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The m a j o =  d i f f i c u l t y  ane ~ s ~ a l l y  ericounters i n  
e v a l u a t i n g  i t e r a t e d  i n t e g r a l s  i s  t h e  ! c t e r m i n a t i o n  
of t h e  l i m i t s  of i n t e g r a t i o n .  . 

In  o rde r  t o  g e t  an i d e a  on how ra determine 
j u s t  what p o r t i o n c  of t h e  hypercube 02 :< < 1 ,  k = l ,  
, 2 , 3 , 4  c o n s t i t u t e  t h e  r eg ion  o f  in teg~. : t !~ñ ,  con- 
s i d e r  an analogous  problem i n  o rd ina ry  chree-spuce 
us ing  x l ,  x 2 ,  x j  for x ,  y ,  z .  Then we x i l l  do t h e  
four-spnce problem by analagy.  So, as a p re l imi -  
nary  problem e v a l u a t e  

where T denotes  t h e  r eg ion  de f ined  by 

NOTA TECNICP 

INTEGRATION OVER A HYPERCUBE 

The r eg ion  T i s  some p o r t i a n  (ar p o r t i o n s )  o i  
t h e  cube C :  O z x k  2 1 ,  k= 1 , 2 , 3 .  To f i n d  aiit what 
po r t i on  or p o r t i o n s  of C make up the  rec io"  T,   le^ 
us f i r s t . p u t  x- a t  i ts maximum p o s s i b l e  value o f  1 1 
Thus t h e  i n t e r s e c t i o n  of t h e  upper p l ane  of t h e  
cube C by t h e  surface S :  xlx2  + xLx3= 1 nivrn t h r  
l i n e  L: xl= 1 ,  x2 + x.,= 1 as i n  F i g .  1. 

The l i n e  L is ob t a ined  by t a k i n g  x l  n t  i t s  
maximum p o c c i b l e  va lue .  W e  see, t l i e r e fo re ,  t l iat  
the  e n t i r e  h a l f  of t h e  cube l y i n g  on the  sane  a ide  
af t h e  p l ane  x2  + x3= 1 as t h e  o r i g i n  aakes up 
part of  the  regia"  a f  i n t e g r a t i o n  T, namely, a l 1  
tliose p o i n t ~  i n  space  f o r  which Ozxl<l, + ~ h ? ( l .  

There remainc t h e  q u e i t i o n :  What p a r t  of t l>r  
o t h r r  ho l f  of cube C be longs  t a  T? To obtaii i  t h e  
answer t o  t l i i s  qucs t i on  one must observe  t h a t  in 
t h i s  h a l f  of cube C we must have :c2 + x j  2 1. This  - 
means t h a t  xl must now be s u f f i c i e n t l y  l e s s  tlian 
u n i t y  as  w i l l  s a t i s f y  t h e  requirement x l x 2 + x l x 3 d ,  
wich i n  t u rn  means t h a t  we can vdmit o n l g  tliose 
p o i n t s  a f  t h e  cube C t h a t  l i e  E or *w t h e  a u r -  
face S :  x1x2 + x1x3= L as s h o m  i i i  Fig.  11. 

Thus, t h e  r eg ion  of i n t e g r a t i o n  T  i s  made up 
of t h e  or i sm r e c t i n g  on t h e  t r i a n g l e  POQ i n  F ig .  1 
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t r igether w i t h  t h v i  much af  t h e  o t h e r  p r i sn  wicli 
1 : e s  below t h e  surface S and wich r e s t s  upim tri- 
ar g l c  PRQ. And we have 

1 ,l -x 
llj X ~ X ~  dV= -.O "3 dx3 , O  3  x' dn,> .:ix:dx 
1 2 .~ 1 

Now us ing  t h e  p r eced ing  example as  an .inalagy, 
we seek t o  e v a l u a t e  

where dW deno t e s  t l ie  r e c t a n g u l a r  e l e m ~ n t  i i i  Ca r t e -  
s i ~ n  4-space and where R deno t e s  t l ie  regioii  o f  t h e  
4- i imens ionul  hyperspace  d e f i n e d  by 

T,r conveniente l e t  us deno t e  t h e  h y p e r c u l i ~  
c 1 by H .  And now, guided bv t h e  3-dimensisiiial ex- - 
;un>le, we proceed t o  de termine  what par t io i i , ;  of  H 
c o i s t i t u t e  t h e  r eg ion  R .  

