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ABSTRAeT 

The present paper deals witb che behaviour oi 
th gene.raliz.ed hypergeometric func.tio 

pF p _, (il "' , a p: P l. • . • p P -1; z) in t he 

neighbourhoor of z~ . !he fundamental aOLutlon sya­
tE!lllS tor the correaponding ge:neralized hypergeo­
metric differential equation in tbe vic.inity of 
singular pointa z=O, 'JO and ~=1 are giveu for 
the ordinary, well as íor the logarithmic. case. 

En est trabajo se acudia el comportamiento 
de la función hipergeometric generalizada 

-1 tal ' .•.• Clp: Pl' .. .• p¡¡- ; 7:) ~n el entor­
~oPde z~l. Se dan los sistE!lll8s de soluCIones funda­
mentales de la ecuación hipergeomé rica generaliz.a­
oa con eapondienl!! en el entorno de la~ 8~gular1-
dade z-o, - _ z~l, para el caao ordwarl.O y tmn­
bl en para el caso logar í troieo • 

In lhe pre ene paper the tyV~ oC th singular­
riL o! the generaliz d h'fPergeanetri" fune tíon L:J 

(o" ••. • a ; Pl ' •.•• r ; z) al z-l is
P P-l· P p-J 
studied and the fundamenLAl BolutI0n systems LOI 
the torTespondlllg generalized hypergeanetric diI ­
fe.entia1 equation in the vicinl.ty of sIngular 
p011 t za() '" and 2''''1 are g1ven hoth for !:hE. 
ordLnary and for th~ LogaT1tbmic caBe •• Th result 
presentad here sr obtained on the bas1s of N.E 
Norlund's IoIOrk (21 w re the infOCD8 10 no 
preSP.nted separteiy 'n~ different Dotatiaos iucon­
veuie~t for applications are usec. 

As i. k.no • ti. gen ralized hYI'e~eomlltri~ 
functI0n -' (~) - (al.· ... Cl ;Pl' .••• P ;z

PP. P P-l P p­
1n [he x-plano la d i.ned as eh principal. branc 
of Ü.e ana1ytica functl.on represented by th 
~eneralizod hvpergeometrit series 

z)- 'F ,ap ; " )el'"P p­
! .••••¡ p-! 

-

Behaviour of hypergeometrlc function 

F (z) in the vicinity of unity 
P P-1 

(a)k. kP t • I zl < 1, (l)
U ) k! 

P-l k 

wner 

(2 

and 18 denoted by che same symbol B ie use::! fo 

the eries jtsel . 

Let in the following Pj F0.- ,-' •... , j-l.2, 

V-l, othorwise eh series (1) d not exiSl 


Series (1) is convergent at 1%1<1. u th 
circl 1z 1-1 ir converges when Re d >0 where p • 

p-! 

~p - t (p.-n.) - a (3 
J:I J J P 

If -1<Re~ < O, then series (1)' conventionaliy 
cOllVergenre- Bt 121 2 1, z+1 o.nd if Re 13 ~-1, the 
av~ the wnole circle Izf=l it diverg • 

n.o ra. Il . ..o) 1.8 a sectll>n of th princ 1. p 1 
branch of the anal tica! extension oC series (1,. 

Function el) ia one OL tne solution lo th 
followin>' ordinary linear !lomogeneous illfereJJtiBl 
equation oC th.. p- th order (c.h generalized bype­
geometric equation) 

p-l 
d ddZ .n (Zdz + p .. - 1) - ,0.I ~ <+ + J'>]UJ=J J j=1 " 

1 ­
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!be above equation has tbree coxrect s~ngu~ar 
point , namely zeO,~ and ~~l.Fundamental solut10n 
svstems of equations (4) st z=Ot~ are known [2}.lf 
~ne of p -p., j+k is an integer, the.n in the vici­
nity of z;~ J 'P ge.neralized hypergeometric func­
tion of cbe form* 

k=1.2, ..••p. Pp"'1 • 

among which F (z) ia contained at Pp : u o (z) = 
P P-l P 

pF _ (z), make tbe fundamental solution aysrem. In p 1 
che vicinity of z=... provided tbat there are no 
l.ntegers among ak-aj' j+k, the fundamental solu­

tion system U;(z), k=1.2 ... ,p, is obtained from 

the aystem ~(z). k=1,2, ... ,p , if in che latter z 
_.1. 

and z , Pk and l-ak, k=1,2 •... ,p, interchanged 

with che subsequent sssumption of P =1 : 
p 

k=l,2 •••.• p. 

