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Abstract

In this paper, we shall obtain a compactness of weighted Sobolev embeddings and use it
to get a composition operators from Sobolev spaces into Lebesgue spaces. Applying these re-
sults we shall study the multiplicity for singular asymptotically linear p–Laplacian problems.

Key words and phrases: Sobolev embeddings, composition operators, eigenvalues,
p–Laplacian, Multiplicity of solutions.

Resumen

En este art́ıculo, obtenemos una compacidad de inmersiones de Sobolev ponderadas y lo
usamos para tener operadores de composición del espacio de Sobolev en espacios de Lebes-
gue. Aplicando estos resultados estudiaremos la multiplicidad para problemas p–laplacianos.

Palabras y frases clave: Inmersión en espacio de Sobolev, operadores de composición,
autovalores, p–laplaciano, multiplicidad de soluciones.

1 Introduction

The compactness of Sobolev embeddings in [1, 5] have been extended in [10, 21, 23]. The results
in [21] are very general but not quite convenient to be applied to study partial differental equa-
tions. In this paper we obtain a result on the compactness of weighted Sobolev embeddings (see
Theorem 2.1). Our results include cases of Poincaré-Sobolev’s embeddings and Hardy–Sobolev’s
embeddings.

The Composition Operators studied in [4, 8, 12, 15, 17, 20, 22, 25] usually act between spaces of
same types, for example: Bounded variation spaces, Lebesgue spaces, Sobolev spaces and Orlicz-
Sobolev spaces. In this paper, we prove results on Nemytskii operators from Sobolev spaces into
Lebesgue spaces (see Theorems 2.2 and 2.3). This idea has appeared in [14]. Our results fit
to study problem in partial differential equations. For example, we can study the multiplicity
of asymptotically p–laplacian problem (4.1) with singular condition (4.3). The embbeding in
[14] may be not compact, therefore it is not convenient to study the asymptotically p–laplacian
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problem nor the multiplicity of solutions. We get the compactness of the embeddings in Theorem
2.2.

We prove the weighted Sobolev embeddings and the Nemytskii Operators from Sobolev spaces
into Lebesgue spaces in section 2, extending the results presented in [4, 12, 15, 19] for measurable
functions ω ∈ Ω. In the third section we improve by theorem 3.2 some results on eigenvalues of
p–laplacian in [3, 6]. Finally, we apply these esults to study the multiplicity of asymptotically p–
laplacian problem in the fourth section, illustrating by an example (Example 4.1) the application
of Main Theorem 4.1.

2 A weighted Sobolev embeddings and Nemytskii opera-
tors

Let N be an integer ≥ 3, Ω be a bounded domain in RN with smooth boundary ∂Ω, and r be in
the interval [1, N). Let W 1,p

0 (Ω) be the usual Sobolev space with the following norm

‖u‖1,p =

{∫
Ω

|∇u|pdx
} 1
p

∀u ∈W 1,p
0 (Ω).

Let σ be a measurable function on Ω. We put

Tσ(v) = σv ∀v ∈W 1,r
0 (Ω).

We have the following result.

Theorem 2.1. Let s be in
[
1, NrN

)
. α be in (0, 1), ω and θ be measurable functions on Ω such

that |θ| ≤ |ω|α and Tω is a continuous mapping from W 1,r(Ω) into Ls(Ω). Then Tθ is a linear
compact continuous mapping from W 1,r(Ω) into Ls(Ω).

Proof. Since Tω is linear and continuous from W 1,r(Ω) into Ls(Ω), there is a positive real number
C and {∫

Ω

|u|s|ω|sdx
} 1
s

≤ C‖u‖1,r ∀u ∈W 1,r
0 (Ω). (2.1)

Thus Tθ is a linear and continuous mapping from W 1,r(Ω) to Ls(Ω). Let M be a positive real
number and {un} be a sequence in W 1,r

0 (Ω), such that ‖un‖1,r ≤ M for any n. By Rellich–
Kondrachov’s theorem (Theorem 9.16 in [5]), {un} has a subsequence {unk} converging to u in
Ls(Ω) and {unk} converging weakly to u in W 1,r

0 (Ω), therefore ‖u‖1,r ≤ lim inf
k→+∞

‖unk‖1,r ≤ M .

We shall prove {Tθ(unk)} converges to Tθ(u) in Ls(Ω).

Let ε be a positive real number. Choose a positive real number µ such that

(2CM)sµ(1−α)s <
εs

2
. (2.2)
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Put Ω′ = {x ∈ Ω : ω(x) > µ}. We have by (2.1) and (2.2)∫
Ω

|unk − u|s|θ|sdx ≤
∫

Ω′
|unk − u|s|ω|αsdx+

∫
Ω\Ω′

|unk − u|s|ω|αsdx

≤ µ(1−α)s

∫
Ω′
|unk − u|s|ω|αsdx+ µαs

∫
Ω\Ω′

|unk − u|sdx

≤ µ(1−α)s

∫
Ω

|unk − u|s|ω|αsdx+ µαs
∫

Ω

|unk − u|sdx

≤ µ(1−α)s(C‖unk − u‖1,r)s + µαs
∫

Ω

|unk − u|sdx

≤ µ(1−α)s(2CM)s + µαs
∫

Ω

|unk − u|sdx

≤ εs

2
+ µαs

∫
Ω

|unk − u|sdx. (2.3)

Since {unk} converges in Ls(Ω), there is an integer k0 such that∫
Ω

|unk − u|sdx ≤ µ−αs
εs

2
∀k ≥ k0. (2.4)

Combining (2.3) and (2.4), we get the theorem.

Remark 2.1. Let ρ(x) be the distance from x to the boundary ∂Ω of Ω for any x in Ω. If s = r,
ω = ρ−1 and θ = ρ−α with α in (0, 1), the inequality (2.1) is Theorem 8.4 in [16], and (ii) of
Theorem 2.1 is proved in [23]. We have Poincaré–Sobolev embeddings in this case.