The hype r su r f ace  x7 + x x = 1.  ob t a ine , '  by 3  4  
puz t i ng  x = 1 ,  i s  ana logous  t a  t h e  p l ane  x + x -1 1  
wliich d iv ided  t h e  cuhe C i n  t h e  3-space .;irob?em 
i n o  two r i r i s m s .  S i m i l a r l v .  che  hyoersur fa : , :  

ñ2 + + ( x = 1 d i v i d e s  t h e  hyoercuhe H i n t o  two n a r t s .  
3  h 

Le: u8 see how much of each Dart be lonas  t<  R. In- 
c i l e n t a l l v .  we can a c t u a l l y  p i c t u r e  x, + xix4=l  ir 
a 1-snacc diagram as i n  F ip .  111. 

~ o r k i n g  w i th  arguments s i m i l a r  co :hose c o  ob- 
t a i n  t h e  pr i sm i n  F i g .  T a8 p a r t  of r eg ion  T ,  we 
conclude  t h a t  one p a r t i o n  o f  R i s  made up o í  [hose 
, > o i n t s  of F: for wicli O s 2  + x3x4&. e <l 1- ' 

Mert f o r  t h e  p o i n t s  a£ H where we hnvc x +r x 2. 3 4 
g r c a t e r  tban  u n i t y ,  we must t a k e  x l  n u r t i c i e n t l v  
less than  u n i t y  as  w i l l  s a t i s f v  x a + x n < l . T h e  
ques t i on  i s :  How much l e c s  than  I ik i iy?  ~ i ? e '  r m m e -  

have  any v a l u e  f a r  wliich 02 

In  t h e  preceding  3-space problern t h e  l a s t  i i i -  

t e g r a l  t o  he  eva lua t ed  ( f n r t h e s t  t o  ttie l e f t )  i n  
each of t h e  two i t e r a t e r l  i n t e g r a l s  i n  Cq. 1  hñd 
rero  t o  u n i t y  as  i t s  l i m i t s  of  i n t e g r a t i a n .  Simi- 
l a r l y ,  t h e  l a s t  two i n t e g r a l $  i n  t h e  prnblem be- 
fore us and a l s o  t l>e nen t  t o  l a s t  w i l l  Iia-<e botli 
zero t o  u n i t y  as l i m i t s  a f  i n t e g r a t i u n .  And so we 
have 

When e v a l i i a t i n ~ ,  i/l!x x2x?; dx dx dx dx the  
i n n e r  i n t e g r a l  is eva iua t ed  E i r s t .  ~ k u s ~ a f i e r ~  i n -  
t e g r a t i i i g  w i t h  r e s p e c t  t o  x i n  t h e  f i r s t  o f  t h e  
two i c e r u t e d  i n t e g r a l s  on t k e  r i g h t  hand s i d e  o r  
Eq. 2 we g e t  

The second i n t e y r a t i o n  w i th  r e s p e c t  t O  22 
s i e l d s  

A f t e r  removing t h e  p a r e n t h e s i s  and i n t e g r a t i n g  
w i th  r e s p e c t  t o  x3 and x wi th  l i m i t s  zero and 

4 u n i t y  a f  i n t e g r a t i o n  i n  each cace, we o b t a i n  (112) 
(113)(119 - 3116 + 3/25 - 1136)= 1917200. 

The second s e t  o f  i t e r a t e d  i n t e g r a l s  i n  Eq. 2 
y i e l d s  37/7200. F i n a l l y ,  (19 + 37) / 7200= 71900 = 
=.007777... . It seems as i f  t h e r e  i s  no way of 
v e r i f y i n g  t h e  above r e s u l f  by c l a s s i e a l  a n a l y s i s .  
An e x c e l l e n t  p r o j e c t  fon  ! numer ica l  a n a i y s t  t o  
wirk on i s  t h e  v e f i f i c a t r d n  of t h e  r e s u l t  by a 
computer pro8rani. 
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