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ABSTRAer 

The solutíon of an integral equation assoc iated with a generalized 

hypergeometric polynomial p+2Fp+1 is obtained in tcnns of cer t ain 

integral operators by the appl i ation of Rodr igues fOl~l a . The r esult 

given recent l y by Dixit (1978) ·s derived as a special case . 

RESUMEN 

La solución de una ecuaci ón int egral asociada con un pol i nomi o 
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hipergeométri co generalizado se obtiene en t "' nninos de ciertos operadores 

integrales. Se emplea la fómula de Rodrigues paTa conseguiT el r esultado, 

se der iva como caso especial , 1 resul t ado obtenido r cient C'mente por Dixit 

(1978) . 
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1 • INfRODUcrroN 

An integral equation involving Legendre polynomial has been solved 

by Erdélyi (1963) by the application of Rodrigues' formula for Legendre 

polynomials. By following a similar technique integral equations 

possessing generalized Legendre pol ynomials and Jacobi polynomials as 
kernels have been obtajned respectively by Singh. R.P . (1967) and 

Singh, C. (1970). Joshi (1974) has obtained the solution of an integral 

equation associated with Rice's po1ynomials . Dixit (1977) has derived 
the solution of generallzed Ri ce's polynomials as its Kernel extending 

the work of Joshi. Reccnt ly Dixit (1978) has a150 given t he sol ution 

of an integral equation whose Kernel is the hypergeomet ric polynomials 

4F3 thereby extending his earlier work. 

In order to extend and lU1Í fy the resul ts on the various polynomials 

ernnnerated aboye, the authors have derived t he solut ion of an integral 

equation associated with t he polynomial p+2Fp+1 in terms of certain 

integral operators with the help of Rodrigues' fonrrula. 

2 . RODRI GUES FORMULA 

It will be shown that 

= u-Y r(l+y) h {r Cbj) }{(_d_)o+s uy+o+s +l-bp} 
r C1+y+6+s) j =1 r (aj ) du 

(2 . 1) 

To prove (2 .1), we observe that 
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(2.2) 

(2.2) 	15 a known re5ult (Sneddon, '961,p.99). 

FurtheT it Teadily follows that 

{ (~)az-bz u aZ-b,} (~)al-bl{ua,-l (l-u) 5} 


r (al) d a -b a-l

-rtb,j (Clil) 2 2u 2 ZF,(-5,a,;b,;u) 

r (a, ~ Caz) ub2 -13F2 (-5 ,a, ,aZ ;b, ,bz ;u) (2.3)
r(b,) r (bZ) 

By the repeated application of (Z.3), the result (2. 1) follows . 

(2.1) 	can be rewritten in the format 

F C-S ,l+Y+ó+s,a, , .. . ,ap;~ 
p+2 p+l ~ 

t 
1+y,b1 , ... ,hp; 

http:961,p.99


-65­

In What follows e wil1 denote the product 

(2.5) 

3. nmOmt 

(i) If s > and the function h is absolutely continuous on (1 ,uO) 
fOT sorne uo > 1; 

(ii) y, o, aj and bj Vj,j=l, ... ,p are all non-negat ive integers and 
h (l)=O,then the solution of the integral equation 

/-s,l+y+o+s,al, ·· · ,ap \ 
;u \ K(t)dt=h (u), (3.1) 
"f .. 

" l+y,bl""'hp 

Dor 1 < u > Uo is given by 

(3.2 ) 

PROOF. Applying (2.1) to (3.1) and interchanging t he operators of integration 
and differentiation, which is justified , we obtain 

···· lC ~u )a, -bT{ua'-' Ct _ul s ¡ l t -SKCt1dt 

(3.3) 

!he successive integration (6+5) times and interchanging the operators 

of integration and differentiation yields 
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a.,.-h...- fU a.,.-b a -b a-b
(_ d_) P -P u P P-1 { (_d_) p-l p-l u p-l P-2 } 

du 1 du 

d a, -b, a-5 
. .. . { (ClU) U 1 (t -u)sh -sK(t)dt 

1 (u -v) 
a-1 

H(v)dv , (3.4)f 
u 

where H(v)=uYh(u),a=o+s. 

we now introduce an integral operator denoted by I, 

r .~( )]= 1 fU (u-v)p- l rf>(v) dv. (3.5)
1 lP .'t' U ( p -1 ) ! 1 

Hence 

( ~utT [P:<l(U)l =1> (U) (3.6) 

and T r: <l{U1J =0 foy u=l. 

In the contracted form ,we write 

(3. 7) 

(3.4) can now be rewritt en as 

d ~-~ JU u8.p-bp - 1 {(_d_)<lp-l -
b 
p - l uap -l-bp-2} 

(CIll) 1 du 

b -Y­= Cu P e -1 I [a :H(u) J. (3.8 ) 

Integrating successively (ap -bp) t imes and inter.chang "ng the order of 

integration and differentiation, we f ind that 
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8­ -b 
( ~ ) p-1 p-1 

= Cubp-l -aP 1 [~-bp:ubP-0 -5 -1 I(o :H(u))1. (3. 9) 

Proceeding in a similar manner and emplov ing the operators Ij fo r 

j=p-l, . .. , 2 ,1 i.t readily follows that D.9)transforms into the fonn 

u 

1 (t-u) 

s 
t 

- 5 
- K( t) dt =C8(u) , (~. 10)
f 

where 

b 1- a.., [ h... - - 5 JX u p - JI l p u~P 0 - 1 T(o:H( u )) . ( 3. 11 I 

Finally differentiating 5+1 t imes wi th respec t to u , we arrive at 

the result (3. 2) . 

For p=2, (3.2) reduces to a result given recently bv Di xit (1978). 

4. CONSIDER THE INTEGRAL EQUATION 

-s,a1•. .. ,ar , y+O+S+l : -¡ 

F up+2p+l _ KlltlJt 
l+y ,bl, ... ,b ; tpl

=hl (u) , (4.1) 

for 1 < u < Uo ,which reduces t o (3 .1 ) ,when p=O. 


However , if we set t-PK1 (t )=K (tJ, and t-~1 (t)=h(t),(4.1) agaj n reduces tol:;.1) 


and lts solution '5 given by 
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(4.2) 


where e(u) is defined in (3.11 ). 
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