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C e r t a i n  b a s i c  i n t e g r a l 8  and in tegr .11  r ep re sen -  
t a t i o n s  f o r  a b a s i c  ana logue  of Fox ' s  H-function 
are i n v r s t i ~ a t e d  i n  t h i c  pape r .  

En este t r a b a j o  es tudiamos  u n  anSlc , .o  b á s i c o  d e  
l a  f unc ión  H- de  Fou. Obtenemos a lguna:  i n t e g r a l e s  

r e p r e s e n t a c i o n e s  i n t e g r a l e s  d e  1;i F u i  i ó n .  

INTRODUCTION 

T ~ P  o b j e c t  of  c h i s  pnper is t a  de£  irie a b a s i c  
nnnlopiie of Fax ' s  H-funccian and t o  e c t : i b l i sh  some 
of i t s  fundamental. p r o p e r t i e s .  The resi 1 t c  proved 
nri. o f  $ e n e r a l  c h a r a c t e r  and i n c i u d e ,  ;,; s p e c i a l  
cases ,  t h e  r e s u l t s  g iven  e a r l i e r  by Agarwal. 

A BASIC ANALOGUE OF FOX'S H-FUNCTION 

manner t h a t  a l 1  p o l e s  o f  G ( b - - d j s ) ,  1 i j ,< m1 a r e  
t o  t he  r i g h t ,  and t hose  of ~ j l - ~ ~ + o ~ ~ ) ,  1 ,c j $ m l ,  
t a  t h e  l e f t  o£ C. The i n t e g r a l  converges  i f  R ~ s l . 0 ~  

v a l u c s  of ! s l  an t h e  
i i l - l l o g l r i \ i < - .  

2 1 

1£ we s e t  a j  = d i  = 1, l(jgA, 1zi<B i n  (2 .1 ) ,  
then  i t  r educes  t o  t h e  b a s i c  ana logue  of H e i j e r ' s  
G-fonc~ion, namely 

If ve pu t  m1 = 0 ,  nl = O ;  B j  .= u j  = 1 ,  Lc i < A ,  
U j s B ;  i n  ( 2 . 1 )  t l ien i t  r educes  tii an E q - f ~ n c t i a n  
due t o  ~ ~ ~ ~ ~ K l ! , ~ h i ~ h  i t s e l f  i s  s ~ e n e r a l i z a t i o n  
of b a s i c  ana logue  of UacRobert 's  Rq-function g iven  
e a r l i e r  by Agarw;il [ Z ] .  

Prom t h e  d e f i n i t i o n  (2 .1) .  i t  r e a d i l v  f o l l o v s  
t h a t  

DEFINITION OF A BASIC FOX'S tiq-NICTION 

We d e f i n e  a b a s i c  ana logue  of Fox's il--fiiiii.tion A ,  B 
as 

L ~ ( 1 - a . h i . s ) n ~ ~  . l s  and 
1 i=l 1 1 

A m. .". r . 1(~.~)1 

where O < m1 & B. O 4 n l  6 A; mi's and j ' s  a r e  a l 1  
p a s i t i v e ,  t h e  con tou r  C i s  n l i n e  p a r a l e l  to R1 
(,:AS). i i i t h  i n d e n t a t i o n s  i f  n e c e s s a r y ,  i i  such 1 
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CERTAIN BASIC INTCGRALS INVOLVING H~-FIJNCTION ({arg  z - m 2 ~ ; 1 1 0 g l ~ i j  i <n 

The F o l l a W n g  b a s i c  i n t e g r a l s  a re  t o  :>e e s r a b -  
! i s h  h e i e .  

wtece t h e  p a t h  o €  i n t e g r a t i o n  C  e n c i r c l e s  r h e  n i i l l -  
p c i n t  and a l s o  i n  t h e  u s u a l  manner ,  can be  d e f o m e d  
i n t o  a l o o p  p a i a l l e l  t o  t h e  i m a g i n a r y  a x i s .  

