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ABSTRAeT 

We xpress t he absolute moment s of a 
ity dist(ibution function in t enos of the 
tian transformo A special ase a nd an example is 
cited to illustrate the applicat i on of our general 
resule . 

Los de 
l a fun
j emplo 

RESUMEN 

En este trabajo se obtienen momentos absolu ­
una función de distr' bueión en término;; de 

~ ión H. Se considera un caso especial y un e­
para ilustrar la aplicación de l~ fórmula 

general. 

l . INTRODUCTIO, 

Ir f(x) is a probability distTibution function 
amI <t(p) is the Laplace-SticlLjes transform defined 
by 

(l . L) ¡'" e - xp dE (x) p,::.O 

n 


then Hr) possesses derivatives of all orders given 
by 

e - x p n
(1 . 2) ( "" x df(x ) (_l) n ~ n (1') . O~<'" ,

O 

where f (x) = O fo r x<O. 

i t fo l l ows i n par t i cu lar 
the probabi l ity distribution 
f i nit e a bsolu te moment o C l he 
exists su eh t hHt 

probabil ­
I1 - func­

(see Felle r [2]) t hat 
f une t i on f (x ) ha s a 

n.th a rder i fE .¡ n (O ) 

.':0 I I n

(L. 3) ! ¡X I d f (x ) 

DenOle by A the lass o f a11 such fun t i ons [ 
whic h ar e different iab l e ever ywhere <J ny number o r 
times and iE it anu al l of its de r iva tives ar e 

O(x - 'J.) , fo r a 11 v as x inc ceases without limit. 
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ON MOMENTS OF PROBABILlTY OrSTRIBUTlON FUNCrrONS ANO 

H~FUNCTroN TRANSFORM 

The Weyl frac tional derivatives oE a function 
g(x ) is defined as foll ows 

0. 4) 

FOl' y > 

(1.5) 

wher e r 
\·~ ' enever 

y
( - 1) '" - y-lD

y 
g (x) 

x '" r (-y ) -'"x ( e- x) g ( t) d t 

fo r y<O 

O 

r
dnY g(x ) <XD~-rg (x» ,

rX '" dx

is a positive inceger such chat r - y'·O. 
g e A , the re~resentat i ons ( 1 . 4 ) and 

(1.5) exisc (seeMiller L5, p. 80J). 

Tr¡ a cecear paper WolEe [Il] extended l he l aw 
oE moments ot order n (n a positive integer ) lO aO 
equivalent result valid Eor an arbitrary order \ (A 
real) . \~e find it convenient to reeo el this resu l t 
in the following forro : 

l11EOREN 1 (Wolfe r11] ) . Let f (x) Le a pmbability 
distribution funetion such that f(x) =O f or x<Q. 
Then [(x ) possesses an absolute moment of che ¡,th 
order iff pD~ g (O) exists sueh tllat 

(1 . 6 ) /" /. d f(x) (_1 ) - \ D' g (O) , A rea]
p QOO 

Hhe r c g (p) denote s t he Lapl ace-Stiel tjes transforrn 
as defined in (l.l), of f (x) . 

REMARK l. It may be observed that the proof given 
by Wolfe [ ll , p. 31 0' can al 'o be fo rrnula t ed with the 
aid oE an interes ting r elation gi i ng [ he La pl ace 

y 
transtorm of t he funet ion ti ( t ) , f o. all real y • 
v i 14eyl fe c t i ona l cal culus , given in the paper oE 
Raina and oul [7. p .189J . 

Ou r object in Lhi s paper is t o express t he ab ­
s olu te moment s of a probabi li t y d i st r i but i on f unc­
t ion i n t erms of the H- f unct i on t r' nsforrn , def i nad 
below , wh i cl l provi des a gene r a l i zation ("lf the 
af orecit ed Theorem l . An example is c it ed to i l ­
lust ra t e th ap pli ca t i on of our genera lized resulto 
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2 . 'mE MAIN RESULT 

Tf f(x) is the probabillty distribution func­
t ion such t ha t f (x) =O , for x < O , then the in­
tegral equation 

(2 .1) g(p ) = (' I~:~ [a(Pt)h I(ai ,ai) l'P-'J 

(bi,tli ) 1,Q 


¡J f( t) dt , b>O, O-",-P< Xl 

defines an H-function transform oE f (t). 

