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ABSTRACT

The self-similarity has been used in the solution of many prob-
lems related to transport phenomena . In this article a sistematic

approach is given for the deduction of the similarity variables.

RESUMEN

La auto-semejanza ha sido utilizada en la solucidn de muchos
problemas relacionados con el fendmeno de transporte . En este ar-
ticulo se presenta un enfoque sistemdtico para la deduccidén de las

variables de semejanza.
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1. INTRODUCTION

Although the similarity variables have been used widely in the
solution of many problems related to transport phenomena, a system-

atic procedure based on pure physical ground for their deduction has
not been presented . Due to this sometimes as noted by V. Streeter

(1] problems which have clearly self-similarity were excluded by
some authors.

In this article a method for obtaining the similarity variables
is presented, and some remarks are given so as to simplify the plot-

ting of the solution to problems which have the self-similarity

scheme.
Several problems are worked in order to illustrate the proce-

dure and a step by step process is presented.

In order to illustrate the use of self-similarity procedure a
well known problem was selected, namely the laminar flow over a flat
plate of a viscous fluid.

The governing equation for the boundary layer with zero pres -
sure gradient is [2] (3] :

dv v 3% v
vy Xp g = = = (a)
ax 3y ay*




e

By self-similarity we expect the existence of points such as
(1) and (2) (see Fig. 1) on which the velocity is the same . All we

need is to find a relation between "x" and "y" such that all the
points whose position coordinates follow this relation have the same

velocity,
In order to acomplish that, let define the ratios

- le . - Uyl
i A I e
oy ¥y,
Xl yl
KX. = x*z' ’ Ky = ‘I_E- and (b)

where subscript 1 stands for 'at point (1)" and subscript 2 stands
for "at point (2)", since (a) applies at (1) as well as at (2): at
(1)

solving (b) for conditions at point (1) in function of conditions at

point (2) and substituting in (c) :

K2 3 v K K 3 v K 3% v

._‘i& U xZ + x' Uy v xz = K VX \) x2
X y v g2 2 2

Kx 29X, Ky 2 3y, Ky 3y,



2.

and since we are interested in points which have the same velocity

K =1 and K =1 so

X y
Jv dv aly
1 Yy 1 Y20 X,
o UX B e Uy = —2_ Vz 2
Ky 72 9%, Kg 2 3y, Ky 3y,
multiplying by K; :
2 2 2
K v, K o d U
X, Y 2 X,
—v, +— v =, (@)
K 2 3x, Ky 4, 3y, ay:
but from (a) :
dv v 3% v
) X2 . Xz - 7(2
2 2 X, Y2 3 Y, 2 3 y:

so a solution for (d) is:

2

< o

K
=1-= ?% and since we want a relation between x , y, and x,, Y,,

X Y
then from (b) :

7(!7(

2 2 2

=1 or — = —

X, X, X
Xp

then the desired relation is
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N=C—= yhere ¢ ic a constant.
X

In order to simplify the solution let introduce the stream
function:

sza_y and ¢ z- 2L
dy Y 90X
defining
wl «
Kw &N and using (b)
2
K, 3y
K v, = ¥ % gincek =1
Vx %2 g 24, - Vx
then
1
2
K Y ¥
—E-lp—=7 or _IP—I_: 11
Y 2 =
x2
1
or [3] [4] ¥=c,x’ fln)

and after substituting in (a) we will get [3]

3 2
3
dn

i 2
cn

which is anordinary differential equation with boundary conditions:



-24-

PROCEDURE

The procedure followed in the previous example may be summarized

as follows:
1. Write down all the K's and substitute into the governing equa -
tion.

2.  Specify all the K's values known.

3. Specify the K's values among similar points.

4, Substitute in differential equation . Manipulate the equation
obtained until you get one of the terms free from K's.

5, Find the relation among the K's of interest.
6. Substitute K's by their definition and get the similarity rela-

tion.

