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The major difficulty one usually encounters in
evaluating iterated integrals is the letermination
of the limits of integration.

In order to get an idea on how to determine
just what portions of the hypercube 0< ¢ <1, k=1,
,2,3,4 constitute the region of integr.:tion, con-
sider an analogous problem in ordinary cthree~space
using %3, %3, xq for x, y. z. Then we will do the
four-space problem by analogy. Se, as 2z prelimi-
nary probliem evaluate

dv

where T denotes the region defined by

.

NOTA TECNICA

INTEGRATION OVER A HYPERCUBE

The region T is some portion {ar portions) of
the cube C: 0 < x <1, k= 1,2,3. To find our what
portion or portions of C make up the region T, let
us first -put x; at its maximum possible value of |
Thus the intersection of the upper plane of the
cube C by the surface S: xyxo + xx3= 1 gives Che
lire L: ®= 1, xp + K= 1 as in Fig. I.

The line L is obtained by taking x; at its
maximum possible value., We see, therefere, that
the entire half of the cube lying on the same side
of the plane %y + x,= 1 as the origin  nakes up
part of the region of integration T, namely, all
those points in space for which 0<wy<l, J<xo+x<l.

There remains the question: What part of the
other half of cube C belongs to T? To obtain the
answer to this question one must observe that in
this half of cube C we must have x5 + x3 = 1. This
means that x) must now be sufficiently less than
uity as will satisfy the requirement xjxo+x;x3al,
wich in turn means that we can admit only those
points of the cube C that lie on or below the sur-
face 8: x;X3 + x1%4= L as shown in Fig., IT.

Thus, the region of integration T 1s made up
of the prism resting on the triangle POQ in Fig. I
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together with that much ef the other prisn wich
l:es below the surface § and wich rests upon tri-
argle PRG. And we have

FIT mowid due Tb o gy AT
1

Y -
1%5%5 o *3 30 3 *, dx; J xldx

Now using the preceding example as an analogy,
we seek to evaluate

R’

where dW denotes the rectangular element in Carte-
sion 4-space and where R denotes the repion of the
4-dimensional hyperspace defined by

F>r convenience let us denote the hypercubw 0<x

< | by H. And now, guided bv the 3-dimensimal eX-
amsle, we proceed to determine what portions of H
coistitute the region R.

The hypersurface x, + x,%,= 1, obtaine! by
pucting x,= 1, is analbgous™tec the plane x + x =1
which divided the cube C in the 3-space “problem
inzo two prisms. Similarly, the hypersurfac: x, +
+ oK, = 1 divides the hypercube H inte two paris.
Le:"us see how much of each part belongs t¢ R. In-
cilentallv., we can actually picture X, + x1ha=1 1n
a J-gpace diagram as in Fig. I1Y.

working with arguments similar te those to ob-
tain the prism in Fig. I as part of region T, we
conclude that one portion of R is made up of those
points of H for wich ijz + X3Yd Ofxlil.

Mext for the points of H where we have x +x
greater tnan upity, we must take x qufflclentlx
less than unity as will satisfy = %, + zx, <1.The
question is: How much less than unl%v’ Tge Timme-
liat nswer is x, 1 have any value for which 0<
e Xy &

In the preceding 3-space problem the last 1in-
tegral to be evaluated (farthest to the left) in
each of the two iterated integrals in Eq. 1 had
zere to unity as its limits of integration. Simi-
larly, the last two integrals in the problem be-
fore us and also the next to last will have both
zero to unity as limits of integration. Apd so we
have

When evaluating [/ /x = xzxz dx cx dx dx the
inner integral is evaluateé Elrst T%us afger in-
tegrating with respect to x, in the first of the
two iterated integrals on the right hand side of
Eq. 2 we get

The second intevration with respect to X2
yvields

After removing the parenthesis and integrating
with respect to %, and x, with limits zaro and
unity of integration in each case, we obtain (1/2)
(L/3)(1/9 - 3/16 + 3/25 - 1/36)= 19/7200.

The second set of iterated imtegrals in Eq. 2
vields 37/7200. Finally, (19 + 37} / 7200= 7/900 =
= 007777... It seems as if there is no way of
verifying the above result by classical analysis.
An excellent project forr ) numerical analyst to
work on is the vefificatidn of the result by a
computer program.

y el 8 de diciembre de 1982
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