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ABSTRACT

In the present paper some problems concerned
with the notations used in the theory of G- and H-
functions of several variables are considered, The

G- and H-functions of several variables are defin-
ed and the definitions include all the known ones
of the type. For designation of these functions
some symbols are suggested, which are very simple
or complete for description of the function depen—
dence on a large number of parameters. In omne of
the symbols ternary calculus is used. Different
particular cases of G- and H-functions are examin-
ed, sufficient conditions of their existence and
some of their properties are presented, and for G-
functions the appropriate partial differential equa-
tions and a certain set of its solutions are given.

RESUMEN

Este trabajo se trata del problema de notacio-
nes en la teoria de las funciomes G y H. Se define
una funcidn H de n - variables. Se sugiere algunos
simbolos para la descripcidn completa de estas fun-
ciones. Se menciona algunos casos pariculares, las
condiciones suficientes para su existencia y cier-
tas propiedades de estas funciones. Se da la ecua-
cion diferencial en dirivadas parciales para 1la
funcién C,

1. INTRODUCTION

The most important and urgent problem in the
theory of general hypergeometric functions is the
development of the theory for H-functions of many
variables. For the case of Fox's H-function of one
variable, defined in [8]. such a theory is success-
fully developed and presented in detail in [1,5,12,
13]. In those monographs many applications of the H
—function and its particular case, Meijer's G-func-

tion, to physics, statistics and the integration
theory are given. In particular the dintegration
algorithm, developed in [1], may be used for calcu-
lating more than a half of the single integrals
from [9} in terms of hypergeometric series, It
was employed for preparation of Handbook [2] for
computing the integrals of different complexities.
If the theory of the H-function of many variables
were developed, it would be possible to extend this
algorithm to multiple integrals of the products of
functions of hypergeometric type.

Up till now some works have been published
where analogues of Fox's H~functions are composed

PROBLEMS OF DEFINITIONS AND SYMBOLS OF

G- AND H-FUNCTIONS OF SEVERAL VARIABLES

for two [4, 14, 15, 21], three [11, 16, 17], four
(7] and n variables [3, 10, 18 =2} |, Those defini-
tions are not however general and have no common
notations, which would be most suitable for the
structure of the H-fuction of many variables. So,

in particular, the symbols for H-function of two
variables, 'given in [4,14,15], are mot the most
general since 23 from 34 double series of Horn's

list [5] cannot be designated by those notations.

But the series reflect Pochhammer's symbols (a),

and are therefore of hypergeometric type. The func-

tions of several variables [6]C g) (bys=iss Dy @5

a'; X1s.009%Xn)s D{AY (@, b1ye..y b5 €, eV Xy uvan

xp) are also of the hypergeometric  type but they

cannot be expressed in terms of the symbols of H-

function of n variables from [3, 18 - 21].

The principal difficulty in the development of
the most general and convenient symbols for desig-
nation of the H-function of many variables is to
find the optimal description in the defining symbol
the dependence of this function om a large number
of parameters, which are grouped in a certain way.

For example, Meijer's G-function, introduced by
Meijer in 1941, is defined in terms of the follow-
ing Mellin-Barnes integral over the special contour

m n
T T(b.-g) I T(l- a, + 8)
o 1 T ] s
‘r =1 i 2%ds eeinid)
2ri 1 q P
n r-b.A4s) T r(aj— s)
j=m+l j=n+l
It will be denoted by
mn 8,y:009 @ mno a mn
6 @] ° Py,¢ (z] ©,6 (2)or G(z)
pq LIERERE bq pq by Pq
«.4/¢2)

The symbols more or less completely describe
the dependence of the function on four parameter
groups.

It seems more simple and convenient to use Sla-
ter's designation of the G-fumction in terms of the
integral

@) +8, ) 87 _
I (2) =2—,15 S 2 dis 3)
L (e)y+s, (d -8

Here and in the following symbol I' (A}  denotes
the ratio of the products of the appronriate gamma-
functions, whose arguments in the qymbol are sepa-
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rated by commas

A B
J b,=
T G £ iy ) - & ) illl r(_al+s)ii11 r(b; s)
T e D
63 = By Ve = B 1 Tlegts) 1 r(dg-s)
i=1 i=1

N O]

In accordance with the following the integral
I, (z) could be denoted by any of the following sym-—
bols, which are more illustrative

~
.