If 0 is in Ω, s = r and ω(x) =
1

|x|
for any x in Ω, we have Hardy’s embeddings (see [5]). There

are other examples of ω in [10, 16, 17, 19, 21, 23].

Theorem 2.2. Let s and ω be as in Theorem 2.1 and β be in (0, 1]. Let t be in [1,+∞) and g
be a Caratheodory function from Ω× R into R. Assume that there are a positive real number c,
a real number β in (0, 1] and a function b ∈ Lt(Ω); such that

|g(x, z)| ≤ c|ω(x)|
βs
t |z| st + b(x) ∀(x, z) ∈ Ω× R. (2.5)

Put
Ng(v)(x) = g(x, v(x)) ∀v ∈W 1,r

0 (Ω), x ∈ Ω. (2.6)

We have

i) Ng is a continuous mapping from W 1,r
0 (Ω) into Lt(Ω).

ii) If A is a bounded subset in W 1,r
0 (Ω), then Ng(A) is bounded in Lt(Ω).

iii) If A is a bounded subset in W 1,r
0 (Ω) and β < 1, then Ng(A) is compact in Lt(Ω).

Proof. i) Put
g1(x, ζ) = g(x, |ω(x)|−βζ) ∀(x, ζ) ∈ Ω× R.

By (2.5), we have
|g1(x, ζ)| ≤ c|ζ| st + b(x) ∀(x, ζ) ∈ Ω× R. (2.7)
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On the other hand

Ng(v) = Ng1 ◦ T|ω|β (v) v ∈W 1,r(Ω). (2.8)

Applying Theorem 2.3 in [12] and Theorem 2.1, we get the theorem.

Theorem 2.3. Let g be as in Theorem 2.2 with s ∈
(

1,
Nr

N − r

)
and t =

s

s− 1
. Put

Ψg(u) =

∫
Ω

∫ u(x)

0

g(x, ξ)dξdx ∀u ∈W 1,r
0 (Ω). (2.9)

We have

i) Ψg is continuously Fréchet differentiable mapping from W 1,r
0 (Ω) into R and

DΨg(u)(φ) =

∫
Ω

g(x, ξ)φdx ∀u, φ ∈W 1,r
0 (Ω). (2.10)

ii) If A is a bounded subset in W 1,r
0 (Ω), then there is a positive real number M such that

|Ψg(v)|+ ‖DΨg(v)‖ ≤M ∀v ∈ A.

Proof. Let g1 be as in the proof of Theorem 2.2. Put

Ψg1(u) =

∫
Ω

∫ u(x)

0

g1(x, ξ)dξdx ∀u ∈W 1,r
0 (Ω).

By Theorem 2.8 in [12], then Ψg1 is continuously Fréchet differentiable mapping from Ls(Ω) into
R. We see that Ψg = Ψg1 ◦ T|ω|β . By Theorem 2.1, we get the theorem.

Remark 2.2. If ω = 1, Theorems 2.2 and 2.3 were proved in [4, 12, 15, 19].

3 Eigenvalues for p–laplacian

Let r = s = p be in [2, N), ω and α be as in Theorem 2.1 such that ω 6= 0. Put σ = |ω|αp. By
Theorem 2.1, there is a real number λ such that

λ = inf

{∫
Ω

|∇u|pdx : u ∈W 1,r
0 (Ω),

∫
Ω

σ|u|pdx = 1

}
. (3.1)

We have the following result.

Theorem 3.1. There are v1 and v2 in W 1,p
0 (Ω) such that v1 ≥ 0 and v2 ≤ 0 and∫

Ω

|∇vi|p−2∇vi∇φdx = λ

∫
Ω

σ|vi|p−2viφdx ∀i = 1, 2; ϕ ∈W 1,r
0 (Ω). (3.2)
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Proof. Put

E(u) =

∫
Ω

|∇u|pdx ∀u ∈W 1,r
0 (Ω),

S(u) =

∫
Ω

σ|u|pdx ∀u ∈W 1,r
0 (Ω),

S1(u) =

∫
Ω

|u|pdx ∀u ∈W 1,r
0 (Ω),

M =
{
u ∈W 1,r

0 (Ω) : S1(u) = 1
}
.

By Theorem 2.1, M is weakly closed in W 1,p
0 (Ω). We see that E is coercive and weakly lower

semi–continuous on W 1,p
0 (Ω). By Theorem 1.2 in [24], there is w in M such that

E(w) = min{E(u) : u ∈M}. (3.3)

Hence ∫
Ω

|∇w|pdx = λ

∫
Ω

σ|w|pdx. (3.4)

Put v1 = |w| and v2 = −|w|. By Lemma 7.6 in [13], v1 and v2 belong to W 1,p
0 (Ω) and E(v1) =

E(v2) = E(w). By Theorem 9 in [7], E is continuously Fréchet differentiable on W 1,p(Ω). Since
S1 is continuously Fréchet differentiable on W 1,p(Ω) and S = S1 ◦ T|w|α , by Theorem 2.1, S is
continuously Fréchet differentiable on W 1,p(Ω). Thus by Theorem 43.D in [26], there are real
numbers λ′1 and λ′2 such that

DE(vi)ϕ = λ′iDS(vi)ϕ ∀i = 1, 2; ϕ ∈W 1,r
0 (Ω) or∫

Ω

|∇vi|p−2∇vi · ∇ϕdx = λ′i

∫
Ω

σ|vi|p−2viϕdx ∀i = 1, 2; ϕ ∈W 1,r
0 (Ω). (3.5)

Taking ϕ = vi in (3.5), we see that λ′i = λ for any i = 1, 2 and we get the theorem.

Put γ(σ) = λ and φ(σ) = ‖v1‖−1v1 where θ, λ and v1 are as in Theorem 2.3. If σ = 1, we
denote γ(σ) by λ1. We have the following results.