In particular, if 

t 
(2 . 2 ) f(t) j Hx)dx O<t<<o , 

O 

then (2.1) reduces to the equivalent [rom oE the H­
f unction transEonn due to Gupta and Hittal [4, p. 
142.J. 

The H-function Kernel ~n (2.1) i5 the ~el1 
known H-function o[ e . Fax [L , P .408] which \~e de­
fine. in the following form : 

(2.J) 

with w r-:t and ft (s) given by 

M N 
(2.4) 	 n(s) ( 1 r(bj-l1j5 ) nf(L-a j +njs» 

j=l j=l 

Q P 
( ¡¡ !' (l-bj+!3j5} a r (araj';»)­
j=H+l j =N+l 

i'he. contour L i5 a suitably hosen eontour of 
Hellin- Barnes type.; che non negative integers N, ;.l, 

P, Q satisfy the inequaliLies O~M2.Q. O~N~P . !he 
parame.tars ~ . • ¡3i are 1'111 positive and che para ­
meters ai,b~ are arbitrary eomplex numbers. 

Ir being undersLood tbat (aí.mi)l.? condenses 

t he;¡rrayofpararucters (al ,al ), ... , (~,llp ) .P~O ; 

w:i.th s imilar interpretation for (bi ,tli) " q' Fur a 

detallad a count of the conditione oí existence of 
the H-function (2.3 ) , its various s pec ial cases and 
other important proeerties, '.ole refer to the paper 
oE ~upta and J ain [J] . 

Before stating our main resul t of th~s paper 
\~ch provides a gen ralization of (1 . 6). ve re ­
quire ~he following interesting resul t : 

Lr.MMA. Let f(x) be a probabi lity distribution func­
tion whose H- function transEorm g(p ) given by (2 .1.) 
be sueh that g(p) E A. Suppose 

-
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(i ) O<M<Q, O<N<P (M,N,P ,Q bei ng non-negative 
i ntegers)-;­

(ii ) h[(a1·- l)/CL1·"'J< O ('F 1, •.• ,N) , h>O , O-",-p<u> , 

M Q N P 
(iii ) larg (a) i < t 6~ , 6 L~.- Ltii+Lu.-r u.>O 


1 1 ~t+l 1 lN+l 1 


Then g(r ) possesses derivarives of arbitrary arder 
y (real ) given by 

r y T(2.5 ) a (-1)-Y DYg(p) 'ji Lx i(x) pJ
P to 

where 

(2.6) 

Proof : l E fex ) i9 a probability distribution fune­
tion such that [ (x) = .o fOT x<O • then [or y <O, 
,,¡e have in vie'.%f (1.4) and (2.L), 

nY g(p) = (-l)Y r~ (t_p)-Y-l g(t) dt 
p'" r ( - y ) 'p 

df(x»dr 

r ( t-p) - 1' - 1 
O 

dt) df (x ) . 

Sinee 

(2, 7) I (x-p) - Y-l 
p 

provided that h>O Re[b(ai-1)/aJ < Re.(y)<O 

(i=l •.. . • N) , iarg(a)i<t 6" . 6 being given i n con­
dition (iii ) (s t ate.d with Theorem 2 above) . ( wuieh 
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an rather asily be establish d by invoking the ( - '.o < '( < 00) , iff pD~ exists and is given by
definitions (t .4 ) and (2 .J ) ; also ded cibl e fr orn 
the r su t given by Raina [9, p.40, Eq. (3 .3 l]}, we 
find that -')' Q y'((2 . 10 ) x d f (x ) a (-I ) '1 (bi' i;1') D g (O) , 

p P '" 
P-y J1+1 ,N (2.8) [)Y g(p) (- 1)'1 

p whereQ 

P+l ,Q+l Q 
'1 r(1 -bi+Y )

