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ABSTRACT 

The self-similaríty has been used in the solutíon of many prob­

lems related to transport phenomen3.. In thís article a sístematic 

approach ís gíven for the deduction of the similarity variables . 

RESUMEN 

La auto- sem j anza ha sido utilizada en la solución de muchos 

pr oblemas r l ac ionados con el f enómeno de t r ansporte . En este ar ­

t í culo se presenta un enfoque sistemáti co para la deducción de las 

var i ables de semejanza. 
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1 . INTRODOCTlOO 

Al though the s imilarity variables have been used wideIy in the 

solution of many probl6l1S related to transport phenomena, a system­

atic procedure based on pure physical ground for their dcuuction has 

not been presented . Due to this sometimes as noted by V. Streeter 

[lJ problems which have clearly self-similarity were excluded by 
sorne authors. 

In this article a rnethod for obtaining the similarity variables 

is presented, and sorne remarks are given so as to simpIify the pIot­

ting of the solution to problems which have the self-similarlty 

scheme. 

Se eral problems are worked in order to illustrate the proce ­

dure and a step by step pTocess is presented. 

In order to illustrate the use of self-similarity procedure a 

well known problem was selected, namely the laminar flow over a flat 

plate of a vi_cous fluid. 

The governing equation for the boundary layer with zero pres­

sure gradient is [2J [3J : 
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By self - similarity we expeet the existenee of points sueh as 

(1) and (2) (see Fig . 1) on which tbe veIoeity is the same. AlI we 

need is to find a relation between "x" and "y" such that all the 

points whose position coordinates fol1ow tbis relation have the same 

velocity. 
In order to aeamplish that, let define the ratios 

v 
Xl 

K -- IVx Vx 
2 

and (b)) 

where subscript 1 stands for "at point (1)" and subseript 2. stands 

for Itat point ( 2 )", since Ca) applies at (1) as well as at (2): at 
(1) 

= \) 
1 

Ce) 

solving eb) for eonditions at point (1) in funetion of eonditions at 

point (2) and substituting in Ce) 

K x 

a2. vK 
v x2. 

= K ~\) 
\) K2. 2. 2. 

a Ij 2.Ij 

smce \) does not changes with position: 

K ::: 1 
\) 
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and since we are interested in points which have the same velocity 

Kv = and K = sovx. y 

2el V dV 3 v 
1 x

2 1 x2 1 x
2- v ~ - v =. -\.1

K x2 tJ2 K2 2 2ax2 Ky a tJ2 Ij 
d tJ2X 

rnultiplying by K~ 

K2 aV K
2 

aV / V 
fj X fj x Xz2 2 

-v --~ - v : (d)
"'2 2K x2 fJ 2d x2 K a fJ2 d fJ 2X fJ 

but from (a) 

so a solution for (d) is: 

K2 K2 


-....!i = 1 := -....!i and since we want a relation between Xl' Y1 and X2 ' fJ 2,

Kx Ky 

then from (b) 

or 

then the desi red relation is 
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n • e~ where Q is a constant. 
fX 

In order to simplify t he solution let introouce t he stream 

function: 

- d W 	 - 'd~v =- and V -­
~ 'd fj Ij 'dx 


defining 

since K = 
. V x 

t hen 

1 
2 

KIjJ 	 IjJl X 
1 

= or - -
KIf 1jJ2 	 1 


2 

X. 

2 

1­

or [3J [41 1jJ c. x 
2 

tÍ(n)
2 

and after substit uting in 	Ca) we will get [3J 

d31 d2L
2 _-.--!L + tÍ _ U_ O 

3 . 2
dn en 

which is anordinary differential equation with bmmdary conditions: 
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II = O ó = O 

n = 00 

PROCEDURE 

The procedure foll awed in t he previaus example may besurnmari zed 

as follows: 

'1 . Write down all the KI S and substi tute into t he govemmg equa­

t ion. 

2. 	 Specify all the KI S values known. 

3. 	 Specify the K's values among similar points. 
4. 	 Substitute in differential equation. Manipulate the equation 

obtained until yau get ane of the terms free from K' s. 

5. 	 Find the relation among the K's of interest . 

6. 	 Substitute K's by their definition and get the similarity rela" 
tion. 

APPLI CATION 

The steps indicated ID t he preceding sect i on are applied to 

several problems (omit ing the algebraic routine). 