(bg)
)
A B, (a);(p),
(c);(d) J

A B B, oo By § Digivey D
¢ [z‘ } S 2 ]..(5)
¢ D Cyseeen O H dl""’ dD

It is evident that

81,...,&17 =
d;z(zlbl,...,bq)

bl,otn,bnl;l-alt"'ll—an

1-b l....,l-bq

m n
G a:
8n+1.-.-, p’ h

p=n  g-m

2|
(6

But the traditional notations could hardly be
changed and the changes seem unreasonable.

Fox's function, which is more general, differs
from G-function (1) by the non-negative coeffi-
cients ay, Bj at s and may be defined in a similar

way using a symbol, which is also not very conve-
nient

m n
n T(b.-B.s) I r{l-a.+a.s)
: I T x5 - R B
—1—, f i=L =1 2%ds = H(z) =
2ni 1, q P
T T(-b.+8.8) T T(a.-w.s8)
j=mr+l j=n+l J
mn mn (a_,a )
=0 (2)=H (z| P P)
b_,
Pq Pq ( q aq)

on (a,,2,),...,(a,,d )
_— (:i b S { P*"p
Pq (bI’Bl)""'(bq'Bq)

. (7)

In this paper two approaches to the H-function
of n variables and some symbols for designation of
the function are suggested. The symbols may be used
in certain cases and are most simple or complete
for description of the dependence on the parame-
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ters. The notation from Section 2 gives a simple
form of the convergence conditions for Mellin-Bar-
nes' corresponding multiple integral and a system
of partial differential equations, which is satis-
fied by the G-function, a particular case of the H-
function, The notation from Sect. 4 is very specif-
ic and complete for description of the dependence
on the parameters and is therefore bulky and re-
quires careful treatment, But it could hardly be
simplified because of extreme complexity and gener-
ality of the subject. Such a notation is useful
for description of particular cases and properties
of the H-function. A combination of the notations
suggested may eliminate many difficulties in appli-
cations of the H-function.

The H-function defined here is the most gener-
al. With n=2 it contains all 34 series from Horn's

list [5] and the H-functions of two variables de-
fined in [4,14,15]. The functions from [6,7, 16—20]
are also particular cases of this H-function, this
fact is demongtrated in Sect. 3 by using the func-
tion from [l&j. Other particular cases are consid-
ered here as an example (Sect. 3,5) and for one of
them, G-function, the appropiate differential equa-
tions and some of their seclutions are given. In
Sect. 2 sufficient conditions for the H-function to
exist are alsc written.

n -
2. DEFINITION OF THE H-FUNCTION H [z_[
n.
AND G-FUNCTION G [z]

Definition 1. Any integral of the form

n a + as
HIZIE lnfr[ ]zsdss———'lnfn
@2ri) L b + Bs (2ni)" 1 vt
A % 7
1 T(aJ +:1Js)
I - RS e (®)
In 5 red +8ds)
j=1

where al,az,...,aA;bl,bz....,bB are the arbitrary
complex pairs(at B=0 the empty product from the
denominator is substituted by unity); al= (ai Jieie s

Gg), i ‘1nA,BJ=(ﬁi,---.Bi), j =1,B are non-zero
t8§1 vectogs; 8 = (8] 550, an, z = (zl,..:,zn),_zs

i e | h]
i ' 1BL+"'+uan’ B a=
3%81 +:--* Bgsn are the scalar products of the vec-—

tors a’ and BJ'by s, will be called the H-function
of n variables., The arbitrary contours Liseeasly,
extending infinitely at both sides, are supposed to
meet the two following conditions: 1. The contours
should be such ones that at certain constraints for
the parameters and variables Z]s...42y integral (8)
would converge. 2, The "separability condition" of
the poles of the integrand function should be sat—
isfied for every of the contours Lj to separate all

n
=21 eee Z. ds=dsl...dsn; o~ s=o
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http:arbitra.ry

the poles ofj‘!lll'(aii- o’o)/ ) T+ #Ie) from those

ut<0
U I'(ad+ « a)/ B
of J >0 1 F(b]+-u]s) with the assumption
By 3-1
that spe Ly, ki (j<3 denotes the product over all
O

j= T,A. for which a-}< 0).