Theorem 3.2. Let α be in (0, 1), σ1 and σ2 be two measurable functions on such that 0 < σ1 < σ2

and σp2 < |ω|αp. Then 0 < γ(σ2) ≤ γ(σ1).

Proof. By Poincaré’s inequality,

∫
Ω

|∇u|pdx > 0 when

∫
Ω

σ2|u|pdx = 1. Thus by the proof of

Theorem 2.3, we get 0 < γ(σ2).

Since

∫
Ω

σ1|u|pdx ≤
∫

Ω

σ2|u|pdx, we see that γ(σ2) ≤ γ(σ1).

Remark 3.1. If σ, σ1 and σ2 are in Ls(Ω) with some s in
(
N
p ,+∞

)
, Theorems 2.3 and 3.2 were

proved in [3, 6].
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4 Multiplicity of asymtotically linear p–laplacian problems

Let p be in [2, N) and q be in (1, p), f be the real Caratheodory function on Ω× R, and h be a
real measurable function on Ω. We consider the following p–Laplacian problem:{

−∆pu = h(x)|u|q−2u+ f(x, u)
u = 0 on ∂Ω.

(4.1)

Our main result is

Theorem 4.1. Suppose

(F1) There exist α ∈ (0, 1), α′ = α
p−1
p , C ∈ (0,+∞), a measurable real function V0 on Ω,

positive measurable real functions V1, V2 and η on Ω such that T|η| is a continuous mapping

from W 1,p
0 (Ω) into Lp(Ω) and(∫

Ω

|ηv|pdx
) 1
p

≤ C‖v‖1,p ∀v ∈W 1,p
0 (Ω). (4.2)

|f(x, s)| ≤ ηα(p−1)(x)|s|p−1 = ηα
′p(x)|s|p−1 ∀x ∈ Ω, ∀s ∈ R. (4.3)

lim
s→0

f(x, s)

|s|p−2s
= V0(x) ∀x ∈ Ω. (4.4)

lim
s→−∞

f(x, s)

|s|p−2s
= V1(x) ∀x ∈ Ω. (4.5)

lim
s→+∞

f(x, s)

|s|p−2s
= V2(x) ∀x ∈ Ω. (4.6)

(V1) There exists a positive constant c0 such that∫
Ω

(|∇u|p − V0|u|p) dx ≥ c0‖u‖p1,p ∀u ∈W 1,p
0 (Ω). (4.7)

(V2) Vi 6≡ 0 and 0 < γ(Vi) < 1 for any i = 1, 2.

(V3) V0 ≥ 0 for e.a. x ∈ Ω.

(H1) |h|
p
p−q η−

αpq
p−q is integrable on Ω.

(H2) There is a sufficiently small positive number τ such that
∥∥∥|h| p

p−q η−
αpq
p−q

∥∥∥
L1
≤ τ .

Then the problem (4.1) has at least two non-trivial solutions u1 and u2 such that u1 ≥ 0; u2 ≤ 0;
J(u1) > 0 and J(u2) < 0, where

F (x, s) =

∫ s

0

f(x, t)dt ∀(x, s) ∈ Ω× R and (4.8)

J(u) =

∫
Ω

1

p
|∇u|pdx− 1

q

∫
Ω

h(x)|u|qdx−
∫

Ω

F (x, u)dx. (4.9)

Corollary 4.1. Theorem 4.1 still holds if we replace (V3) and (H2) by the following condition:
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(H3) h ≤ 0 a.e on Ω.

Corollary 4.2. Corollary 4.1 still holds if we replace (V1) and (H3) by the following conditions

(V1’) ∫
Ω

(|∇u|p − V0|u|p) dx ≥ 0 ∀u ∈W 1,p
0 (Ω).

(H4) h < 0 a.e on Ω.

Theorem 4.2. Suppose that conditions (F1), (V1), (V2), (V3), (H1) and (H2) hold. Assume
also that (H5) There exists v ∈W 1,p

0 (Ω) such that∫
Ω

h(x)|v+|qdx > 0.

Then the problem (4.1) has at least four non-trivial solutions u1, u2, u3 and u4 such that u1 ≥ 0,
u2 ≥ 0, u3 ≤ 0, u4 ≤ 0 and J(u1) > 0, J(u3) > 0, J(u2) < 0 and J(u4) < 0.

To prove these results we need the following notations. Let u be in W 1,p
0 (Ω), F and J be as

in (4.8) and (4.9). Put
u+ = max{u, 0}, u− = min{u, 0},

J± =

∫
Ω

1

p
|∇u|pdx− 1

q

∫
Ω

h(x)|u±|qdx−
∫

Ω

F (x, u±)dx. (4.10)

By Theorem 9 in [7], (F1) and Theorem 2.2 (with r = s = p, t = p
p−1 and β = α), the

functionals J and J± belong to C1(W 1,p
0 (Ω),R). Moreover, for every u and v in W 1,p

0 (Ω),

〈DJ(u), v〉 =

∫
Ω

|∇u|p−2∇u∇vdx−
∫

Ω

h(x)|u|q−2uvdx−
∫

Ω

f(x, u)vdx (4.11)

〈DJ+(u), v〉 =

∫
Ω

|∇u|p−2∇u∇vdx−
∫

Ω

h(x)(u+)q−2u+vdx−
∫

Ω

f(x, u+)vdx (4.12)

〈DJ−(u), v〉 =

∫
Ω

|∇u|p−2∇u∇vdx−
∫

Ω

h(x)|u−|q−2u−vdx−
∫

Ω

f(x, u−)vdx (4.13)

We have the following lemmas.

Lemma 4.1. Under (F1), (V2) and (H1), the functionals J± satisfy the Palais–Smale condition.

