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ABSTRAeT 

Numerous unexplained failures of rotatíng ma
chinery by nonsynchronouB sbaft whirling point to a 
possible driving mechanism or source of energy not 
identified by previously exís t ing theory.A majority 
of these failures have been in machines eharacter
ized by overhung disks (or disks located close to 
one end of a bearing span) and/or high horse power 
and load torque . 

This paper gives exact solutions to che nonlin
ear ifEerential equations of motion for a rotor 
having both of these characceristics, and shows 
that h1gh ratioa of driving torque to damping can 
produce nonsynchronous whirling with destructively 
large amplitudes. Solutions are gíven for two cas
es: (1 ) viscous load torque and damping, and (2) 
load torque and damping proportional to the second 
power oi velocity (aerodynamic case). 

Linearized coeff~cients for stability analyses 
are derived for a syecial case. 

Critería are given for avoiding the torquewhirl 
condition. 

RESUMEN 

Numerosas fallas aún no expl icadas en maquinas 
rotatorias por "whírling" asincronico de ej e~ su
g1eren un posible mecanimno o fuente de energ1a 00 

identificada por las teoricas actuale~ •. Una gran 
mayoría de estas fallas han sido en maqu1nas carac
terizadas por discos ubicados cerca de uno de los 
cojinetes y/o alta potencia y momento torsor. 

En este trabajo se presentan soluciones anal í 
ticas de las ecuaciones diferenciales no lin;a17s 
de movimiento para un rotor con ambas caracter1st 1
cas , y s e demuestra que una relación entre el mo
mento torsor y el amortiguamiento grande puede ~ro
ducir "whirling" asincronico con grandes ampl :L tu
des. Las soluciones se dan para dos casos (1) carga 
de torsión y amortiguamiento viscoso y (2) carga de 
torsión y amortiguamiento proporcion~~a . la segunda 
potencia de la velocidad (caso aerod1n~co) . 

Se derivan, para un caso especial , :oeficientes 
linearizados para los análisis de estabilidad. Ade
más se presentan criterios para evitar condiciones 
de "torquewhirl" . 

FAILURES OF 	ROTORS WITH HIGH LOAD TORQUE 

lN'l'RODUCTION 

There is a history of nonsynehronous whirling 
problems in rotating machiIiery which can be reiated 
to 'the load torque on fluid impelIera or bladed 
disks. Typically, tbe rotor configuration involves 
overhung (cantil evered ) di sks, or disks located 
asymmetrically (near one end) oI a bearing span. 
Often, the dependence on load torque would have to 
be inferred, as for example, where the whirling 
seems to be dependeot on the densi ty of the working 
fluid 111 1, or on che load horse-power ¡2 ,3 1. 

This paper presents a t he(}ry which shows that. 
if the load torque on a coning disk tends to remain 
aligned with the disk axis, as in a fluid impeller, 
nonsynehronous whirling can be produced as a dynam
ie equilibrium mocion, with an amplicude whieh de
pends on the ratio of torque to damping . 

A review of the rotor dynamics literature ahows 
tbat it has been common practice to elimina te the 
drivi ng corque and load torque frem the equations 
of motion in order to simplify che ana1ysis af lat 
eral whirling. Two examples are references 4 and 5. 
Thia procedure is mathema tically correct, but ob
viously is no t suited to a atud y of che effect of 
torque on the motion. Por rotors with disks which 
remain aligned with che bearing axis (i .e. cencered 
on the bearing span, as in reference 5), the main 
effecc oi constant load torque is simply to lower 
the critical speed ~6J. However . if the disk is 
overhung, or lacated near one end of a bearing Sra? 
so that it can execute a coning motion , Bousso 7j 
has shown that the disk load torque may not be in 
equilibrium with the driving torque. Bousso's anal
ysis is incomplete. as he does not show necessary 
ar s ufficient condi t ions for torque-dri ven whirl to 
ocurr, but his vec t or diagrams shaw revealingly how 
a componen e of che driving torque can act on the 
precession coordinate of a coning disk to feed en
ergy inta che whirling motion. 