Q 
(2 . 11 ) ~ (b i,ai;-,-) 

i =1 
Pp 

(1+1' ) :rr (l -ai+"y) 
i =1 

'1 (P- Q+ )
arg (a) 

I 

l< 2 

Ji b; are arbitrary complex parameters and 5­I 

3ume values s u ch char rhe Gamma quolients in (2.11)~ _ l ) i lf'l+1 ,,' 
exis t a b P+! ,Q+l 

Proof : 'l uppose !" (x ) i5 probabllity distributioll 
iunetion an" le l f (x) possess the absolute moment 

,(a i - qui/h,'li 1 P , (- '(,hfl of the yth order ( - m < y < _ ). 
I ¡:¡( px) 

h I ' x df (x). 

(O,h) , (b C'JI~i/h,ji) 1,0 2 From the elementarv relationship [ lile H-
f une tion [ 3, p. 600 Eq. (4.6) ] 

whieh ev úJcntlv cstablishes uur resu t f o r y O. 

For y~O , by invor<in¡\ [he definttion (l.5) and 

the case (2 . 8) , we get 
 (2.12 ) 

n M+l,N( - 1) y - n y
(2.9) lJ'l g ( p ) d

x H 
p .., 

a dpn P+l . I~l 
P 

.'1 r(ai ) 
(a ' _q' ai , (-q' , h ) J.=l [

' ~ h ,"i) !.P -=-Q"":""_-- pFr¡ <lp ) -z 
la (px ) h 

I I ( O (b' _q, i>i 
h .tli) 1 ,Q 

].f(X) , 
i 
, 
=L 

r (hi ), 11) , 
'1 

L 

( 1 =y-nwhere 

íL f l l ows i n p r. t icu l ar from our l emma (by set t ing
Dir(et'entíating undet' the sign o f integral the parameter.s in aceordance with the re l ation (2. 

( j uslifiab l e u del' che eond~t íons stated v i t h the 12 ) [lnd LIten rinally letting P '" O in the r e ­
theorem and the Lebesgp dominated con ergenc e t he ­ slJlting express i on ) r hat 
orem), opp aling to the fo nnu la o( Skib iniski r lO , 
p. U l, Eq. (4 . 1)] r eganhn g the der i vat ives of H­

DY
func tion ( see a ls Raina a ncl Koul r 6] ). we arriv e ( 2 .13 ) g (O)P ~ 
at tite requíred r e sult (2.5 ) for '1-::...0 . This proves 
ou e lemm:l . 

P 

.11 r (l - o rt"( ) 
REI'IARK 2. Tt mus t b men t ioned eh t t he aforec i ted r (l +¡ ) .1.=1 '1 

- I X ' d f (x) ,
lemma would a l so ollow froro a very recen t ly estab- Q O 

lishcd result due to Raina and Koul [8J , vith o f .1 r (l - b i +y ) 

co u r se. s u it a bl e amcndrnc nts in rhe hvpo hesi a nd i : 1 

der.i v~ri on method. 


~lhic 1 is ou r cles ired r e s lllt ( 2. l0 ) . 
THEOREt-! 2 , Tf f C' ) i s a p ,"obabi lity d i sLríbution 
function s ue h tha t f Cx) = O f o r x <O ,,'hose H­ Conv ersel y, if n~ grO) give n by ( 2 .l0)exis t , 
fUllc tiol1 transC u rro g ( p) given by ( 2 . 1 ) exis t. Then then it f o l l ows stra~gh t forward l )' er OD! [ he 
g( p) pos. e s s e s an obsolu Lc moment o f the yth o r dc r Fuhi ni ' s r heor ern t ha t 
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y 
j 	 Ixl d f (x) < <Xl yE(-''' ,''' lo 

amI thus f (x) possesses t he absolut e moment oE 
yl h order. 

REMARK 3. By th el.ementary relat ion 

1 O 

lr ] z(2 .1 4 ) 	 H ' z i - = e­
0>1 (O, .Ji 
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