At non-integer ~-u., jfk., tbe func t ions uO(z) 
... J P~(z). k=1.2, ••. ,p, are relat ed by the formula 

al •... ,a jZ 

F P ) = p ' p-l ( 
PI ... • PP-l 

and 
[31 

*) Here and in the fol lowi ng asterisk,.~ . , denotes 
tbat the component, containing P - P (in the

k kpresent case l +Pk-Pk) is omit ted fran tbe vector. 

-

o < argz < 2¡r • 

Re:re snd in what follows r [=1denotes a ratio of 
the corresponding gamma-functioll products (see [3 
4]) • 

1f thare are integers among Pk-Pj I jrk, the 
respective solutions fOr u~(z) may COincide or they 
may not exise. In that case, to obtain the funda­
mental eolution system of equation (4). a set of 
Pj should be divided into gYoups so th<lt every group 
would include a11 Pj' which differ frotO. one another 
by integers . For example, let Pl •...•Pq ~anpose one 
of such groups and Repq~RePq_l!•.•~RePl' If (A (Pk) 
PFp_!)p~m) is the m-th order derivative with res­

pect to the variable Pk of the function ;rp- in the 
right-hand side of (5) multiplied by an ar~itYary 
constant A(Pk)' depending on Pk. we may compose the 
function 

l-p 
~k(Z) = z k ( (A(P ) F ) (k-l)

k p p-l Pk 

+ 

(8) 

k ; 1.2•.••• q. 

Since no t all oí t.he derivatives become zera. 
the func t ioos f o rm q linearly independent solu­
tions . correspond i ng t o the parameters Pl ••••• Pq' 

Under cert ai n condi t i ons the terms. containing 
logaritbms in u~ may be absen t . To t his end i t 
i s necessary bu t á5t sufficient tha t all Pk,. k - 1, 
2, ..••q. be diff erent, i .e . RePq > RePq_1 > ••• > 
RePl • The f ollowi ng condition 15 one. of the 
sufficient onas. rf t he following equali t y i s ful­
filled 

W Rer e and in the f ollowing tbe formula nombers of 
the type (5. 40) denote the fOYlllUla 1llJIIIbers f rom [2 j 

2 -
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Pk PIr.-l-1 

rr R(l-Pk+j) = o k = 2,3, ... , q, (9) al ' . •.•a ;j
b :: F pj=o (14)Op P p-l P , ....P 

1 P-l ~ 
where R(x) def' d1.8' loe by formula (20) o 
and.the sectioos of the generali d h' then uI (~) In particular, with p=2 the equalitiessenes ze ypergeom trlc 

(10) 

k=2,3, ... ,q,p "1, 
p 

(1,d2 J' (a l )~ (a2)k 

P1-Gl,Pl-G2 (1­ ~2)k 
1:!L. 

k! 
(15) 

form q linearly índependent solutions corresponding 
to the parameters PJ , ••• ,Pq • Evi dently, 
tions contain no logarithms. 

the solu­

are valid and formula (11) becomes the above 
mentioned Gauss relation : 

Near z-1 the fundamental solut ion system may 
be expressed in teDlls of hypergeometric 'fu oc t ioos 
oo1y if p=2 (see Gauss's formulas 2.10 (l. 12 - 14) 
from [1J). As is shown in [21 with p > 2 the be­
haviour of pFp ­1 