This latter effect, which does not requiere a 
time-varying t orque, should be properl y diff eren
tia~ed frem the effec ts of torque on r otor response 
described in reference 161 by Esh1eman and Eubanks. 
Tbeir experimenta l study showed tba t · pulsatíng 
tarque af small magnitude superimpased on a con
Btant tarque produces unstable wbirling over a 
range of speed wbich becomes wider with incressing 
torque. Tbe i nstability disappears when the pulsat

lNumbers in brackets refer t o the lis t encitled 
References. 
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iog component of the torque is removed. Coning mo
tion 01 the disk apparently was not a s ignificant 
factor in their model 

The analysis presented below shows that con
atant torque al constant speed an produce nonsyn
chronous whirling ir the disk motion is conical 

un:: ROTOR MODEL 

Figure 1 shova the model analyzed. This is the 
simplest possible model which has all of the char
acteristics necessary to produce the phenomenon un
der study. These are; 

(l) The load torque ~ on the disk rema~ns par 
allel to tlle disk axis (Z). The vanes in tht: disl 
1.n Fl.¡¡; . I are Iluggestive of the type al machine 
~ll.ch would approy.J.mat this condition. Impeller, 
aIld bladed disks are normally desl.gned to maXJ.ml.ZL 
the torque (associated wLth use[ul vork produced 
I>v rot tl.on abou the disk axi:3 

( 2) The driVlong or shaft torque l 's is aligned 
Wl.th the bearing axl.& ,Z) In a machin thi¡; torqu 
i s 01 en transDl1tted to th, rolo. tbr-ough él shaft 
coupling . which i~ Ldealized b' the joio a" O'. 

('3 ) The whirling mod.. l.S conical, Wl.tl, an aID 

plitude des<r-ibed by the sngle Q. 

(~) Whirll.ng oí thp. disk produces a dampkn 
(drag) orce on [he dl.sk, not shown in th', f:l_&ur l" 
This rorce ~ ia (anKentídl tO the path oÍ the dl.s· 
~en .r C. nd produces the moments required for dy
namic equ:idihn_um~ under sLeady-statP condüion~. 
N,ne....¡:h:H ane! 1'" ca!U}0t be lon equilibr~um with11 
OU 	 F1 • unless e = o 7 . 

To Bvol.d unnecessary analytical complexity. th 
ghai t 1S nssumed r1gid lexcepe Be o', and all - f 
the masa (M) 0- the rotor í~ concentrated in Lhe 
disk. Unbalanr ~5 not in 1uded in the pres~nt 
analysis, so e ~ U. 

The mass propertiea of (he rotor are complet~ly 
represented by M and by masa moments of inertia : x ' 
= Lv' :inrI lz about principal axea x' yl Z through 
che' polnr. O'. These axes, and parallel axes x y t 
through e, are f1Y.ed in and rotale with the roto • 
Axe X' y' Z. aud parallel axes X Y Z, are fl.XeJ in 
space W'ith Z along the be.aring axia. 

The rotor stiffness Ka ia assumed to produce a 
restoring moment proportional to A, ~I- -K~6 This 
could be due to sbaft bend1ng atiffness or coupling 
sliffneaa at O', or a flexible bearlong support out
board of che disk. TIlia atiffnesa ia r~reBented 

graphically in che figure by a spring at OC. In ad
dition, che rotor i8 assumed to be vertical, so 
tbat gravity produces sn additional restoring mo
ment 2 of magnitude Mg sine. 