Proof. We prove J+ satisfies the Palais–Smale condition, the other case is similar. Let {un} be a

sequence in W 1,p
0 (Ω). Assume lim

n→+∞
DJ+(un) = 0 and |J+(un)| ≤M for a real number M . We

shall prove that {un} has a convergent subsequence in W 1,p
0 (Ω). By (4.10) and (4.12), we obtain∣∣∣∣∫

Ω

1

p
|∇un|pdx−

1

q

∫
Ω

h(x)(u+
n )qdx−

∫
Ω

F (x, u+
n )dx

∣∣∣∣ ≤M, (4.14)∣∣∣∣∫
Ω

|∇un|p−2∇un∆vdx−
∫

Ω

h(x)(u+
n )q−2u+

n vdx−
∫

Ω

f(x, u+
n )dx

∣∣∣∣
≤ ‖DJ+(un)‖‖v‖1,p ∀v ∈W 1,p

0 (Ω). (4.15)

First, we prove {u−n } is bounded, indeed, take v = u−n in (4.15) we have

‖u−n ‖
p
1,p =

∣∣∣∣∫
Ω

1

p
|∇u−n |pdx

∣∣∣∣ ≤ ‖DJ+(un)‖‖u−n ‖1,p.
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Hence ‖u−n ‖
p−1
1,p ≤ ‖DJ+(un)‖ −→ 0, or ‖u−n ‖1,p −→ 0.

Now we prove the boundedness of {u+
n }. Suppose by contradiction that {u+

n } is unbounded,
then there exists a subsequence of {un} (also denoted by {un}) such that an = ‖u+

n ‖1,p > 0 for
any integer n and lim

n→+∞
an = +∞. By (4.12), we have∣∣∣∣∫

Ω

|∇un|p−2∇un∇vdx−
∫

Ω

h(x)(u+
n )q−2u+

n vdx−
∫

Ω

f(x, u+
n )dx

∣∣∣∣
≤ ‖DJ+(un)‖‖v‖1,p +

∣∣∣∣∫
Ω

|∇u−n |p−2∇u−n∇vdx
∣∣∣∣

≤ ‖DJ+(un)‖‖v‖1,p +

(∫
Ω

|∇u−n |(p−1)p′dx

) 1
p′
(∫

Ω

|∇v|pdx
) 1
p

≤ ‖DJ+(un)‖‖v‖1,p + ‖u−n ‖
p−1
1,p ‖v‖1,p ∀v ∈W 1,p

0 (Ω). (4.16)

Put wn =
u+
n

an
. Divide both sides by ap−1

n , we obtain∣∣∣∣∫
Ω

|∇un|p−2∇un∇vdx−
∫

Ω

h(x)(u+
n )q−2u+

n vdx−
∫

Ω

f(x, u+
n )dx

∣∣∣∣
≤ ‖DJ

+(un)‖‖v‖1,p
ap−1
n

+
1

ap−1
n

‖u−n ‖
p−1
1,p ‖v‖1,p. (4.17)

Note that ‖wn‖1,p = 1. By Theorem 9.16 and Theorem 4.4 in [5], (4.2), (4.3) and Theorem 2.1,

there exist a subsequence of {wn} (also denoted by {wn}), a function w ∈W 1,p
0 (Ω) and k ∈ L1(Ω)

such that:

(i) {wn} weakly (resp. strongly, pointwisely) converges to w in W 1,p
0 (Ω) (resp. in Lp(Ω), on

Ω),

(ii) {wnηα} strongly (resp. pointwisely) converges to wηα in Lp(Ω) (resp. on Ω), and

(iii) |wn|p + |wn|pηαp ≤ k.

By (H1), we have∣∣∣∣∫
Ω

h(x)|wn(x)|q−1v(x)dx

∣∣∣∣ =

∣∣∣∣∫
Ω

h(x)ηαq|wn(x)|q−1v(x)ηαdx

∣∣∣∣
≤
(∫

Ω

|h(x)|
p
p−q η−

αpq
p−q dx

) p−q
p
(∫

Ω

k1dx

) q−1
p
(∫

Ω

|v(x)|pηαpdx
) 1
p

.

Thus

lim
n→+∞

aq−pn

∫
Ω

h(x)|w(x)|q−1v(x)dx = 0. (4.18)

By (4.3) ∣∣∣∣f(x, u+
n (x))

ap−1
n

v(x)

∣∣∣∣ =


0 if u+

n (x) = 0∣∣∣∣f(x, u+
n (x))

u+
n (x)p−1

wn(x)p−1v(x)

∣∣∣∣ if u+
n (x) 6= 0

≤ ηα(p−1)(x)|wn(x)|p−1|v(x)| ≤ k
p−1
p |v(x)|. (4.19)
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Let Ω0 = {x ∈ Ω : w(x) = 0} and Ω+ = {x ∈ Ω : w(x) > 0}. Since w(x) ≥ 0 for all x ∈ Ω,
result that Ω = Ω0 ∪ Ω+. Let x be in Ω+, we have lim

n→+∞
un(x) = +∞. By (4.6) and (4.19), we

have

lim
n→+∞

f(x, u+
n (x))

ap−1
n

v(x) =

{
0 if w(x) = 0
V2(x)w(x)p−1v(x) if w(x) 6= 0.

By (4.6), (4.3) and (4.2), we have∫
Ω

|V2w
p−1v|dx ≤

∫
Ω

ηα(p−1)wp−1|v|dx ≤
(∫

Ω

|ηαw|pdx
) p−1

p
(∫

Ω

|v|pdx
) 1
p

<∞.

Since k ∈ L1(Ω) and v ∈ Lp(Ω), by Hölder’s inequality, k
p−1
p v belongs to L1(Ω). Applying

Lebesgue’s Dominated Convergence Theorem, we have

lim
n→+∞

∫
Ω

f(x, u+
n (x))

ap−1
n

v(x)dx =

∫
Ω

V2(x)w(x)p−1v(x)dx ∀v ∈W 1,p
0 (Ω). (4.20)

We shall prove that {wn} converges to w in W 1,p
0 (Ω). Let T be the operator −∆p from W 1,p

0 (Ω)

into W 1,p′

0 (Ω), where 1
p + 1

p′ = 1. By Theorem 10 in [8], T is of class S+, that is, {ψn} strongly

converges to ψ in W 1,p
0 (Ω) if {ψn} weakly converges to ψ in W 1,p

0 (Ω) and lim sup
m→∞

T (ψm)(ψm−ψ) ≤
0. Note that

T (φ)(θ) =

∫
Ω

|∇φ|p−2∇φ∇θdx, ∀φ, θ ∈W 1,p
0 (Ω).