(z) in the vicinity of z=1 is very 
complicated, not of a hypergeometric type, and is 

(16) 

described by the following formulas. 

l. 
valid* 

If dp is oon-integer, equality (5.40) is 

Q.l' .•••a iZ 

lp-l(P , .. ·./ ) In a general case che coeff.:icients ~ are1 P-l defined by (1.27), (1.28), which in the Sresent 
notaciona become 

p .... ,P .-~] 
r 1 p-l P tp(Z) + ~p(z)[ 

ell ••••• Cl (11) 
p 

larg(l-z) ¡ < '11 • 

(1 7) 

where F.p(z) has a singular i ty at z~l and '-pez) is 
continuous : 

Il -zI < l. 

(12) 

(18) 
r; (z) 1: bk.p(z-l) 

k. ¡l-zl < l. (13) 
p k"'o 

here alwaya cop = 1, C '" O. k=1,2.3 •. • • , and withk1 
13 > O (p-3) ~ p 

- 3 -
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(25) 

p-4
11 Q(~

p
-p-+/¡)] ~j (z) 

(19)(p-4) ! 

~ > , • • • • .. • • • • "' • • "' • • • 

(26) 

Re~.>RetL 1>-1, 
. 1 J J ­

aJ - Q(~ +k-P+2)]P . 

f1
(j -1) ! 


1..a , ... ,l-a ) 

r. ez) -r(~ +1)CPO -.. 1 P ).1%1<1' 

p P pp • O l-PI ••••• I-O _
p 1 

(27) 

1;1 (z) = O. (28) 
IIhere 

p p- l 
R(x) n (;t-lüj), Q(x) ~ x IT (x+p .-l), (20) 

j=1 JJ= 

,. (z) =r [PI' . , . ,Pp-l ]_~__ • 
p sinS 11"and ~ is the dífference operator defined by al •••• '''p P 

l,p ~··Il-(ll ... .,l-a ,i!
G z P P +

1l0f (x); f {x} , M(x) = f(X+l)-f(x). (21) p+1,p+1 0.13 . I - Pl •.•••1-p
l' 1'-1 

n n- k [\ 
pO 11-al' ...• I-ap )1: (-1) (k)f(x+k) 22) + G ( z l, (30)

k.=O PI' \ O,l-P l •...• l-p
P - l 

pl' ... ,p , - 13 J 1!he c.oeffic.ient bkp ~ay be found fr om equal- r P-l p- 7'" ~ dt.r. (z)
p [ities (5.43) 2rri y-i'" t-z(11' •• . ,al' 

r+i'" r. ( t ) (31) 
b =rla l , ... , Pp-l.4Spj _1_! P d t , 

kp 21t. (1 ) k+1 
(11' . •• ,(1p l. Y-i'" c- ~here O<y<l. and z líes to the righ t oE t he inte ­(23) 

grarion path.
O<y<l 

lt [0110118 from (27) that the proper t y (2.23) 
ü¡ fl.l.lfil ed 

!he fu nctions r.p(z) and ~p ( Z ) can be expressed 
r[l+llp l - P¡ .....1-tlp_1].in various forros, lor example, as follows(see(2.8 ) . r. (O ) Rep .<1(2. 44), (5.44),(5.41) P 1-a l , . . . ,1 p J 

(32) 

--el) 131- 1.-2 . ...'=1(z) = (l - z ) (24) p 

- 4 -

Rev . 'réc. . I ng .• \lniv . 'l.ulia Vol. 7, N~ 2 , 1984 

(29) 

http:5.44),(5.41


The following expression of r. (z) (5.45)* is 
important P 

P 

0-1 11 sin(,\-p.)1I 
¡; k=l J R. (z) , (33)p-l ]

j=:l 
\l sin(P -p.)'11

ki<.=l J 

where Rj(Z) analytical in the circle Iz-ll<1 may be 
expressed by any of the following formulas (see (5. 
1), (3.4), (1.13), (5.20), (5.21) , (5.7» : 