Remark,The problem of finding all types of the con-
ditions for the contours and parameters, at which
integral (8) converges, is very complicated and has
not been completely studied. It can be demonstrated
that for (8) to converge it is sufficient that the
curves between -i and +i over sy are taken as con-
tours 1, and the conditions

Ty B .
'21”2' > _zlnﬂil , i=1,...,n, ()
]’ J.
T! A jn B j g
largz, | < 3'(.21l“i| - .Eliﬁi]). i=1,...,0, ..(10)
J= J=

are satisfied for the parameters, Then at (10) the

n
function H{z| will be analytical and,
speaking, polyvalent.

generally

Definition 2.The particular case of the H-func-
tion(8),when all the components of adj=I,A;pd, j=1,
B, could be 0, 1 or -1, will be referred to as G-
function of n variables and designated by [z]

It must be noted that the G-function defined
here generalizes all the earlier G-function from
the other works.

n

It way be found that the G-function G[z] = U(z)
is one of the solutions of the following system of
n equations

B.
(-1t g-(a3+ ads) 1 a- -pi-gds )-

ay o=t BLBI

- 1 (a'+ ods) 1 1 a-v3- g3 uee) =0, i-T;m,

n r (al+a’s)
Ug(e) = —— .0 L—zads. e (12),
(2ri) 1 r(1-a’-a’s)
je(A+B)/C
where a’ A, 1- bJ. ol oo BJ j=1,B, and C is

an arbitrary non-empty subset from the set (A + B)
={1,2,...,A+ B}, (A+ B)/C is its supplement to
(A + B), may be other solutions to the abave sys—
tem. In order that the functions (12) could be so-
lutions of equations (l1), it is necessary and -suf-
ficient that two conditions more should be satis-
fied: the sums sz{A+B)/C and B;j have the same

3
a;f0 @
evenness and the inequality
a05((13)

gl -z [od] 50, i= Tom,
i :
je€ © je(a+B)/C

be valid, which provides for analiticity domain of
the type (10) for U.(z) to exist, It can easily be
seen that the number of the functions of the type
(12) is within 2848 , the number of functions of the
type (12 but with the condition (13) could not ex-
ceed 28TB-1_ 1¢ ig possible that the solutions (12)
do not form a complete system of solutions of (11).
Moreover, apart from equations (11), other indepen-—
dent equations,can exist, which are satisfied by
the function GIz]. For example, Appell's function
Fy from Horn's list [5] satisfies not only two
equations of the type (l1) but also the third inde-
pendent equation, which is shown in the wellknown
book by Appell and Kampé de Fériet (1926).

3.THE FUNCTION H) [§ AND ITS EXPRESSION BY SERTES

In a general case the problem of expressing the
H-function in terms of the residue sum in the in-
tergrand function poles, which is very important
for the theory and applications, involves great
difficulties, which cannot be overcome as yet.
Here, we only consider_ the particular case of the H
~function, denoted by F!' For this case such a
problem in the regular (nonlogarithmic) case is
solvable. Let

o 3= A . 2 n C3
o 1 3 : = oo (12) m F(aJ+qu) i H I‘(C.:x st )
e
2 2mi :
where B, = Il , &= ("la_i"""' =l (@ri) L m e+ gl
* wid 1 n iR j=1
8] #0 cen(18)
which is of the order
where ui j=1,h; C , 3= TjC: C; 5 i= 1,n are non-neg-
max max o JI1 o+ jZL ’ JZ + le ) ative real numbers (the altuatxon of non-positive
l<i<n ai‘ 1 Bi'-l =1 3= 1 oi ,_CJ can be reduced to this case by substitution
of & for 2z). In accordance with Definition 1 each
The functions of the form of the contours Lj is assumed to separate all the
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A 5 B . "
poles of I I‘(aj+ a’s)/ 1 r(b'+ 8's) from those of
i=1 gl

C; . . B 3 i
i
Rll‘(c‘;{— CJiﬂi)/ I r(b+ gls). For the integral (14)
J= =1
convergence conditions (9), (10) become

A 4 G B .
t o+ ocd > r[8d],i=Thm , oo (15)
a 1 . i A 1

J=1 i=1 J=k

/. - Ci N B % o
iarg zi] <%( z n; + C‘} -z |B;l"!) , i= 1,n (16)
j=1 J=L *J'=1

o
At (16) Bl [zl is an analytical function.