2. In mest real machines, this term is insignifi 
cent when compared to the restoring moment of the 
shaft er coupling. 

-

Both viscous aud aerodynamic modela are used to 
describe the velocity dependence of the load torque 
aod the damping force The correspond~n& exprea
sions for generalized torces are given 10 a sectior 
below 

The motion and instantaneous positioo o! th 
rotor can be completelv described by specifV1ug the 
three coordina tes z =6. and • as iunct~ons oi time 
These ma" e recognued 8S the three Eule angles 
defined b Goldstein 18:. For ~on~cal motion , wíth 
circular orbíts of the disk ca~ter.C. the oreces
sion or. wbirlíng velocitv ~s or = ~, th~ amp itude 
oí whirlin~ ia a = constant. and the shalt speed s 
= ~z = 4+ ~. !he rotational speed of the dl.sk ~E 
"'1 -= ~cos ~ ... . The inequalH...· o - the latrer tW(J 
angular velocit1el< 1S centra to ar uuderstanding 
of how torquewhirl i5 produ'ed Note tha the rota
t~onal yeloclty Wz ~f the dis~ becomes zer when d 

% 90 0 I ~ • O. "'8 = q. Under this (improbable ) con• 

dit1011, all ol the snaft work 'WOuld nave to be d1E

s1pated by damping. and Ti • 

EQUATTONS OF ~O!IO. 

Th~ Lagrangian oí the rotor descrl.bed Lr 
precedin section 15 derived 1n Append' A. 
th.. method" oi references Il and 10 1:h" su 
arde equations oE motioll arl: ob ainad ;;: :3: 

E _t_ 

i • PA , 


p~ "Q~ , 

~ = 	 --=--""1- (2 
1 18iD

7. 

~ '" _ 	_-=c:,::o;.::s",-;;",- r j 

1_ ,5=

l4) 

(5 1 

(6 

,where che momenca pe, p~, and Poj¡ aloe de.rined in Ap
pend~ B , in terma of che velocitloe5 and di8place
ments, aud the nonconservative generalized forces 
Qs, Q~, and Q~ are derived from the torque and 
damping force in the nexc sectiono 

GENERALlZED PORCES 

SJ.nce the generalized coordina tes are angles, 
che generalized forces have the units oi torque (in 
- lb). They are obtAined froID the virtual work of 

r 

the 
USl.n ' 

f irst-, 

(1 

http:Whirll.ng
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L 

the driving or shaf t torque Ts ' the disR load 
torqu e TL, and the damping fo r ce Fd , as follows : (l8 ) 

The total vir tual work is 

The virtua l work of the shaft torque T is 
s 

(8) 

The virtual work of the disk load torque TL is 

5W ~ TL ~ose5~ + QtjI]. (9) 

In gener a l, TL is proportional to some power n 
of the disk speed wz. 

Two cases are considered here: n 1 (viscous), 
and n ~ 2 (aerodynamic} 

For n ~ 1, 

~ -CLuJ ~ -CL~cose + ~J. (lO)TL z 

and for n ~ 2, 

12 (11)
TL ~ - 1:: I CL~c ose + Ij!J ' 

where cL and CL are the disk load coefficients for 
viscous tor que and aerodynamic torque, respective
ly . 

The vir tual work of t he damping for ce Pd is 

(12) 

where Fd and Fd are the r dial and tangentia l 
a ± 1> 

c omponent s of f 
d 

, respectively. 

l E Fd is predominantly due to the drag oE t he 
disk i n the worki ng f l uid, ir wil l be proport i onal 
to some power n' ~ n for each of t he two cases 
aboye (viscous and aerodynamic drag, r espect ively). 

For n ~ 1, 

Fd ~ -C \I(2 s ina~)2 + (té)2 (13)
d 

(14) 

Fd ~ -Cd (tsine )~ , (15) 

a 


where Cd is the viscous damping coef icient . 

For n ~2, 

Fd ~ ...:cd ~R.sine~)2 + te)21 , (16) 

(1 7) 
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where C is the aerodynamic damping coefficient • d 
.... 

In all cases the direction of Fd i s assumed to 
be tangent to the path of the disk center C, oppos
i ng the motion. 