Using a similar argument as above for wm − w instead of v, we obtain the following results

∣∣∣∣∣
∫

Ω

|∇wm|p−2∇wm∇(wm − w)dx

− 1

ap−qn

∫
Ω

h(x)|wm|q−1(wm − w)dx−
∫

Ω

f(x, u+
m)

|u+
m|p−1

wp−1
m (wm − w)dx

∣∣∣∣∣
≤ 1

ap−1
n

‖DJ+(um)‖‖wm − w‖1,p +

+
1

ap−1
n

‖u−m‖
p−1
1,p ‖wm − w‖1,p, ∀n ∈ N, (4.21)

lim
m→+∞

1

ap−qn

∫
Ω

h(x)|wm|q−1(wm − w)dx = 0 (4.22)

lim
m→+∞

∫
Ω

f(x, u+
m)

|u+
m|p−1

wp−1
m (wm − w)dx = 0. (4.23)

Since {‖wm − w‖1,p} is bounded and ‖u−m‖1,p −→ 0, by (4.22), (4.23) and (4.21), we have

lim sup
m→+∞

T (wm)(wm − w) ≤ 0,

which implies that {wm} strongly converges to w in W 1,p
0 (Ω) and thus

lim
m→+∞

∫
Ω

|∇wm|p−2∇wm∇vdx =

∫
Ω

|∇w|p−2∇w∇vdx ∀v ∈W 1,p
0 (Ω). (4.24)
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(c.f. Theorem 9, [8]). Combining (4.17), (4.18), (4.20) and (4.24), we get∫
Ω

|∇w|p−2∇w∇vdx−
∫

Ω

V2(x)wp−1vdx ∀v ∈W 1,p
0 (Ω). (4.25)

Note that w ≥ 0 and w 6≡ 0, by (4.25) we have w ≡ φ(V2) and γ(V2) = 1, which is a contradiction
to (V2). This contradiction gives us the conclusion that {‖u+

m‖} is bounded.
Therefore {um} is bounded in W 1,p

0 (Ω). By Lemma 6.2 in [12], {um} is strongly convergent
in W 1,p

0 (Ω).

Lemma 4.2. Suppose conditions (4.4), (F1), (V1), (H1) and (H3) hold. Then there exist positive
real numbers R and C such that

J±(u) ≥ C‖u‖p1,p, ∀u ∈ BR(0).

Proof. If we have
J(u) ≥ K‖u‖p1,p, ∀u ∈ BR(0) \ {0}.

then the result follows. Indeed,

J±(u) = J(u±) +

∫
Ω

1

p
|∇u∓|pdx ≥ K‖u±‖p1,p +

1

p
‖u∓‖p1,p ≥ min{K, 1

p
}‖u‖p1,p.

Suppose by contradiction that for each n ∈ N there exists un ∈ B 1
n

(0) \ {0} such that J(un) <
1

n
‖un‖p1,p, that is∫

Ω

1

p
|∇u|pdx− 1

q

∫
Ω

h(x)|un|qdx−
∫

Ω

F (x, un)dx <
1

n
‖un‖p1,p. (4.26)

Put an = ‖un‖1,p ∈
(
0, 1

n

)
, and wn = un

an
. Divide both sides of (4.26) by apn, we obtain∫

Ω

1

p
|∇wn|pdx−

1

q

∫
Ω

h(x)|wn|q

ap−qn

−
∫

Ω

F (x, anwn)

apn
dx <

1

n
.

Since h ≤ 0 a.e. on Ω and an > 0, we have∫
Ω

1

p
|∇wn|pdx−

F (x, anwn)

apn
dx <

1

n
. (4.27)

Since ‖wn‖1,p = 1, as in the proof of Lemma 4.1 and (4.19), there are w ∈W 1,p
0 (Ω) and k ∈ L1(Ω)

such that for any x in∣∣∣∣f(x, sanwn(x))

apn
anwn(x)

∣∣∣∣ ≤ ηα(p−1)sp−1|wn(x)|p−1 ≤ sp−1k s ∈ (0, 1)n ∈ N.

Thus by Lebesgue’s Dominated Convergence Theorem, Fubini’s theorem and (4.4), we have

lim
n→+∞

∫
Ω

f(x, anwn(x))

apn
dx = lim

n→+∞

∫
Ω

∫ 1

0

f(x, sanwn(x))

apn
anwn(x)dsdx

lim
n→+∞

∫
Ω

∫ 1

0

f(x, sanwn(x))

|sanwn(x)|p−1
sp−1|wn(x)|p−1wn(x)dsdx =

1

p

∫
Ω

V0|w|p−1wdx.
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Replace wn by w, we have a similar result

lim
n→+∞

∫
Ω

f(x, anwn(x))

apn
dx =

1

p

∫
Ω

V0|w|p−1wdx. (4.28)

By (V1) (actually, we only need (V1’)), we have∫
Ω

1

p
|∇w|pdx ≥ 1

p

∫
Ω

V0|w|pdx.

It follows that for any ε > 0, there exist Nε ∈ N such that,∫
Ω

1

p
|∇w|pdx−

∫
Ω

F (x, anw(x))

apn
dx ≥ ε, ∀n ∈ N. (4.29)

From (4.27) and (4.29), for n ≥ Nε, we have∫
Ω

1

p
|∇wn|pdx−

∫
Ω

F (x, anwn(x))

apn
dx−

∫
Ω

1

p
|∇w|pdx+

∫
Ω

F (x, anw(x))

apn
dx <

1

n
+ ε.

