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ABSTRACT 

The obj ect of the pr esent paper is to est abl ish a gener al expansion 

formula, which provides us a generat i ng func t ion for the generali zed 

hypergeometric polynomials . 

RESUMEN 

El objeto del presente t rabaj o, es el de establ ecer lma fónnul a de 

expansión, que oos da una func jón generadora para los polinomios generali­

zados hipergeométricos. 



1. JNrRODUCfION 

In what follows Ca) sha1l deno e t he sequenee of a parameters a l ' 

a2,'" ,aA, with a similar i nterpretabon for (b), (e' ) ,(dI) ete. ,wh r eas 

[(a)J TI denotes the product 

w1th the usual meaning oE t he Pochhamer symbol 

( 1 i f n=O 

_ rCajn) _
( ) -,a n-


fea a (a+l) (a+n-1): i f n=1,2, . .. ,n 


'--
Srivastava ([7J , p. 76 ) has ob ai ned a generat~ng funet ion for t he 

generalised hypergeometrie polynomial given by, 

[(a)J [cg)J F l-n,l-Ch)-n , (C) : ln00 (1 .1)1n~o [lb)]:[(h11~ C+H+ D+G l 1- (g) -n. (d): x ~! 

= ICa): (g); Ce) ; (_l) G-H+l tl 

F leb) : (h) ; (d) ; t, x 


whe:re the funetion F on the right of (1.1) is t he Kampé de Féríet ft.mction 

of two variables ( [11 ,p.1S0) in the notat íon of Burchnall and Chaundy([2] ,p . 

112) . 

Srivastava and Daoust ([6 ,p. 4S4)in an at tempt t o give a generalizat í on 

of ~ expansion formula of the general ized Kampé de Fériet funetion defined 

by the following nrultiple hypergeometrie series (generalized Lauri.eella's 

hypergeometrie series) 

r 
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A:CI; ... ;c(n) [ (a ) : e ' , .. . ,e (n)] : [ (e ') :~ 'l ; ... 
F (1. 2) B:D' ; ... ;D(n) [ (b) : <p I , .. . ,<P (n) ] : [(d ' ) : o'J ; . .. 

Xl ,x2,'" ,xn 

LID, . .. JTln=O B 1 1 D' 
rr (bJ) m,<p .+ . · .+mn<p- TI (ds')m 0 ' 

J=1 J JJ=l - , J '" 

ml m....x' ''Jl 
1 n 

The object oí the present paper is to cstabl ish a general i sa tion of the 

formula (1.1 ) i n the form: 

A:c1 . .. C( r) [(a)+n :e~ . .. ,s er)]: I. [ra)] n [ (g)J n F (1 .3)
B:Dl . . . lJ(r)n=o [eb)] [eh)] [ (b ) +n : <p ~ .. . , <p (r ) ] : n n 

rCC' ) : ~ I J ;... ;L(c(Y)) :~ (r )l 
Z-¡,Zz""'Zr 

l[ed :o'J; . .. ;[ rd(J)) :o(r)]) 
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-n ,1 - eh) -n , (e) : 

t nx 
l -(g) -n, (J): n! 

A:Cl, ... ,c(r~G,C [(a):e" ... ,e(r~l ,lJ: l(c'):w,j; ... 
= F (r) ( )B.D1 . ., .. . ,D ,H ,D [eb) : <P ' , ... ,<P r, 1,'1: [(dI ) : Ó I J;... 

;r(e (r) ) :1jJ (r)1;I(g) : 11 r(c) : 1 I 
J-H+ 1 zl , .. . ,Zy, t,(- l) xt 

; [(d (r ) ) : 8 (r)1;[(h) :'l [(d) :11 

The formula(1.3) is not only a generalisation of t he result (1 .1) but is 

also a gener lisat ion of many others such as Saxena (rSl ,p .345) ,Manocha 

( [4J ,P . 4S7) . 