For t he v iscous case, substitution of (14) and 
(15) i nto (1 2), (10) into (9), aud (8) , ( 9) and 
(12) into (7) yields the to tal v irtual work, whi ch 
can be fa c tored into the forro 

(19 ) 

Subs t itu tion of equat ions ( 1) , (2) . arld (3) 
into the expressions for Os' O~, and Oop gives 

2 
t 

(20)Qe ~ -Cd ~. Pe ' 

2e t Cd 2 CL· d 
Q<l> T s 

---p + -1--- - ¡- cose pop ' (21)[2
x' z 

1Ix' ~ 

eL 
Gop T - ¡- PtjI (22 ) s 

z 

For the aer odynamic case , a similar procedure 
using (1 1), ( 17) and (18) gives 

3 Pe . 2e 2Q = -e .Q, + s~n Pe (23) 
e d I2 ,sina 

x 

] 2 + . 2e 2
rp - cosapJ _ e t 3 1} p _ 

..........1=-2-, s-i-n-e-'" 
x 

-d cosep~ S1n Pe .(24) 


(25) 

THE TORQUEWHI RL SOLUTI ONS 

!he different ial equa t ions of motion for the 
ro t or of Fig . 1 are given by (1) t hr ough (6) , with 
Qe, Q~ , and Q substi tuted fr oro (20) , (21) and 
(22) l or the ~se with viscous load torque and 
damping , or from (23), (2 ~ ). and (25) for the case 
with aerodynamic load torque and damping . 

For both cases, a n exact s oluti on to the equa
t ious of motion is found wlú h describes nonsyn
chronous whirling at constant ampl itude, as fol
lows : 

Viscous case 

!he ratio of whirling speed to shaft speed is 
def ined as 

6. Edición Espec· a l. 1983 



(26) 

then 

Pa '" e • 

1 ,fws8in2Z+ I,Jl - f(l - C08~1 uJ8cos~ • 

(2.7)Izé -f(l - cos~J Ws ' p~ 

11 
is a solucion, where e is che value of 8 which sat
isfies the following equation: 

RC (l - cose) 

1 t
2 

(28) 

and che whirling speed ratio f iB then given by tbe 
right hand side oi (28). That is, 

(29) 

and 

S, 
~ =-

e e <.2 
d 

AERODYNAMIC CASE 

!he equations oE mocion for this case are also 
satisfied by (27), with the whirling speed ratio f 
given by (29), where ~ is now the value of e wbLeh 
satisfies 

- cos6) ~ 
e 

] 8in3 ~ - (1 - cos6 R 
e 
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(30) 

1 , 1 ,¡l , I'K are defined the same as for the vis
1 2 g 

cous case. 

For bot~cases, the method of numerical solu
ticn is as f0110W8 . 

i. Assume a value oE *a.and use it to calcula te f 
from (29). 
2 . Calcula te Re or ~ from (28) or (30) respective
1y. 
3. Caleulate the shaít torque snd/or damping irom 
1l. Ilr Re.c 

Step 2 ia simplified for both cases by substi
tuting f for the right hand side oE (28) ar (30). 
~hen solving (28) explicitly far Re, ar (30) far
Re. !he resulting expresa~ons for Re and Rc are: 

fsinZij
R (31 )e 

R e 
- cos6)L1*r. - f(l - * Z' 

(32) 

(1 cose)] 

NlJMERlCAL RESULTS ANO DISCUSSI0N 

The equations of the preceding section were 
progrsmmed for digital computation on the IBM-360
}!OD65 computer at the University <Jf "Plorida. In 
general, small angle assumptions were Dot made. 
even thouglt th.. !ingles are small, since che precise 
magnitude of e is of prime interest and since some 
of the eomputations are strong functions 2 of S. Re
sults are shown in Figs. 2 through 7. 

Fig. 2 shows bow the whirling speed rat~o f 
varies with shaft speed. Por aoy giveo rotor geome
try, f becomes rather constant at high speeds where 
the gyroseop~c forces are strong. This causes the 
actual 'whirling Irequency to beeame higher than the 
critical speed at high ahaft speeds. This effect ia 
independent of the type of loading or dampin~. 

rig. 3 shows how che ratio of load torque to 
damping (Re or Re) varíes witn whirling speed ratio 

2 . Wherever this is not the case, it is so indicat
ed on the curves. 
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f, tor bolh types of loading. The value of Rc or Rc 
read f rom t he curves should be interpreted as the 
r a t io of load t orque to damping required to produce 
torquewhirl a t a given frequency. 