Let the condition

£ 3 © ¢ W :
g ad < zped+zppl, i=Tn e (17)
4 1 < 1 . 1

j=1 i=1 j=1

which is an analogue of A +D < B+ € (from [2 "
Sect. 4), is satisfied. Then, integral (14) should
be computed in terms of the residue sum at the pol-
es k.
Cil + mi
Si=—_k.—, 1< k.ici, mi-o,l,..., i=1,n.
g 4
C.
i

... (18)

Let us assume that these poles do not contain
multiple ones, that is the following equalities
cannot be satisfied simultaneously
) P k A8 .
ey Cisi mg, o Cisi n,o, #k

As is known, at poles (18) the following formu-
la may be used to find the residues of the corre-
sponding gamma-function

Res
k:
c. - my k k s
S 4 & o om e D)
i —kiﬂ“ (e;" = €78 )= -QE——— m;=0,1,2,..
C, ¢ n,l
1 - A

e+ (19)

In order to express integral (14) in terms of
the sum of residues at poles (18), we substitute 8§
from (18) into the integrand from (14) and change

1
3 ——— /n [ds -
the sign e by the &ign of the sum
(e)" L1 o
over all the poles L L where

k=1 m=0
= @ = C Gn c1

= T aee I E = B «..
= L = = »
m=0 mn=0 my 0 =1 kn 1 kl 1

and replace T (-mj) by the residue (19) but with the
inverse sign (since integration over Li is clock-

wise for the region of sj). As the result, we find

the desired relation i k
. 1T (al+ == o+ &L m)
n .
- 7 1 - i=1 C (¢
o By RN ey el
nc; ﬂl"(bJ+c—kBJ+—km)
k=1 j=1 C c
kioi i mict
¥ Pl e Cik“i) (plnly @ ,
k i m!
i=1 j=1 c;t et
where
m m1+...+m
(-1) = (-1) s
k) k
k c e ™
S ook boait g el
k k k k
c C 1 n
€ c
1 n
3 3
J o a
e . U~ Lee(21)
k, 1 k n
¢ 1 n
c C
1 n
a prime in the product [ denotes absence of the
j=1
factor with index j= ki.

Particularly, if C‘}_ =1, j= 1,C;;i= 1,n and 0 or

%1 are components of al, §K, the H-function Hy [z
becomes the G-function, which will nbe denoted by

a -

Gy [z] . Under the same conditions Gy [ z | may be
expressed in terms of generalized multiple hyper-
geometric series as

n
‘G [z ]:
c k C k
A Ak 1_ 1! n S Ck
=gr(a+rxc),(c1 cl) Ry ,(cn —cn) ]z
k=1 (_bB+3Bck)
- i i k. Cc
1@+ ele q (1) z)"
® j=1 m
% B n C; k 4
.. O i : X \
. I (b‘j"’ 3JCk)ﬁjm il ar (1- cJ. + c.l) 4]
j=1 i=l j=1 SRy
ves(22)
where
(EA + GAck) - al+ ulck,..., N :
1, 1k -++(23)

B
(bp‘l' B Ck) =D+ BC yeeey bo+ 3Bck 2

r{at an) T(3+Blm1+...+dm)
(8) = T (a) = T (a) ven (26)
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n
Function G [;] is more gemeral than
A

(i}
A:B';...;B(u) %] ~ & Ef[a +1£lm qJ ]
et ® 5wl w0 T )
: ey n m]_ lln i ['[C_+£m'¥” ]
j=1 J i=;1 * i
¢ (n)
“ B
rpl +mel] coo W rltp(n)+m¢(n).xml o
J-l i 13 =1 1 et By
v p(n) :
- rld +m5 J ses N d( )+m ﬁ(u)] ml.! e nn.
j=1 j=1
... (25)
from [181. which is obtained form (22) at particu-

lar values of aX and ﬁk, when Ci- .

n
4. OTHER NOTATTONS FOR THE H-FUNCTIONS H{z|

For complete description of the dependence of
the H-function upon all its parameters divided into
several groups, it seems convenient Eto wuse more
concrete notarions, which will be given in this
section. Some auxiliary notions and symbols will be
preliminary introduced.