This implies

lim sup
n→+∞

[∫
Ω

1

p
|∇wn|pdx−

∫
Ω

1

p
|∇w|pdx

]
≤ ε, ∀ε > 0.

Hence

lim sup
n→+∞

[∫
Ω

1

p
|∇wn|pdx−

∫
Ω

1

p
|∇w|pdx

]
≤ 0.

By Theorem 6 in [7], the space (W 1,p
0 (Ω), ‖ · ‖1,p) is uniformly convex, then by Proposition 3.32

in [5], we have wn → w in W 1,p
0 (Ω) and therefore, ‖w‖1,p = 1. On the one hand, from (V1), we

have ∫
Ω

1

p
|∇w|pdx− 1

p

∫
Ω

V0|w|pdx ≥ c0‖w‖1,p = c0 > 0.

On the other hand, let n→ +∞ in (4.27), we obtain∫
Ω

1

p
|∇w|pdx− 1

p

∫
Ω

V0|w|pdx ≤ 0

This is a contradiction. Thus we get the lemma.

Lemma 4.3. Suppose conditions (4.4), (F1) (V1’), (H1), and (H4) hold. Then there exist
positive real numbers R and C such that

J±(u) ≥ C‖u‖p1,p, ∀u ∈ BR(0).

Proof. Arguing as in Lemma 4.2, we only need to show

J(u) ≥ K‖u‖p1,p, ∀u ∈ BR(0) \ {0}.

Suppose by contradiction that for each n ∈ N there exists un un ∈ B 1
n

(0) \ {0} such that

J(un) < 1
n‖un‖

p
1,p, that is∫

Ω

1

p
|∇un|pdx−

1

q

∫
Ω

h(x)|un|qdx−
∫

Ω

F (x, un)dx <
1

n
‖un‖p1,p. (4.30)
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Divide both sides of (4.30) by apn, where an = ‖un‖1,p ∈ (0, 1
n ), and wn = un

an
, we obtain∫

Ω

1

p
|∇wn|pdx−

1

q

∫
Ω

h(x)|wn|q

ap−qn

dx−
∫

Ω

F (x, anwn)

apn
dx <

1

n
. (4.31)

Since an ∈ (0, 1) and h < 0 a.e. on Ω, then (4.31) becomes∫
Ω

1

p
|∇wn|pdx−

1

q

∫
Ω

h(x)|wn|qdx−
∫

Ω

F (x, anwn)

apn
dx <

1

n
. (4.32)

Since ‖wn‖1,p = 1 for any n, then we can assume {wn} weakly converges to w in W 1,p
0 (Ω).

Arguing as in the proof of Lemma 4.1, we obtain

lim
n→+∞

∫
Ω

h(x)|wn|qdx =

∫
Ω

lim
n→+∞

h(x)|wn|qdx =

∫
Ω

h(x)|w|qdx

lim
n→+∞

∫
Ω

F (x, anwn)

apn
dx =

1

p

∫
Ω

V0|w|pdx and∫
Ω

1

p
|∇w|pdx− 1

q

∫
Ω

h(x)|w|qdx−
∫

Ω

V0|w|pdx ≤ 0.

By (V1’), we get

−
∫

Ω

h(x)|w|qdx = 0.

Thus by (H4), w = 0 a.e. on Ω, which contradicts to ‖w‖1,p = 1. The lemma is proved.

Lemma 4.4. Suppose conditions (4.4), (F1), (V1), (V3) and (H1) hold. Then there exists
a constant τ > 0 having the following properties: for all measurable function h on Ω with∥∥∥|hn| p

p−q η−
αpq
p−q

∥∥∥
L1
≤ τ , there exist positive numbers σ and µ such that J±(u) ≥ µ for all

u ∈W 1,p
0 (Ω) with ‖u‖1,p = σ.

Proof. We consider the case of J+, the case of J− is similar. Suppose by contradiction that: for

all τ > 0, there exists a measurable function h with
∥∥∥|hn| p

p−q η−
αpq
p−q

∥∥∥
L1
≤ τ such that, for all

σ > 0 and η > 0, we have u ∈W 1,p
0 (Ω) with ‖u‖1,p = σ and J+(u) < η.

Choose τ = 1
np−q+1 , σ = 1

n , η = 1
np+1 where n ∈ N, we have: for any n ∈ N, there exist a

measurable function hn and un ∈W 1,p
0 (Ω) such that

∥∥∥|hn| p
p−q η−

αpq
p−q

∥∥∥ p−qp
L1
≤ 1

np−q+1 , ‖un‖1,p = 1
n

and

J+(un) =

∫
Ω

1

p
|∇un|pdx−

1

q

∫
Ω

h(x)(u+
n )qdx−

∫
Ω

F (x, u+
n )dx <

1

np+1
. (4.33)

Divide both sides of (4.33) by apn, where an = ‖un‖1,p = 1
n , and wn = un

an
, we obtain∫

Ω

1

p
|∇wn|pdx−

1

q

∫
Ω

hn(x)(w+
n )q

ap−qn

dx−
∫

Ω

F (x, anw
+
n )

apn
dx <

1

n
, (4.34)

and ‖wn‖1,p = 1, then we can assume {wn} weakly converges to w in W 1,p
0 (Ω). Arguing as in

the proof of Lemma 4.2 we obtain

lim
n→+∞

F (x, anw
+
n )

apn
dx =

1

p

∫
Ω

V0|w+|pdx. (4.35)
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By Hölder inequality and (4.2), we have∣∣∣∣∫
Ω

hn(x)|w+
n |q

ap−qn

dx

∣∣∣∣ ≤ np−q
(∫

Ω

|hn|
p
p−q η−

αpq
p−q

) p−q
p
(∫

Ω

|w+
n |pηαp

) q
p

≤ np−qC

np−q+1
‖wn‖q1,p ≤

np−qC

np−q+1
=
C

n
.