Fig. 4 shows how the whirling amplitude e in
creases with the ratio of l oad torque to damping. 
For a given rotor at a given speed, the appropiate 
value of f can be taken from Pig. 2. Note that 
Figs. 3 s nd 4 are independent of the mass or stiff
ness properties of the r otor (except insofar as 
t hey determi ne che value of f). 

PROTornE MACHINE. 

To illustrate some specific results which could 
be observed in a campressor or pump. a prototype 
machine ls defined below. !he chosen design and 
performance parameters are believed to be represen
tative of some modera high speed machines (altbough 
the present model restricts the prototype to a sin
gle disk, or stage) . These are: 

Maximuo horsepower - 2500 at 8000 RPM 
Maximun speed - 8000 RPM 
Critical apeéd - about 320Q RPM 
Disk weight - 25 pounds 
Disk radius - 7.5 inches 5Effective ahaf t stiffness - 10 in-lb/rad 

The damping and shaft lenght are treated as de
sigo variables, since they each could be· used [O 

suppress torquewhirl without compromising machine 
performance. 

Figs 5, 6, and 7 show representative results 
for this particular machine. 

Fig. 5 gives the load horsepower required to 
produce various amplitudes of torquewhirl as ~ 
function of sbatt apeed. The corresponding whirling 
frcquencies are also given. For example, at 8000 
RPM, a load of about 1100 horsepower La required to 
produce a whirling amplitude of 10 mils at a fre
quency of 0.71 times shaft speed. TIlia ia for l = 
5.5 inches and 5~ equivalent damping. 

Since damping is ussua11y computed on a linear 
basis. it is presented this \o/ay in Figs. 5 and 6. 
This makes [he nonlinear damping coefficient Cd am
plitude dependent, so the resu1ts are normal~~ed to 
an amplitude of 47 mi1.s. For q% damping, the coef
ficient is then given by 

(33) 

where 

(34)Cde Jo [2M~H! + Il;1 · 
Fig . 6 shows tba[ the load horsepo\o/er required 

to produce a given amplitude of torquewhirl can be 
increased by increasing [he damping . However, [ he 
amount of added damping required to produce signif
icant reductions may become im~ractically large .For 

-
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example, extrapolation of che curves shows tbat tbe 
damping weuld need to be approximately doubled to 
reduce the ampl i tude frem 20 mils to 10 mils, for a 
l oad of 2000 horsepower . 

The most eff ective way oE avoiding torquewhirl 
may be through optimization of the shaft length l, 
as suggested by Fig . 7. Ibe optimun shaft lenght 19 
that which maximizes the required horsepower. A 
tradeoff must be made with synchronous response to 
unbalance, however , since the curve shows that op
timun t means operation at or near the critical 
spee<! (f = 1). 

OTHER MACHINES 

Ir is interesting to speculate as t o how the 
torquewhirl characteristics demonstrated by this 
simple model might be msnifested in machines of 
grea[er complexity. For example, a disk mounted 
between l:WO bearings 0 0 a flexible shaft ([¡ot at mid 
-span) caD execute a cening motion with a potential 
for torquevhirl . Multiple disks on a flexible shaft 
are sn extension of this case , in which torquewhirl 
could occur st a multiplicity of frequencies, each 
with a diiferent required load corque and horsepow
ero The coning angle of each disk would be decer
mined by the mode shape associsted with the parti
cular freq;"ency. 

l\lthough the results were not presented graphi
cally, it was found that increasing the sbatt 
stiffness in [he model of Fit. 1 tends to ~Dcrease 
the load torque or horsepower requiered to produce 
a given amplitude of torquewhirl, when che whirling 
speed ratio is less than unity. 