APPLICATION

The steps indicated in the preceding section are applied to

several problems (omiting the algebraic routine).

A)  Free - Convection (Laminar flow on a vertical plate)|3]:

The governing equation is
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STEP 1
vl B1 91
K'—'— K-— K:_
vov, B B, 7 9 g,
T Ux Uy
b 7 e wmm 3 K W
KT T2 Vy vx:z vq vy2
X Y
K =— and £
X x, Y é/z
STEP 2
K =K =| =
s Kk e
STEP 3

Similar points are those with the same temperature, so:

kr =1
STEP 4
K2 v £ K v K 3%y
_v)£U 2+ Ux va x2 ) va x2
X y 2 2
Kx 2 3%, Ky 2 3y, Kyz 3y,

- Bzgz(Tz"T;)

the last term is already free from K's.
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STEP 5

One of the solution 1is

since we are interested in a relation between x and y, square the
last term and get

2 2

KUX Kvx .

— = —= or K =K
K* K g %
Y X

STEP 6
"
) X

——!'——:—1- or n:c__:’_

L
4 4
: e
2 2

where n is the desired similarity variable and ¢ is a constant [3].

=

Also from step 5 may get a simplified presentation of

gk I
V)
g Y X
Ux /
s
— rd
& Y
Figure 2 Figure 3

since from
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K K K
vy ?y _ vy _,
K 2
yKU
we will get
v
4,
v
yz o1 / g -y M
2 y, "1y, e
1 1
hon
2
Y Y,
and from
K2
UX
= ]
K
X
v Y

X X

1 2
\
ERE

that is instead of Fig. 2 and 3 get figures 4a and 4b (See Ref.3. Pp.
154-155) .

A\
: ~
Y] /// ‘ ’
= v, Y
J X
I
Y Y
1 1
X x¥
Figure 4a Figure 4b

A further simplification by introducing the stream function [3]:
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=9y = -9y
vV, = —— & V. = =7
X sy Y ax
using the procedure we will get
K K K K
v,y R
L -1 amd L—-1
K K
v U

and want a relation between v and x (not "y" because what is wanted

is the distribuiion along "y" 50 we will integrate for "(" fixed).
Then:

4
Ky K, Ky - i

So

&'|u.|

P = ex F(n)

B) Film Condensation on vertical Plates |3]
Governing equations:

e B . (b.1)
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v, 3v, / pur Bzuz
vV, —+v —=g{l - —) +v (b.2)
32 Yy 0 3 y?
2
"zﬂ“’ 9T _ K 37T (b.3)
37 Yy pcp3y2
The K's are:
Vs Y VA
K, = N K, = 7l_
z \/22 y gZ 2
"
g 1-—Uj v
K =1 . g o\ o /1 K = 1
2 7 \)
g 92 p ’/] -..pl \)2
\ o
Tl
KT=T—

KZ 2 32, y 2y, 0 Ky 3y,
with Kg = K\) =1
and dividing by Kp get
K K K K
v v, v,
e 4 2. =1 (b.4)
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2 2
KU KU
. V4
KK KK
zZp Yo
0\
L ‘\/1 - -l\ U“
K=k K . PR
z 7 f 3 4
P& Z, (f - 8!\ Y,
\ b,
1
Y
pu\ Y
or n=c¢ |]-—; o where ¢ = constant
Q// h..\z

and n is the similarity variable.

_ 91 ~ = ;
If g =¥ and v, = et we will get
3y ¥y 3z
-1
p-p %
Fln) = ¢! -%; y
b o
L
T-T P
If 6 - — 3% then after substitution in the original equations
Tw = Tyat

and by a proper selection of ¢ and ¢' will result in:
F™M + 3FF™ - 2(F') + 1 =0
g+ 3PnF B’ = 0
As a matter of fact from (b.4) it is possible to obtain a simplified

relation between velocities and position.

So from:



=

plot :

as suggested by Pohlhausen to Schmidt and Beckmann [5].
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