Therefore

lim
n→+∞

∫
Ω

hn(x)|w+
n |q

ap−qn

dx = 0. (4.36)

From (4.34), (4.35), (4.36), (V3) and (V1), we get

1 ≤
∫

Ω

V0|w+|pdx ≤
∫

Ω

V0|w|pdx ≤
∫

Ω

|∇w|pdx.

By Theorem 6 in [7], the space (W 1,p
0 (Ω), ‖ · ‖1,p) is uniformly convex, then by Proposition 3.32

in [5], we have wn → w in W 1,p
0 (Ω) and therefore, ‖w‖1,p = 1. From (4.35), (4.36) and letting

n→ +∞ in (4.34), we have ∫
Ω

1

p
|∇w|pdx− 1

p

∫
Ω

V0|w|pdx ≤ 0,

which contradicts to (V1). Therefore we get the lemma.

Lemma 4.5. Under conditions (V2), (F1), (V2) and (H1), we have

lim
t→+∞

J+(tφ(V2))

tp
< 0 and lim

t→+∞

J−(−tφ(V2))

tp
< 0

Proof. Put v = φ1(V2), then ‖v‖1,p = 1, v > 0 and∫
Ω

|∇v|p−2∇v∇wdx = γ(V2)

∫
Ω

V2(x)|v|pvwdx ∀w ∈W 1,p
0 (Ω). (4.37)

Thus ∫
Ω

|∇v|pdx = γ(V2)

∫
Ω

V2(x)|v|pdx. (4.38)

By (4.10) we have

J+(tv) =

∫
Ω

1

p
|∇(tv)|pdx− 1

q

∫
Ω

h(x)(tv+)qdx−
∫

Ω

F (x, tv+)dx.

It implies that

J+(tv)

tp
=

1

p

∫
Ω

|∇v|pdx− 1

qtp−q

∫
Ω

h(x)|v|qdx− 1

tp

∫
Ω

F (x, tv)dx. (4.39)

By Hölder’s inequality, (H1) and (4.2), we have∫
Ω

|h||v|qdx =

∫
Ω

|h|η−qα|v|ηqαdx ≤
(∫

Ω

|h|
p
p−q η

− pqα
p−q dx

) p−q
p
(∫

Ω

|v|pηpαdx
) q
p

<∞.
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Hence

lim
t→+∞

1

qtp−q

∫
Ω

h(x)|v|qdx = 0. (4.40)

As in (4.28), we get

lim
t→+∞

1

tp

∫
Ω

F (x, tv)dx =
1

p

∫
Ω

V2(x)|v(x)|pdx. (4.41)

Combining (4.38), (4.39), (4.40) and (4.41), we have

lim
t→+∞

J+(tv)

tp
=

1

p

∫
Ω

|∇v|pdx− 1

p

∫
Ω

V2|v|pdx

=
1

p

∫
Ω

|∇v|pdx− 1

pγ(V2)

∫
Ω

|∇v|pdx

=
1

p

(
1− 1

γ(V2)

)
< 0,

which contradicts to (V2) and that completes the proof of Lemma.

Lemma 4.6. Under conditions (F1), (H1) and (H5), we have

lim
t→+∞

J±(±tv)

tp
< 0,

where v is given in (H5).

Proof. Let {tn} be a sequence of positive real numbers such that tn → 0 as n→ +∞. First, we
consider the case of J+. We have

J+(tnv)

tqn
=

1

tqn

[∫
Ω

1

p
|∇tnv|pdx−

1

q

∫
Ω

h(x)(tnv
+)qdx−

∫
Ω

F (x, tnv
+)dx

]
=

tp−qn

p

∫
Ω

|∇v|pdx− 1

q

∫
Ω

h(x)(v+)qdx− 1

tqn

∫
Ω

F (x, v+)dx. (4.42)

By (F1), we have∣∣∣∣∫
Ω

F (x, v+)dx

∣∣∣∣ =

∣∣∣∣∣
∫

Ω

∫ tnv
+

0

f(x, τ)dτdx

∣∣∣∣∣ =

∣∣∣∣∫
Ω

∫ 1

0

f(x, ξtnv
+)dξdx

∣∣∣∣
≤
∫

Ω

∫ 1

0

∣∣∣ηα(p−1)
(
|ξtnv+|

)p−1
tnv

+
∣∣∣ dξdx =

∫
Ω

∫ 1

0

∣∣∣ηα(p−1)ξp−1tpn(v+)p
∣∣∣ dξdx

≤ 1

p
tpn

∫
Ω

ηα(p−1)|v|pdx.

It follows that

lim
n→+∞

1

tqn

∫
Ω

F (x, tnv
+)dx = 0 and

lim
t→0+

J+(tv)

tq
= −1

q

∫
Ω

h(x)(v+)qdx < 0.
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In case of J−, note that −v+ = (−v)− then (−tnv)− = −tnv+ = tnv, we have

J−(tnv)

tqn
=

1

tqn

[∫
Ω

1

p
|∇(−tnv)|pdx− 1

q

∫
Ω

h(x)|(−tnv)−|qdx−
∫

Ω

F (x, (−tnv)−)dx

]
=

tp−qn

p

∫
Ω

|∇v|pdx− 1

q

∫
Ω

h(x)vqdx− 1

tqn

∫
Ω

F (x,−tnv)dx.

Arguing as in the case J+, we also have

lim
t→0+

J−(−tv)

tq
= −1

q

∫
Ω

h(x)|v+|qdx < 0.

Proof of Theorem 4.1 We have J+(0) = 0. By Mountain Pass Theorem in [2], Lemma 4.1,
Lemma 4.4 and Lemma 4.5, there exists a critical point u1 of J+ with J+(u1) ≥ µ > 0 (µ is
given in Lemma 4.4). We prove that u1 ≥ 0. Since u1 is the critical point of J+, by (4.12), for
any v ∈W 1,p

0 (Ω)∫
Ω

|∇u1|p−2∇u1∇vdx−
∫

Ω

h(x)(u+
1 )q−2u+

1 vdx−
∫

Ω

f(x, u+
1 )dx = 0. (4.43)

Take v = u−1 in (4.43), we obtain ∫
Ω

|∇u−1 |pdx = 0.