If this analys~s qualitatively predicts [he 
characteristics of more complex machines, it should 
be expected that nonsynchrooous whirl produced by 
high load torque can be effectively suppressed by 
1Jtiffening flexible ahafts to reduce the coning BD.

gles and move the whirling speed racio c10ser co 
1.0 (see Fig. 7). Where tlris is not practical. it 
may be found helpful to selectiveley modify the 
shaft stiffnes8 st specific lacations to reduce che 
coning sngles of those disks with the largest load 
torque and/or misalignment in che mode shape at the 
troub1esome frequency. Clesrly , more work needs to 
be done to verify and expand on these concepts for 
flexible-sbaft machines. 

All of the solutions described here are for 
forward whirl iD negativework machines (i.e~ COlll

pressors, pumps, etc.) in which the disk is driven 
by the sbaft co do wo~k on tbe fluid. No solutione 
were foune! for backward whirl of such machines.· 

For poaitive-work machines (i.e. turhines), 
backward whirl was found to be a solution with 
driving corque on the disk, but the equations used 
here for the t orque-speed relationship probably do 
Dot represent a realis tic model for turbines, so 
chis aolution is not given. 
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COEFFlCIENTS FOR LINEARlZED STABlLITY ANALYSIS where 

T ~ sbaft corque
The equations presented abave re exact solu s 

tions to the differential equations of motion. They eL ~ día losd coefficient 
represent the limit cycles of subsynchronous whir l 

íng, and therefore allow the computar ion of whirl ~ nonlinear damping coeff~c1ent
'damplitudes. Such solutions cannot 'be practically 
obtained for more complex models, so a ~ine~ri~~d Currently Che grestest limitation of Lund'g me
stability analys~s ~s uaed to compute the whirl thod (aa with all orher stabiliry analyses).La the 
frequencies, hreshold speeds of instability, and lack of accurate information bout the types of 
the logarithmic decrements (i.e. the eigenvalues). destabilizing excitations which exist in real ma

chines and which therefore are to be used as imput
Lund [11 Jhas extended the Jyklestad - Prohl to the computer programo Torquewhirl has here been 

tranafer matr1X method to rotor-besring systems identified as one of these exc1tations. To put the 
wich include damping and destabilizing cross - cou torquewhirl forces into a Lund stability analyses,
pled stiffnesa and dampin~ coef[icients. "fuereas they must be "ormulated in cerms oi atiffne.ss 'md 
the ~lyklestad-Prohl method yields only the ~agi jamping .~oefficients. 
nary part of the eigenvalues (~.e. the natural fre
quencies), the Lund method rields compl~~ eigen The coordinates used in l.und '8 analysis are 
values (i.e. both the natural frequenc~es and the shown in Figure M. In gen~ral, the st~ffness and 
logar~rtmric decremento W1ch is a stability predic uamping coefficients are che matrices which define
tor) • the torces and moments on each disk in the x and 1 

directions.
For [h~ rigid-shaft. tlex~ble joint, torque

whirl model in Figure 1, the <lisk rotarion and Por example, the force on a disk in the ~ di
translation coordinares are not ~ndependent t ~. e. reccion, due t o disk displacement ano 'leloc~ty. 1.5
[hey are related by a kinematic constraint). !he 
constra~nt equations are R~ ¿6 ln polar coordinates 
or X' + vi. = ( l sin6 )2 i n Lnertial coordinates. 