2 • PROOF OF THE FORHULA (, . 3) 


The left hand member of (1.3) can be written as 

CI C(r )


A [J _ (y) (r)
TI Ca' ) r , (g) TI Ce 

I 
i) , .. . TI (c i )mr 1)Jj 

j=1 J n+L miej n j=l 'm,1)Jj j=l ­00 

-n , 1 - eh) -n; (e); xJ 

C+H+, FD+G l-(g)-n ; (d) ;[ 
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co 

-n,l - (h) -n;(c); 

x - ­n! 
l- (g)-n;(d) ; 

which in view oí (1. 1) becomes ( ) 
A e' e r 
rr (aj)r , rr (e'j) ~ ~ .. . TI (ej (r))mr~j(r)

j ~l I mie:j=l ml J j=l 
i= ____ I __~,___J__________________ __ 

= m, , ... . ,JTT=O B D', D(r) (r) (r) 
TI [b j )r , TI (dj ) o ~ .. · TI (dj )m 0i 

j =l I mj <p: j=l m, J j =l r ­
i=l J 

T ' 
(a -+¿ m,e: ) :(g);(c);J i=l 1 J 


t,(-l )G-H+'xt 
~1F 
m,!

r ' 
(b j+¿ mi~:):(h) ;(d) ; 


i=l J 


A e' e (r)I 

TI (a' ) r ,rr (e-) ' •.• TI ce j (r ))mrl/J ~r) 
- J \' 1, 1 1 m, '/ 'J' 1 J 

00 
J=l p+q+l. m' a, J= - 't' J' = 

i =l 1 J 
= I

ml,'" ,ffir,p,q=O 
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[ ( -1 ) G-H+1xt J q[ Cg)] peCe)] q 


[Ch)]p[Cd)]q mr · 
1 
 q! 

whenee on int erpreting t his multiple series as the general ized Laurieella' s 

funetion oí (r+2) vari able, 

G-H+l 
z1 ,Z2 ,· ·· ,zr, t,(-1) xt 

provides us the right member of (1.3) . 

3. PARTIClJLAR CASES. 

Tt can be easily seen that if the posit ive eonstants e 's, ~ 's ,~ 's 

and O'S are all ehosen as tmity t hen, t he generali zed Lauricella's 

hypergeometric funetion F (z1 , z2 ' . .. ,zr )of r variable may be made to 
(r) (r) (r) (r) [l .reduces to F~ ,FB ' Fe and FD (3J ,p. 113) ,vl Z. 

1: 1 ,1, .. . ,1 

F 	 (z 1 , Z 2 ' ... , zr) 

0:1, 1, .. . ,1 (3.1) 

F(r) ( . '" (r ) ·d dI! d (r). z z )A a.e,e , ... ,e , ' " . . . , , z" 2'· · ·' r 

0 :2; ... ;2 
(3 . 2)F 

1: 0 ; .. . ; 0 
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2: 0 ; ... ;0 
F (z l ,z2 , "" Zy) 
0:1; ... ;1 

and 

1; 1, ... ,1 


F 
1;0 , .. . ,0 

(3.4 ) 

= F~r) (a : c I ,c" , . . . , e (r ) ; b ; z1 ,Z2 , . . . , zy ) 

Thus on setting A=Cl= ...C(r)=D = . •. D(r)=C=D=G=H=l ;'
g= -a ,h=-a- B;B=O in (1.3) we arrive at t he elegant formula 

00 

c (a)n) FA [a+n; CCr) : (dr) : ( zr)] Hr\a-n, B-n) Cp, a ,x)tn (3 . 5 ) L -a -B n=o n 


= FA Ca ;(cr) , -a, p : Cdr ) , -a - S, a ; (zr) , t , -xtJ 

where ~a,S) Cp,a ,x) on the left of C3. 5) is t he generalised Rices 


polynomial defined by 


(l+a) n~a, S)Cp,a ,x) --~F2 r-n , 1+a+S+n , p , 1 +a ,a ;xl 
n! 

while on sett ing A = D' = ... = n (r) = O, B = C = D = G = H = 1, C' = 


= C(r) = 2,g = -a,h = -a - B in (1.3), we obtain , 


00 

1 F [Ccr),(cr') ;b+n ; Czr)] I-f (a-n, S-n)Cp,a ,x) t nL (b)n (-a- B)n B "n n=o 
(3. 6) 



-1 08­

0:2,2, ... ,2,1, 1 l ­
= F . 