- 
-1 

for R l ( o )  >O, R l ( p )  >O and / arg z - u2u1 l o g l z i  
1 : ".  

f,,. R1 (o) . O .  R1 (u) - 0 ,  R1 (0- ' ' 09 

Praof: I n  v i e w  of t h e  d e f i n i t i o n  ( 2 . 1 ) ,  t h e  e x p r e s -  
c i o n  an t h e  l e f t  of ( 3 . 1 ) ,  can b e  w i t t e n  as 

I f  v e  i n t e r c h i n g e  t h e  order o f  i n t e g r a t i o n ,  
which is v ñ l i d  for R l ( n )  >O, and l l a r g  z - q u i l l o g  
z f  / < n, t h e n  t h e  above  e x p r e s s i o n  r e d u c e s  t o  

O" e ~ n l u a t i n g  t h e  i n n e r  i n t e g r a l  w i t h  h e l p  a f  
an i n t e g r a l  d u e  t o  Hahn [3] and i n t e r p r e t i n g  t h e  
r e s u l t  clius "breined with r h e  t iel?  o€ ( ? . 1 ) ,  rre 

a r r i v e  n t  t l i e  desirecl r e s u l t  (3 .1 )  

The r e m a i n i n g  i n t e g r a l s  (3.2)  t o  ( 3 . 6 )  can  be 
e v a l u a t e < l  in t h e  same way by making iise of t h e  re- 
s u l t s  (3.16) s n d  5 9(b)  given e a r l i c r  by Haho 
(C31) . 

CERTAIN INTEGRALS INVOLVING 

BASIC MEIJER'S G-FUNCTION 

I f  we s p e c i a l i z e  r h e  p a r a m e t e r s  i n  (3 .1 )  i o  
(3.6)  ziid make use o €  r h e  r e s u l t  ( 2 . 2 ) ,  t h e  fo l low-  
ing r e s u l t s  are o b t a i n e d .  

- 140 - 

Rev. Téc. I n g . ,  l i i i v .  Z u l i a  Val .  6 ,  E d i c i ó n  P s l i e c i a l .  1983 



where q '  = qU, u is a p o s i t i v e  i n t e g e r ,  Rl(o) > O ,  

( a ) ,  (d) 
G '  ( 4 . 2 )  

A". B h i  (c) , (b) 

where q '  - q U ,  u is a p o s i t i v e  i n t e g e r ,  Rl(p) > 
o+i-1 p+i-1 

Rl(5) > O ,  d i n q : l U ,  C i  = q ' u f o r  i = l , . .  
u ,  /{arg z w2u1  i o g / z / t i  <n. 

where q' = qU,  u i s  a ~ o s i t i v e  i n t e g e r ,  R l h )  > RI 
i-o i-p - - 

(a) > O ,  di = q  u , c i  = q  u , for i = 1  , . . . , u .  

G(l)G(l-o) - 
i-o 

G '  (4.6) 
P - 
ii C(q' o ) 

i = l  

where q '  = q", o is a p o s i t i v e  i n t e s e r ,  Rl(o) >O,  
& 

Ci = q " ffor i = 1 , .  . . , p .  

It i s  i n t e r e s t i n g  t o  observe t h a t  i f  we take m1 
= 8,  n1 = O i n  (4.1). (4.2) and (4.3);  and u s e  the  
r e l a t i o n  

then (4.1).  (4.2) and (4.3) r e spec t ive ly  gi-re r i s e  
to  t h e  r e s u l t s  (6:l) - (6.3) due t o  Agarwal [l]. 

where t h e  path of i n t e g r a t i o n  is t h e  s m e  as i n  t h e  
a+i-1 

INTEGRAL REPRESENTATION FOR 
BASIC FOX'S Hq-FUNCTION 

case af the  i n t e g r a l  (3.31, Rl (a) 5 O ,  c i  = q ' u ,  
i = 1 , .  ..,u; q' = qu. 