Hence u−1 = 0 a.e. on Ω, this implies u1 ≥ 0 a.e. on Ω. Since J+(u1) > 0, then u1 6≡ 0, therefore
u1 is a non-trivial nonnegative weak solution of the problem (4.1) such that J(u1) = J+(u1) > 0.

Arguing similarly for J−, we obtain a non-trivial non-positive weak solution u2 of (4.1) such
that J(u2) > 0.
Proof of Corollary 4.1 Using Mountain Pass Theorem in [2], Lemma 4.1, Lemma 4.2 and
Lemma 4.5, and arguing as in Proof of Theorem 4.1, we get the corollary.
Proof of Corollary 4.2 Using Mountain Pass Theorem in [2], Lemma 4.1, Lemma 4.3 and
Lemma 4.5, and arguing as in Proof of Theorem 4.1, we get the corollary.
Proof of Theorem 4.2 By Theorem 4.1, we have two nontrivial weak solutions for (4.1), one
solution is non–negative and one solution is non–positive, but both of them have positive energy.
Therefore, we only need to find two nontrivial weak solutions for (4.1) which have negative energy.
The first one is found by J+, and the second is found by a similar argument for J−.

J is lower semi–continuous by its differentiability. Let τ , σ and µ as in Lemma 4.4. Put
B = {u ∈ W 1,p

0 (Ω) : ‖u‖1,p ≤ σ}. Arguing as in (4.39) and using (ii) of Theorem 2.4, we see
that J+(B) is bounded. Put c = infBJ

+, then by Lemma 4.6, we have c < 0.
For n ∈ N, let un ∈ B such that

c ≤ J+(un) ≤ c+
1

n2
. (4.44)

Let e ∈W 1,p
0 (Ω) with ‖e‖1,p = 1. Apply Ekeland’s Variational Principle in [11] with ε = 1

n2 and

δ = 1
n , there exists vn ∈ B such that

J+(vn) = J+
vn(vn) ≤ J+

vn(vn + te) = J+(vn + te) +
1

n
|t|‖e‖1,p ∀t ∈ R \ {0}

J+(vn) ≤ J+(un). (4.45)
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From (4.45), we have
J+(vn + te)− J+(vn)

|t|
≥ − 1

n
.

Thus 
J+(vn + te)− J+(vn)

t
≥ − 1

n
if t > 0,

J+(vn + te)− J+(vn)

−t
≥ − 1

n
if t < 0.

Therefore ∣∣∣∣J+(vn + te)− J+(vn)

t

∣∣∣∣ ≤ 1

n
.

Letting t→ 0, we have

|DJ+(vn)(e)| ≤ 1

n
, ∀e ∈W 1,p

0 (Ω), ‖e‖1,p = 1.

Therefore

lim
n→+∞

∥∥DJ+(vn)
∥∥

(W 1,p
0 )∗

= lim
n→+∞

(
sup

‖e‖1,p=1

|DJ+(vn)(e)|

)
≤ lim
n→+∞

1

n
= 0.

Since c = infBJ
+, by (4.44) and (4.45), we have

c ≤ J+(vn) ≤ c+
1

n2
. (4.46)

Therefore, J+(vn) → c as n → +∞. It follows that {vn} is a Palais–Smale sequence. By (4.5),
we can assume that vn → v0 in W 1,p

0 (Ω). Hence,

DJ+(v0) = lim
n→+∞

DJ+(vn) = 0 and J+(v0) = lim
n→+∞

J+(vn) = c < 0.

Therefore, v0 is a critical point of J+ with negative energy. Arguing as in Proof of Theorem 4.1
we get have v0 ≥ 0 and Theorem 4.2.

Remark 4.1. If η in (4.3) is constant, the results in this section have been proved in [9].

Example 4.1. Let p = 2, Ω be the unit ball B1(0) in RN (N ≥ 3) and η(x) = (2λ1)
2
3 (1− |x|)−1

for any x in Ω. By Theorem 8.4 in [16], there is a real number c ≥ 1 such that∫
Ω

|ηu|2dx ≤ c‖u‖21,2 ∀u ∈W 1,2
0 (Ω). (4.47)

Let δ be in

(
0,

2λ1

c(1 + 2λ1)

)
and f be a real C1–function on Ω× R such that


f(x, s) = δ(1− |x|2)−

2
3 s if |s| ≤ 1

2
, ∀x ∈ Ω,

|f(x, s)| ∈
[
0, 2λ1(1− |x|2)−

2
3 |s|
]

if |s| ∈
[

1
2 , 1
]
, ∀x ∈ Ω,

f(x, s) =
2λ1s

3(1− |x|2)4

1 + s2(1− |x|2)4
(1− |x|2)−

3
2 if |s| ≥ 1, ∀x ∈ Ω.

(4.48)
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(i) We have

V0(x) = lim
s→0

f(x, s)

s
= δ(1− |x|)− 2

3 , ∀x ∈ Ω.

We get (V2), (F1) with α = 2
3 and∫

Ω

(
|∇u|p − V0|u|2

)
dx ≥ (1− cδ)‖u‖2

W 1,2
0

∀u ∈W 1,2
0 (Ω).

Thus (V1) is fulfilled.

(ii) Put V1(x) = V2(x) = 2λ1(1− |x|)− 2
3 for every x in Ω. Since V1(x) = V2(x) > λ1 for every

x in Ω, by Theorem 3.2, λ(V1) = λ(V2) < 1 and we get the condition (V2).

(iii) Let q = 3
2 and h = εη

αq
p = εη

9
8 with a sufficiently small positive real number ε, then we get

(H1).

Thus we can apply Theorem 4.1 for f and h, but the results in [9] do not work in this case.
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