In accordance with the theory of Meijer's G-
function of one variable, for calculation of the H-
function of one and many variables distribution of
signs at ai and Bg at s; from (8) is of great im=

portance. It is therefore convenient to substitute
als and #ls by the following

pre SR Fouot 1
1a s = 11ui 181 lnal B
‘.—‘I - A il
ig;s 118-}. ::,1+...+L:3~1url ... (26)
where

. i e ) n
ui’i 0, j=1,A; ﬁi’i B, j=1,B; i=1,3-1_.
k= L,n ,

and the vector sign i consists of three components,
which admit only 0 or T 1:

T= (e i), ijxﬂ 6r 1 or -1, j= I,n (27)

To find particular distribution of 0 and T1in
every I} we use the ternary calculus with 0, 1 and
2, To this end, each -1 in i will be substituted by
2 and commas will be ommitted. The resultant i ...
i, will be transformed from ternary to decimal sys-
tem where its value will be denoted by i, i.e. (i,
ig...ip)3 = (i)yg = i. It is evident that with fix-—
ed n the mumber of all possible different vectors i
does not exceed 3"~ 1 (here 0 = (0,...,0) is
eliminated) .

In many cases instead of definiton 1 the fol-

lowing equivalent definition of the H-function may
be used.

Definition 1'. The integral

o | Ai 3 _j
m N Ma; + ig;s)

1 jnji‘l j=1

2%ds =B [zl,...,zn}

(zni)“ 3% B; ;
L, n 1 r(b + 15 is)
i=l j=1

(R e

Apveees Agpenns Ay
iPnses B gunsy &=L
H

TR — [Zpacees 2510

30, -1
«so(28)
will be referred to as the H-function of n vari-
ables, Here Al""' Ai""' A3n_1f BI’LL;' BB“-I

are non-negative integers, and a%. j=1,4; bi’ j=

1,B, i= I,n are arbitrary complex parameters. The
ather notations and conditions for Lk k=I,n , are
given in Definition 1 and in (26), (27).

In the last of the symbols from (28) indices
Aj, Bj show the number of gamma-functioms from the
numerator and the denominator, for which i is the
same. They are assumed to be associated with the
number i of the vector, given in the upper index
series. At A;»0 the pairs(;_)should necessarily be

indicated and at A;= 0 the pair to be ommitted from
the set of indices., The number i of each of the

pairs(z_)must be located strictly over A;. All the

indices and numbers are to be separated by commas,
n

permutation of palrs( ) to the left of H being al-

Aj
lowed.The same holds for pairs ( )
Bj

For example, any of the symbols

9! 7 3 [ & 7- 9 3
H|z| = H {2, ,2,,2,]

1,11 11, 1 Firtygd

denotes the following integral

11

(ST j j _
1 f=1 (a7 + 0.a.7.la1

“1“2“3

s =3

j 2 83
43,25 * 4 393 7y z," 23" dsyds, dsy.

«0 o (29)
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In order to find its i, the above _transforma-
tion (i)lo= 7 0= (021)3 ++ (0,-1,1)= i and formu-
las (26) to (28% have been used. It can be noted

va B : 1 1 3
that if (1) , i.e. r(ag + Qg,lsl) is removed, the

73
integral corresponding to H [z]
11

will be diver-

gent.

For the most complete description of the depen-
dence of the H-function of n variables on all its
parameters symbols (28) can be substituted by more
concrete and therefore more bulky

n

| P (RPN L |
Bogsang il A
1) » yrrey
. 3%
; n
a Laeesy 1000, 3=1
H [ ;
B, sy Bl ssway B %oy vomeis B
1 3. 3"y
A A A
r Al 1, T 1 — i
(11: a s O,....O,al,nj);...;([lz a;"; dog 150
B B B B.
1 1 3 1. ee=t
([1: bl 3 0,...,0,Bl’nj);...:([1: LF T ] ¥5rine
A A A &
([3%1 D TS o w5 ¥
3"-1 3%1,1 E i
2 B n Ba ’
(rep 37 g 3L g 3
3°-1 3°-1,1 3-1,n
oo (30)
where the following vector notations are used
. W TR,
T RO 5%,
A. A.
4 O - O P IS | s
([i: a;”; da, D=[ 1i: a3 11“1,1""'1nui,n]""'
Ai Ai Ai
(i a3 1&1'1...., 1nmi.nj =55 C3LY

For example, function (29) can be written in
terms of the above as

1 L.
9, 74 i [9% ag; 0,0, ag 4] 3
H [zl,zz,z3 L
le 13 =
ey, A1, iz ST LI
([7: 2575 0, -ay 5, of ] )J o0 $32)

(the coefficients a;'l. a;’z, n;‘l, i=1,11 for
this function should not necessarily be specified
since they are multipled by zero components of the
vectors (0,0,1), (0,~-1,1) and the function is inde-
pendent of them).