G(1) 1 o-l 
S x Eq(qx)G 
(1-q) o A, B B 1  

1 
= G(bl) .  " 1 e (a,) 

U i-o - l=ml+l 
G(1)2-i  q 1 

i = l  
"1 ' 

-b. A  
G(1-o) 

A+.B X x .  3 ' .di =,, u l  +1 {-[eq(Aj)Aiaj dAj 

1 

where q '  = qU, u i s  a p o s i t i v e  i n t e g e r ,  Rl(o) > O ,  
i -a a .-1 m - s a .  J x E ( q h . ) d ( q , ~ . )  n 1 

c i  = q  u for i = 1 ,  ..., u .  9 1 ' j=3 
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w h e r e R l ( a . )  > O ,  R l ( ak )  > R l ( b k )  > 0, 3 4  k q  m  . - X E 
1  

i ' ml+l Q j $'A, Rl (b t )  > O, m +1 6 t q 8 :  a s e  and 6 e 
q are  al1 pos i t ive  quant i t i e s .  

rliere ( a , n ) *  and ( b , d )*  denote the sequenre of A 
índ 8-2 pairs  (1-a .o ), ..., (1-a , a 

1 1  "1 "1 
1, ( 1 '  

onl+l),...,(aA,aA);(b,,63) ,..., (bm , O m  ) , í l - b m  +1, 
1 1  1 

aml+l ..... ( l - bB ,dB) ;  Rl (b .1  >o, 2 6 .l < B; R1 
1 

( a j )  >O, 1 6 j 6 A .  

( l -a l .u l )  ,..., (1-a,,,= ) , ! c l , d t ) , . .  
11 

6 - 2 , h  ( b l . d l )  .... .(bm.lim) , ( I d l  , o l )  ,.. 

rhere R l ( d - )  , R l ( a j )  s O ,  Rl (ck)  , Rl(t jk)  > 0 ,  
1 

F I ( ~ . )  > o ,  &-dTrl=i, O ,  1  Q :j i n; 1 6  k 
4 m-]; o ' s  and d  s are al1 pos i t ive  quant i t i e s .  

-b.  m G(1) b  -1 
e U . .  U :  n1 -S a: (1-cx ) 

c . q J J  
k a - b  

k=3 1-q O k k 
1 

Proof: To prove (5.1)  we s t a r t  v i t h  the knorn re- 
s u l t  ( 2  ; (2 .1) )  

where the contour C i s  a l i n e  para l l e l  to Rl(uis)=O. 
The integral  converges i f  RI[S l o g ( z )  - l o g  s i n  ns] 
< O f o r  larpe values  of I s /  on the contour, i . e . ,  i f  

-1 
j+g(z)-ui2uil i o g i z / ) /  < n. 

The enpression of the r ight  o€ (5.1) can be 
w i t t e n  as  

On chnnging the order of integration which is 
valid by a b s a l u t e  converpelce of boch the ?re- 
g r a l s ,  f o r  Rl (b3)  , O and  l i a r g  z -u2uT1 1og i z l ) l  < 
n ;  tlie R.H.S. for the nbove expression becomes 
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On evaluating =he innermast integral, it gives 

-a. G(1) 1 a.-1 
(h.).. ' ," {d hjl Eq(q.j)d(q.A.) 

q 1 1  1 1 

Now again, changing the order  of integration, 
wtiich is justified as before, and using the knawn 
result due to Hahn ( 3 , E9(b)), (A-ni)-times and 
(Bail)-times to evaluate the inner integralc, we 
finally abtain 

(1-alsal), ... ,(l-a n& '"nl) ,'anl+i *Dl+i) 
I(bl,l)(b2,1)(b3,e3) ... (bm , 6  1 (1-bm + A, B 

1 1 

B 6 . s  
sin ns II u.' 

j=4 3 

"1 n ~(a.+a.s)nz' ds 

j=l ' ' 
(5.4) 

a.s)G(l-s)sin ns 
3 

-1 
which converges for (arg z -u2d1 lag/ zlj 1 < n. 

Similarly on using the known integral due ta 
Hihn 131, (ml-3)-times and nl-times, the above ex- 
jression reduces to 

The results (5.2) and (5.3) can be ectablished 
in the same way if we employ the recults (3.16)and 
5 9(b) given by Hahn 131, to evaluate the lnner in- 
tegral~. 
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