Since che aifferential equations and general - C ~ XP
ized forces are written in cerma oi Euler anRles ~, 
(j, and ¡ji a coord inate transformations La Tequired 1nd rhe matrL~ equation for 
to derive the stiffness aud damping coetficients, rections (on a single disk) 
as follows : 

Firat, rhe generalized torque Q t 
can be expressed as a tangent4al for, 

and the generalüed 'lIoment () ecan be 

rad ial force 

ft 16 Q lar F~ J which concain:. ~II"
liz~g torqtewnirl forces. 
The transformation tO :<: i1nd y .LS 

F = FRcos~ - F I ~n~ x
 
F • rRsin<t + F .. "os~ 
y 

\oIhere 

l_ 
t, I

K K 
xx ).:y tC.,:: 


K K K 
 ''l!'
yx yy V::r K: f. . y 

K K a 
a."( o.y (l 


K K 
 ::j
!3x By 00 

¡¡ 

(J5) 

the torees in all di
Ls 

, 
(xc,~ e c e 8 I ).<)' XCl X I 

I 

Iye L ec..,'X )"y yB'"' 
'1c een..: .,,' l It.,: e B 

f. . 1... .C3X ::» 
, 

;,)I.t 
Ces [

:.J / 

. .. ()Q) 
t~o stiffness and damping coefficients defin~ng the 
forces and moments on each disk. The off-diagonal 
elements are called the cross-coupled coefficients. 

The shaft speed w is 
s 

ul :. .¡, + ~. l42)
S 

'Che shaf t torque quals the disk load torque so 
.. (40) • 

that 2 

where F~ 3nd F~ are actually momenes on the disk. 

It can be seen that there are a total of thirty 

For the ael"odvnamic case, the generalized T~ = CL (~ + ~ cose) (43) 

torque Q,r i5 Therefore t he generalLzed torque Q~ can be ex
3Q = T - C ( ~ + ~"oae)¿ cose - Cd(t] sin 6) ~¿ • pressed as 

4 s L ... (41) Qt = T!JI - cose] - (R. sin 6) ~~ . (44)Cd 
3 3
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The des t abili zing par t of Q~ lS the f irst terro 
f rem the expression just aboye. The equiva l ent tan
gential f orce F~ i s 

T (1 - cose)
s 

(45)
R 

The requi red r elationships between R, 8 , and a, 
~, and x, y are 

2 2 t
R = (x + y ) 

x =a Q, 

(46) 

Theref ore , i n t erms of x and y, we can wri t e 

2 2 !-)(x + y )
T 1 - cos s ~ 1 

(47)Z 2 1..
(x + y ) 2 

Keepi ng on1y the f irst two t erms of the cosine 
series yie1ds 

Ts 2 2 ! 
F = -- (x + y ) (48) 

<t 21. 2 

or 
T 

F =  F sin~ = _ __8_ Y, 
X ~ 212 

T 
(49) 

F 
y 

= F... 
... 

cosct = ...-!!... x 
2.1.2 

By inspection , it can be seen that the cross
coupled stiffness are 

T 
K ;:rs 
xy = 

T (SO) 
- s 

HZ 

It is interesting to note that ~y and K' have 
the same form as A ford 's coeff i cient s f or t~ ef
fec t of tip cl earance assymme t ry i n axial flaw tur
bomachi nery (1 21 . 

As a cr ude approximat i on , t he aboye coef fi 
cients ('Se , Kyx) could be used for a flexib1e
shaf t model by t aking ~ as t he ax i al di stance from 
the di sk plane to a vir t ual pivo t poi nt , as d ter
mined by t he mode shape. 

When the rotor flexibi 1i t y is dis t r' buted a l ong 
th shaft . there is no cons train between x. y aud 
a, ~. Therefore t he virtual work of the desc bi 
l izing tarque mu st be wrieten i n t erms of x, y , a, 
aud ~. This requires t hat che virtual di splacement 
o~ be wr itten i n terms of 5x, 5y, 00, and 6~. 

Since t he r ot ations of a disk are independent 
of the t r ans l a tions, it can be seen that ex and oy 

will not appear in óct . Thi s leaves onl y t he virtua l 
angular displacements óa and ó~ t o be cons idered. A 
kinematical relationship be tween ~ ,a, and S i s thus 
requi r ed . Research i s now in progr ess at Texas A&M 
Univers i ty along these lines . 

