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RESUMEN

En este trabajo consideramos el problema de va-
riacion de la produccién de un cierto objeto como una
funcion de tiempo, cuando para pérdidas conocidas
debidus a la depreciacion, la cantidad total del producto
conserva un valor constante. La ecuacion integral
asociada con el problema es resuelta utilizando cocien-
tes de convolucion.La funcion de produccién resulta ser
una expresion gue contiene polinomios generalizados
de Laguerre. La funcion de pérdida y la funcion de
produccion fueron tabuladas para diferentes valores de
los pardmetros usando un computador IBM - 370|145,

1- INTRODUCTION

Here we consider the problem that how must the
production of certain item vary as a function of time, if
for known losses due to depreciation the total amount
of the product is to have a constant value. Let initially
(t = 0) the total amount of the unused product be M;
the production is to be arranged so that this amount is
maintained, Let the loss function be denoted by f(t); it is
defined for 120 and has the following property: M {(t)
denote the amount lost due to depreciation, if no
production takes place for t>0.

Over a long time all the amount is used up, that is

ke o]

S M f(t)di=M (1
0

\"’ f(1) db=1 (2)
0
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SUMMARY

We consider the problem that bow must the produc-
tion of certain item vary as a function of time, if for
known losses due to depreciation the total amount of
the product is to bave a constant value, The integral
equation associated with the problem is solved by an
appeal to the convolution quotients. The production
function comes out to be an expression containing the
generalized Laguerre polynomials. The loss function
and the production function are tabulated for different
values of the parameter by using an IBM 370|145 com-

puter.

The production function g(t) denotes the production
per unit time at the time t, Thus the production in the
time interval (x, x +} x) equals g (x)Ax. Hence at a later
instant t the loss is g (x) f(t - x)Ax. Hence

1
S f(t-x)g(x)dx (3)
0

is the loss which is to be produced until the instant t.
Thus the difference of production and loss

t t
S 9(x)dx~5 f(t-x)g(x)dx (4)
0 0

must be equal to the loss M {(t). Hence,

t t
S glx) ox - S f(t-x) g (x) dx=Mf(t) (5)
0 0
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The solution of the problemn is obtained by an ap-
peal to_the Mikusinski's operators (convolution quo-
tients) |2,7 |. In a typical example the production func-
tion comes out to be an expression containing gene-
ralized Laguerre polynomial, The loss function and the
production function are tabulated for different values

of the parameter by using an IBM 370/145 computer,
2- CONVOLUTION QUOTIENTS

Here we give a brief introduction to the theory of
generalized functions due to Mikusinski [7]. Let us con-
sider a set C of locally integrable functions [2], The
operators of addition and convolution product for any
two elements f,g € C, aredefined as:

(f+g)lt)=14(1)+ g(t) (6)

109:S'f(x)q(t-n)dx (7)
0

The convolution quotients {/g are introduced very
much in the same way as rational numbers are intro-
duced as quotients of integers. The set of these elemen-
ts is called the convolution field F. Some elements of F
correspond to numbers, others to continuous or discon-
tinunus functions, operators of differentiation and in-
tegration also belong to this field. Convolution quo-
tients can be regarded either as generalized functions or
#s Operarors,

It is easy to verify that all elements of the set C be-
long to the field F, however, there are elements in F
which may not belong to C. For example, the element
S (t)E F sarisfies

t(1) - s(1)=¢1(t) (8)

In fact the peoperty (8) corresponds to the Dirac'sg-
function LZl Thiss{t) is the convolution quotient f/f for
every { EC.

By definition, h(t) is the Heaviside’s unit function,

h(t)=1, t20

W (t)= h(t)e h(t)=1
and by induction, we have

n . gn-1
y {(n-i“} ©)

Thus h can be considered as an operator of inte-

gration, h™ corresponds to n times repeated integra-
tion,

Sinceforevery f€ €, /1= 8, wehave

h/h=6orheh =g
which becomes

(10)

hes=6, s=p"t ()

The relation (11) is taken as the definition of a new
operator. From here it can be inferred that s correspon-
ds to the operator of differentiation. For any element f
€ C,having a locally integrals derivative of order n [2‘7_] .

el 4 0 hThigy 4 o g 02)(0) 4 4" Tg0) 012)

where f(u) are ordinary derivatives, This is called the
extended derivative of order n of the element f.

In dealing with differential and integral equations in
the domain of convolution quotients, an importan role
is played by the operators, 12,4,5)

We call convolution quotients (distributions or
generalized funcrions) the elements of the field F. In
this field all equations

tet:g (1,95¢C) (13)

are solvable and the unique solution is represented sy-
mbolically by

£ =9/t (14)

3.- THESOLUTION OF THE PROBLEM

The equation (5) can be written as

g s h- fng=Mf

L T R Y (i8)

=My —

6-sf
)

= Msf* s st

5
e R



where 8= ¥, Hence

9g=MF(8+ R) where R is the resolvent

kernel of FB]

=M(F+ FR)
= MR

*ME() R+ (16)

where Fif”:F.Ff F‘Fr-i y P22,3,... {IT)
We ser
A
«" -at )\
(i g ! (18)
()

where«and) are constants,

Clearly this choice of f(t) sarisfies the condition (2).
Representing the function £(t) in terms of the operator s
1

L4

ah (19)
(s+a) b

and therefore
F(t)e— sc.‘.x (20)
(s+ )\
Its r-th iterated kernel is
.f a'l "x'! rk'r't _“' f\f'i
s L (at)
(s+u)l'iH rirk) . ¢t
(21)
Thus =
u')r.' Aru . 8 A-r-1
g(t)=M, 1 e L, (~at)
=1 T
r=1 T(r}) —_—

WhereL" (x)are the generalized Laguerre polynomials

A

4. COMPUTATION

In the following tables we have tabulated Mf{t) and
the production function g (t) for different values of
a(0.01 to 0. 20, Aac=01) at different intervals of time 1
(from 1 to 60,at = 1), The values of M andAare taken as
10 and 2 respectively. In the numerical calculations we
have considered so many terms as to give us correct
figures up to eight decimal points. Using the Fortran
IV-H extended, the calculations were effected art a ter-
minal station COPE 1200 of the IBM 370/145 com-

puter.
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