* depending on A, B, C, @1, p2, 01,02 such
that
(A + 2|B|cos(p1 + nb1)) (A1/|As])™ + 2|C| cos(pa +nbz) >0

for all n > N*. Thus, (25) holds if and only if N* = 0.
(d) If A=2|Bj|, then (25) becomes

2|B| (1 + cos(p1 +nb1)) (A1/|As])™ +2|C|cos(pz +nb2) >0 (n>0). (27)

If there is Ny € Ny such that 1 + cos(¢1 + Nob1) = 0, which must be unique by
[11, Claim 1, p. 140], then for (27) to hold we must have 2 |C|cos(p2 + Nob#2) > 0.
Moreover, using arguments similar to [8, Lemma 2.2], we deduce that

2|B| {1+ cos(p1 +mnb1)} (A1) |As])™ 4+ 2|C| cos(p2 + nbs) — 0o (n — 00).

Thus, there is an explicitly computable least integer N1 € Ny, depending on B, C, ¢, 0, A1, A2,
such that

2|B[{1 + cos(p1 +nb1)} (A1/ |A3])™ + 2|C| cos(p2 +nb2) >0 for all n > Nj.
Using all the obtained information, we conclude that (25) holds if and only if N; = 0.

V.3.2: ‘)\2| = |/\3| (< /\1)

Rewrite the general term of the sequence as
un = Af {A + 2{|B| cos(p1 + nb1) + [C| cos(p2 + nb2) }(|A2|/A1)"} -
The sequence (u,) is nonnegative if and only if

A 4 2{|B] cos(p1 + nb1) + |C| cos(p2 + nb2) }(|A2|/A1)" >0 (n > 0). (28)
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4

o If A <0, then A+ 2{|B|cos(y1+nb1)+|C|cos(pz+nb2)}(|A2|/A1)" < 0 for all sufficiently
large n, and so (28) is untenable.

o If A >0, since
A+ 2{|B] cos(p1 + nb1) + |C| cos(p2 + nb2)}(|A2|/A1)" = A >0 (n — o),

there is an explicitly computable least My € Ng, depending on A, B, C, A1, Ao, 01,02, 01, 2
for which

A+ 2{|B]|cos(p1 + nb1) + |C| cos(p2 + nb2)}(JA2|/A1)" > 0 for all n > Ms.

Thus, the sequence (u,) is nonnegative if and only if My = 0.
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