CONCLUSIONS 

From the analys i s and di scussion given above, 
the follo wing conclus ions are dr awn : 

l. Exact sol utions to the complete nonlinear equa
tions of mot i on tor a r otor wit h high load torque 
and a coning disk show tha t constant to rque car. 
produce nonsynchr onous whirl ing with an ampl itude 
which depends mainly on the r a t io of torque to 
damping and t he whir ling speed r a t io. Al1 other 
things bei ng equal, t he whirl i ng ampl itude is di 
rec tly dependent on t he magnitude oE the l oad 
to r que . The solutions gi ven thus constitute a math
ema tically proven theory which can expl ain a number 
of nonsynchr onous whir l ing fai l ures i n compreasora 
and pump s under l oad. 

2. No-load t ests of compressors, pumpB, and other 
nega t ive-work machines are not suf ficien t t o de
mons trate smoo th and safe machi ne opera t ion. A ma
chine can pass no -loa t est t o ful1 speed with no 
whirling probl ems and yet whirl violen t ly when an 
a t tempt is ade t o bring i t up to l oad. 

3. Torquewhirl can be suppressed in a given m 
chine by increaaing the damping , opt imizing the 
ahaf t l ength , a nd/ or stiffening the shaft. The 
amount of damping required to reduce the whirling 
amplitud e t a an acceptabl e level may not always be 
practically achievable. Since the optimun shaft to 
maKimize t he horsepower required for t orquewhirl is 
che one which produces a whirl i ng speed ratio of u
nity (operation at the critical speed), a tradeoff 
muse be made with synchronous response t o uubal 
ance . 

4 . Cross- coup1ed s t iffnesB coef fic ients f or lin
ear1zed stability analysia were derived for the. 
speci al case of Figure 1 (rigi d shaft wi th flexible 
j oint). Addit ional work is now i n progre sa to de
r i ve cross-coupled angul ar stiffness ·coeff icients 
for a rotor model wi th a f lexible shaft. 
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APPENDIX A 

In terms of the angular velocit ies abou ~ bedy
f ixed principal ax es x' y' z t hrough O' (see Fi g. 
1) , the ki ne tic energy of che rotor is 

- 81 -

Rev. réc. lng ., Univ. Zulia Vol. 

The ki nematic relati onships required te expresa 
T in terms oi the generalized coordinares are: 

= eco s ~ + ~sinljlsinO
uJx ' 
uJ 	 ~esin'¡¡ + ~cos'¡¡sin!:! (A-2)y ' 

w = {cosa + ~ 
z 

The potential energy is 

v '2
1 

KaS 
2 

+ Mg9-(1 - cosa) 	 (A-3) 

Substitution of (A-2) into (A-l). with lx,=Iy , 
gives the Lagrangian as 

I 21 .? 2 2L T - V = '2 ,lx+ M (e' + 4 sin e) 

1 2 2 
+ 2 Iz(~ + f cos 

'l 

e + 2~~cose) 

1 ,
- 2 Ka S-- Mg~(l - co(6). 

APPENDIX B 

Refenees 9 and 10 show how f irst-order difter
ential equations of motion can be easily derived in 
mixed forro (ineluding both momenra and velo~lties) 
from the Lagrangian . The eanonical rorro can be ob
tained by substituting expressions in terros of che 
momenta for che velocities, and without che eces
sity to derive che Hamiltonian . The advantages of 
che resulcing fírst-order equations ate that che 
solution can be obtained wich only one integration, 
and the forro oí the equations is inmed~ately suic
able for stability analysis afee¡- linea,izac ion 
(not done here). Furthermo,e, che need to take Lhe 
time derivatives speeified by Lagrange 's equation 
is eliminated. lf t he reader prefers t o work W1th 
Lagrange's equations, these can be derived by subs
tituting che momenta into equations (4), (S }, and 
(6), and taking lhe indicaced derivatives . The mo
menta are: 

aL Pe = -;- = 1 ,e , 	 (B-1)
J i3 x 

(8-2) 

JL
P.,. ~ -;- = 1 ( ~ + ~ cose ) , (B-3 ) 
" drp Z 

",here L is derived in Appendix A. 
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