R. (z) (34)
J 

(35) 

denotes* Prime in the product [ ' sin (Pk- Pj ) ~ 

absence of sin(p.-p.) ~ . 
J J 

- 5 

(36) 

!he functions R.(a). j-l.2, •••• p-l. together 
with ~ (z~ campase J the fundamental 801ut~an 6ys­
tem P Uj(Z) z=1.2, ... ,p, for equation (4) in 

the case of non-íntegral ~pj 0,:I,!2" •• Equalities 
(11), (33) reflect the important property oi dif­
ferential equations tbat any p+l partlcular solu­
tions of a linear differential equation of ~be p-tb 

l-P, 

order are related by the linear equation witb the 
concrete coefficients. 

lt should be noted that 801ution F.p(z) is ex­

pressed in terms of z J pFp_¡ (z) bv (3.44), vhich 
is the inverse of equalities (11) (33), (34) and 
i8 of a simpler form 

P 
1; (z) 1: 

p jC¡ 

(37) 

HC1-P., ....1+a-p.;Z ') 
F J P J p =1

P p-¡ ( • P 
2-p.,l+Pl-P.,.,* .• l+o l-P'

J J P- J 

We present here a1so che formula (1.21) 

a.1 ' ¡.xZ)• • • , a. 
F JI = 

P P-l ( Pl' .. · ·Pp-l 

-a l '" (a. ) (-k,a:>. •... ,0. ¡) k 
~ F P (!-).( l -z) 1: k! P P- l z - l 

k=O P l • ••• ,Pp- 1 

(38) 

which ut p=2 and x=l becomes he well-known cqual­
ity 

2 . Now let Il =ro. m=O, 1 ,2., ... TIten relation 
(6. 2) i s valid P 

-
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al"" ,a ;Z)
F P '" 

P p-l ( PI" " ,Pp- 1 

m-l [PP""Pp-l]k (_l)m
~ (L (z-l) - - ,- r

le. m.
k=0 al' ••. , Clp 

(40) 

. [r. (z) tn(l-z)-6 (Z)J • larg(1 z) I < 11-P p 

where ~ (z) has beeD defined above and d are ex­
pressedPby the formulas k 

F (a.1+k , ...•ap+k;1) 


P N p1+k,· . ·. P +k ' 

P-l 

(41) 

snd the function a (z) continuous in the vicinity 
of z=l can be exprissed in all}' of the followiug 
forma (aee (6.3), (6. 4» 

O<y<l, 

(42) 

(z lies t o t he r i ght of the integrat í on path) or 

m al k 
(43)6 (z) (l-z) 1: ~(l -z)

p k=O 

where 

y+i'" r. (t) 
I m ( 1-t ) - -<P'---,..,.--,-::-- dt , O<y<l . (44) 

y- í w (l _t)m+k+l 

In order the ¿he integrals (42), (44 ) converge. 
the condiciona Re a.>-m. a . rO, - I ,-2, .. . •j ~1,2 •. .. • 
p, should be satísfiéd. J 

lf the condi t ion 

-

Rev . ! éc . l ng ., U~iv . 

m-p+! 
IT R{j) = O, (45) 

j=l 

where R6c) i s expressed by (20), is met, then in 
the equality (40) the second term in the right-hand 
side, which containa a logarithmic termo is absent 
and the SUlll, containing d

k
, only remains. 

In particular. a t p=2 fo rmula (40) becames t he 
following relatiou (see 2.10 (12-13) from [1]) : 

(46) 

3. If ~p~' m~1.2,3 •.• . • chen equality (6.1 1) 

pal .... .a ; z) el . ... . Jlp-l ( P = r P-l ~-1) !(_z)-m • 
P l • .. • .Pp - 1 1 • . .. . a.p 