1 : O , O , . .. , O , 1 ,1 [ eh) : 1 , 1 , ... , 1 , 1 , 1J : 

If we le~ A=2,B=C' =.. . =C(r )=0 ,DI =... =D(r )=C=D=G=Il=l ,g=-a,h=-a-B in (1.3), 

we get, 

00 (a1)n(a2)n ( n B) n¿ ( -a - 8) Fe [a,+n,a2+n ; (dr ) ;( zr ) ] HTIa - , -n (p,o ,x)t (3.7) 
n=o n 

2:0,0, ... ,0,1,1 

= F 


0:1,1, .. . ,1 ,1,1 


f- a: l] [0 :1 1 ( ) J( ) zr ' t , -x t 
[Cd' ) :l] ["Cd r ):1J [-a -S:1] lO :1J 

t 

Lastly on setting A=B=C' =.. . =c (r) =C=D=H=G=l,D ' =... =n(r ) =O ,g=-a ,h=(-a- S) , 

we get , , 

(a)n (a-n 8-n) n00 

F [(a+n); (cr ) ; (b+n);(zr)_JHTI ' (p ,o ,x ) t n~o (b ) n (-a- 8)n D (3 .8) 

1:1:1, ... ,1,1, 1 ~[Ca):l , l, . .. ,l ,l ,n : [(cl):l] ; ... ;[(cr ) :ll 
= F 

1:0,0, ... ,0 , 1 ,1 [ eb):', 1 , ... ,1 , 1 ,1] : - ; -; ­

[-a :1l [p:1] 

[-a- B: 1J [a: 1 
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It is well known that 

.' 

~eTe pÁa, S) (X) is the Jacobi Polynomial , thus setting a=p in (3.5) , 

we get 

n=o n 

:: (w) -~A La; (Cr ) ; ( -S) ; ( -a-S ) , (dr ) ;_t_, (Zr ) ] 
w w 

where w == ~ ++ (x+1)t J 

In particular, by setting r = 2 in (3.9) we have 

~ ____- a) n F (a+n; q ,cz ;dl ,d2 ; zl , Z2 ) p~aC-::--,,_-- -n, S-n) (x) t n 
2L (-a-S)nn=o 

= (w)-a FA [a ,-B ,c, ,cZ; -a-S,dl , d2,_t_,~,~] 

w w w 


which was given earlier by Manocha ( [4] ,p .457) . 

It i s easy to see that for A=2,B=C'= .. . =C(r ) =ü, 

D' = ...n(r) =l ,C=D - l=O, G=H- l =ü ,dl=l +S ,h l =l+a, the result (1 . 3) will reduce 

to the generat ing func t ion given by Saxena [ (S) ,p. 34SJ i .e. 

~ (Y)n (o)n ,zr)Pn(a, S)Cx )· t TI 
L (l +a) (1+S) Fc (y+n, o+n;dl ·· .dy; Zl, . 

n=o TI n 
(3. 10) 

00 

I ( -a-S) . (3.9) 
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= (r+2) [ 'd d ' 1 1Fe y,o, 1 ' " r,l+a , l+B,zl' . ,zr - z- (x- 1) t'- z-(x+1) t], 

FÍJ1al1y ,. we remark tha t since ultrspherical poI ynomials , Gengenbauer 

polynomials, Legendre, Laguerre and various other polynomials are only 

either special cases or limiting fonns of the Jacobj polynomials, generating 

functions of these related polynomials can be deduced easily from our 
general formul a (1.3) . 
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