A) 	 Free - Convect i on (Laminar flow on a vertical plate) L3] : 
The governing equation is 

(¡ 2 Vd v d v 
Xv _	 _x. + v x = \) - - + 89 (T - T l 

00 x d X 1} dI} del 
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STEP 1 

'0 .
,K - -
1 ,. 

'0 '0 
2 

v vljX 
K --

1 , K - - 1 

V VVx y Vy i. XL 

and 


STEP 2 

K = K = K = 1 
\l e 9 

STEP 3 

Similar poillts are those with the same temperature, so: 

Ky = 1 

STEP 4 

the last t erm i s already free froro K's. 
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STEP 5 

One of the soluti on lS 


K
2 

K K K 
v v v v 
X X Y : 

x 
= = 1 

K K2KyX Y 

since we are interested in a relation between x. and y , square t he 

l as t t erm and get 

= or 

STEP 6 

4 

~l X 
1 = ar n = c. L 

X. 
2 V 

where T) i s t he desired s imilarity variable and c. is a constant [3J. 

Al so f rom step S may get a s impl ified presentation of 

1"­
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v)( I!! 
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y Ij 

Figure 2 Figure 3 

since fr om 
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we will get 

and from 

K2 

V 
X 

K x 
v v 
X X

1 2 
-- ~\0 f-; 

that i s instead of Fig. 2 and 3 get f igures 4a and 4b (See Ref.3. pp. 
154-155) . 

/,\. 

/ 
/ 
/' 

/ 
/ / V x v yyJX /

,/ 

>I 
--L --L 

1 1 

x4 x1t 

Fi gure 4a Figure 4b 

A furt her s impl i fication by introduci ng the stream function ~] : 
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_ a 1jJ 	 _ -d ,', 
v =- & v =-'1' 

x. a y 	 Ij a x 

using the procedure we will get 

and 

and want a relation between ~ and x (not "y" because what is wanted 

is the distributlQn ~lQilg /Ir 50 we will inteRTate for "x" filed). 
Then: 

K = K K = iK 41K q¡ 	 vx y ~ I\x ~ X 

So 
3 
4 

1jJ ~ ex F(nl 

B) 	 Film Condensation on vertical Plates l3] 
Goveming equations: 

av a VIj 
- z +- =0 Cb.1) 
aZ d Ij 

í
z 

1 ~ y 
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dV dV ~ 0) 
V _ Z +V _ Z - g1 - pV (b. Z) 

Z az y ay 

aT aT K
v-+ v -= (b.3)
z az Y 3 lj 

The K's are: 

v 
? 

K = K~V V Yz z 
2 

K = 
91 ; K 

9 92 
p 

T 
Kr = -

1 

T 
" 

Substitutmg in (b. 2) 

K" av K K dV
V V V 2 

Z Z 2 y Z 2 
- v + v --­
K 

Z 

2 2 d Z2 K y 
Y2 3 Y2 

with Kg = Kv = 1 

and dividing by K 
p 

get 

ZYI I 
- - . K = 

Z zY2 

~ 

2 

.1 

\ 1 
_Pv~ v 

p I 1; K = ­
V v 2 _Pv)(1 

P 2 

K K 3" 
v V v2 " 2K K 9 ~ _ pv) + v

9 3 
P 

2 K 2 
2 

d lj 2 
Y 2 

K K 
v v y z (b.4) 

K K 
= 

K K 
2 P Y p 
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K2 K2 

V V 
Z Z 

--= - ­
4 K2K K K

Z P Ij P 

(1 _ PV~ l¡ 
Zl 	 !f1 

= K Kl¡ 	 P 1 
)K 

Z p l:f 
- -

P \ l¡ 
l:f 222 	 '1 - --~ l 

\ P,l 2 

1. 
4 

Pv\ 
- 1 	 c..or II = c.. - l where = constant (1 O' ~ r=­

I \1 Z 
\ 

and n l S the similarity variable. 

- a'"and v ::: ..-..!.. we wiIl getlf 
Ij a z 

t hen aft er subst itution in the origin 1 equations 

and by a proper seleetion of c. and c.' will resul t i n : 

F'" + 3FF'" - 2(F') + 7 O 

e" + 3PlLF e' O 

If 8 

As a matter of faet f r om (b. 4) it i s poss ible to obtain a sjmpl ified 


r elat i on between veloeities and position . 


So from: 
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or plot 

andfrom 

V 1/zplot --v,6'll 
Z 

as suggested by Pohlhausen to Schmidt and Beckmann [S] . 
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