(47) 

m- l ~ k m': l 
(1-z) + ( - 1) 11 (z) R.n(l-2)+X (z) J •(1 )k:Q -m k P P 

larg{l - z ) I< 11" , 

holda where the coeffic ' ents ~~ are def i ned by 
(17 ) ~~o~gb. (19) and np (z), ;{"!(z) continu.ous in 
the VU:·l.Illty of ",,-1 can' be expr~ssed i n any of the 
fo llowing forros (see(1 .34), (2.40). (2.42). (6.12)­
(6. 14» 

n (z ) 11-zl <1 , (48)p 

6 · 
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PO( 11-a1"" ,1-an (z) =G z P + 
P pp O.l-p . ... ,l-p I 

1 P-l 

m Op ( 11-a1 •..• ,1-0p )
+(-1) G z ? 

pp O,l-pl. ·· · ,l-?P_l 

'(+i'" fl (t) 
¡ t n(l-t) ~ dt 

y-i" t-z 

0<'1<1, 

(z líes to the right of the integration path) 

x (z) = (_l)m 11 -zl<I,p 

where 

y+i'" I'l (e 
r ln (l-t) P dt . 0<'1<1 . 
y-i<» (l_t)k+l 

If follows han (.SO) tbat the equaJ.ity 

r l - P1 , ••• ,l-pP-l] 

(49) 

(SO) 

(51) 

or 

(52) 

(53) 

I'l (O) = r , RePk< l , k=12, .. ,p-l,lP l-a1, ... ,1-a
p 

(54) 

is vaJ. i d. 

In the case when ~p(z) = O, series (47) con­
tains no logarithmic terms and Xp(z) - O. In order 
that ~p(z) = O, the conditiona 

m 
TI R(l -P k- j ) = O, P =1, k=I.2, .•. ,p (55) 

j=l p 

- 7 

are necessary and sufficient. 

In particular, with p=2 fon¡ula (47) becames 
the following relation (see 2.'0 (14-15) frem [1J) 

O. .fa. '-111]r 1 2 (m-l )!(l-z)-1II
[ 

el ,a2 

m-l 

!: 


k=O 
(56) 

(a1\(aZ)k 
¡: 

(k-lm)! k! 

1t=O 


\arg (l-z) \ <'Ir. 

4. 10 the cases when ~=~'lm=O.1,2 •... , the fun­
damental solution system Uj(Z)' j~1.2, ..• ,p, for 
equation (4) in the vicinity of z-1 may be composed 
of the funetions Rj(z2. j =I,2 •••••p-l. regular at 
z~l and the funetion Rp(z). which has a logaritbmie 

singulaxity at z-1. !he function ul (J:) .. R¡,(z) may 
be assumed equal to the righ.t-harulsides of (40) 
or (4?)! and the functions Rj(z) ~e defined by the 
equslit~es (34) through (36) st non-integral P' or 
from continuity from these equalities at in teg~al 
Pj' 

5. le follo,",s from formu as (11), (40). (47) tbat 
at Re ~P>O che relation 

('11"" ;Z) ~1'''' ,a ;1)Fp_l ,('1p .... p p larg(l-z)\C1I.
P P P-l

P¡. .•• ,Pp- ! z....1 l' ....Pp- l 

(57) 

holds. In che case of p=2. the limic value F (1) 
is expressed in terms of gamma- funetions PbY-1the 
formula (see (14)-(1 5» : 

Re( p 1 - a1-a»0. (58) 

-
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Witit p>2 thL value can be expressed ln terms of 19 valid, and if Re ~p<Ú, then at z+1,larg(J-z I<n 

gamma-functions onlv with special addirional condi­ the equaht) 

tiaos for the parameters C1j' Pj and t h arder p 

(Sel.! SeC'.. 4.4 fTOIlI [1 ]). 


lf 1\=0 chen at z+l . iarg(l-z)! 11 . thE -ó 
relation 1im (l-z) 

z+l 

1.....0;Z) rP\J.'. ,Pp-¡,

lP-l ( P '\.-i jr.n(l-Z)+O(l) (60' 
Pl""'P 1 a" •..•Dp- ~ p 

(59) halds. 
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