- 149 -

5. SOME PARTICULAR CASES AND PROPERTIES
OF THE H-FUNCTION

We will give here some particular cases and
properties of the H-function of n wvariables. So,
Fox's H-function (7) may be written in terms of
(30) as

mn f(a,a) 1,2; 1 2
X (2| ¥ Py H

pa (bq, Bq) n, m g-m, p-n

(1 l-an;an]); ({2: bm;—%J )

2z
lus a8 s 8] s L Ibgi B

[2: a3 {
[2: 8p4y5 o] veees {20 ai ‘Gp]},

-+« (33)
o,
and Hllz] (14) can be expressed as
- i n-1 3
n 2 6 sessy BEFTL o s XS JUSE e f
Hliz}- ) ’ ) |23 » 2 g z"_-’zl
6.6 c c 12 P
n'n=120r Cpigreren € A .o
n C
([2: ¢ "5 0,...,0, <0"]);..0;
C C
aqi=k, "1 1
([2*3 te; s =0 s Oyeny 0]);
I I SR .
([2—%£ : aA; af T uﬁ] )
a & s 4 @ L 2NN T SR T S * "‘(34)

where dots are given because there is no ‘order in

the signs of the varameters in the denominator of
(14).

The "degenerated" case of the H-function (28)
is of interest when the n-multiple integral is di-
vided into the product of n simple integrals. Then
the H-function of n variables is the product of n
Fox's B-funtions (7)

1,2, 3, 6y00s, 351, 2:3%1

T P Tg=ar Yprores Bps Oy

L s 25 yaesy

Y Py e

k
H

k-1 k-1 inorll K )
EE e P NEE L PR o I
gL e [T Pk ([1:a;";o,...,n,a§‘] n, <o, 3

. i k - I K‘ .. -
([2.1ank.o....,o, N Widaeat
CEAE. 1
(37 2 80 3 B 5 Gpeeas@]) 3

e ™
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(2: 1-b‘;;-o,....o, * B’Jf] )"k‘jiqk P

k=1, 1 1 :
([3 tagg aj. 0,...,0] )nl‘jipl :
= S | . i
(2377 : 1-a . g s 05e0s0] )
1 1
e S, S
([2-3%*: 1 b i 7B g 0""’0])m1<j5q1
i i
k m,ong . (api. api)
=1 H {= b o (38)
) i i
where
([EDegep = [E@H] 4eees [ER)] -

To conclude the paper, the property of the

shift, generalizing the corresponding formuila
(5.3.1) from [5] will be given:
x &8 o E iy £ poesy 324
Z) eee Zy H z] =
A veves Ay geeey A
= 3"
g X e B awaay Xt
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Addendum : M. Santana de Galindo and S. L. Kalla
have also studied a generalized H-fumction of two,
variables [sobre una extensifn de la funcidn gene-
ralizada de dos variables. Univ. Nac. Tucumin Rev.
Ser. A 25(1975), 221-229]. The notations used by
these authors are the same as [1-5] cited above. Re-
cently R. G. Buschman has studied H = function of
two variables in a series of papers [Indi.nn J. Math
20 (1978), 139-153, Jnanabha, 7 (1977), 105 - 116,
Pure Appl. Math. Sci. 9 (1979), 13-&81. The H-func-
tion of n variables has been trated by Buschman
in [Ranchi Univ. Math. J. 10 (1979), 81-88]. A re-
ducible case of H-functions of two variables is
considered in this Journal, Vol. 5, (ii) (1982),
1-2, In this series of papers, Buschman explores
conditions sufficient for the convergence of the
double Mellin-Barnes integrals, which define the H-
function of two variables. He also introduces a set
of notations to avoid confusion in the use of sym-
bols.
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