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ABSTRACT

The present paper deals with the behaviour of
the generalized hypergeometric funetion
pr._1(ﬂz. see s @I AL, ees - z) in the
neighbourhood of z=1. The fundamental solution sys-
tems for the corresponding generalized hypergeo-
metric differential equation in the vicinity of
singular points z=0, =« and z=1 are given for
the ordinary, as well as for the logarithmic case.

RESUMEN

En este trabajo se estudia el comportamiento
de 1a funcibn hipergeométrica generalizada
p’p—1(°x' cev s Bpi PLy eee 3 Pppid z) en el entor-
no de z=1, Se dan los sistemas de soluciones funda-
mentales de la ecuacidn hipergeométrica gemeraliza-
da correspondiente el entorno de las singulari-
dades z=0, = y z=1, para el caso ordinario y tam-
bién para el casoc logaritmico.

In the present paper the type of the singular-
rity of the generalized hypergeometric function [i]
is

p?p-x(al' T ap; Prseess pp_]; z) at z=1
studied and the fundamental solution systems for
the corresponding generalized hypergeometric  dif-
ferential equation in the vicinity of singular
points z=0, ® and z=1 are given both for the
ordinary and for the logarithmic casea. The results
presented here are obtained on the basis of N.E.
Norlund's work [2 were the information is not
presented separtely and different notations incon-
venient for applications are used.

As is know, the generalized hypergeometric

function PFP“ (z) = pYP—l (ay,-.- " L0 " i)

in the z-plane is defined as the principal branch
of the analytical function represented by the
generalized hypergeometric series
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Behaviour of hypergeometric function

pr_1 () in the vicinity of unity
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and is denoted by the same symbol as is used for
the series itself.

Let in the following 3 FO-1y=2,.00, 32,2, <oy,
p-1, otherwise the series (1) do not exist .

Series (1) is convergent at |z|<i. On the
circle |z|=1 it converges when Re 8p>g where

p-1

6p -ji) (Dj-uj) ey . a)

If -1<Rep < 0, then series (1) is conventionally
convergente at |z|=1, z¢#l, and if Re 8 €-1,  then
aver the whole circle [z[-l it divergés. v

The ray [1,%) is a section af the inci
- principal
branch of the analytical extension of series (1).

Pl_mction (1) is one of the solutions to the
follot:rma ordinary linear homogeneous diffarential
equation of the p-th order (the generalized hyper-
geometric equation) ‘

p-1
a_ d - Pod
[d, j:l(q;+ Py 1) = jll(zd_”+ cj)]u = 0. (&

I

Rev. Téc. Ing., Univ. Zulia Vol. 7, N& 2, 1984

e —


http:functl.on
http:vicinl.ty
http:gene.raliz.ed

The above equation has three correct s1ngu1:ar
points, namely 2z=0,*® and z=1 ,Fundamental soluj:.on
systems of equations (4) at z=0,@ are known 21f
none of p,~p., j#k is an integer, then in the vici-
nity of z50 i p generalized hypergecmetric func~-
tion of the form*

ool L=y oo eslH0 Py 52
00) =5 = ¥ , ®
¥ Pp1 \ Lipyopys el 0y

k’]-nzv-"p; 9p=1|

among which PFP-I (z) is contained at k=p : u: (z) =
pr-x(z)' make the fundamental solution system. In
ghe vicinity of z=w provided that there are no
integers among ay-uy, j#k, the fundamental solu-

tion system u.:(z), k=1,2,...,p, is obtained from
the sy?tem n;(z), k=1,2,...,p, if in the latter z
and z~ , p, and l-a,, k=1,2,...,p,  interchanged
with the subsequent assumption of pp=1 H

-1
- 1+uk-pl,...,1+uk—pp_l.ak;z

F ),(6)
pp-l 1+uk-a;, .#.,I-H:.k—up

“w
Uk(z) =2z
k=1,2,...,P¢

At non-integer lxk-nj, j#k, the functions uo(z) and
_(z). k=1,2,...,p, are related by the formula |3
Yk

. (ul,...,up;z) .
“p=1
vie Plaesess P

P

F[Dl.....pp_l]g r[uk.ul-ak,.t.,ap—ak] ;

@) 5 eweyp@ o -
P k=l b T TRLLE Y k

*) Here and in the following asterisk,.¥., denotes
that the component, containing pk = Py ( in the
present case l-l-pk-pk) is omitted from the vector.

-2 -

(7)

|
e g (%'*ﬂw---,lwp-v‘ )

P Pl 1<}-(:.k-a1 o, ,1+u.k-0p

0 < argz < 2v .

Here and in what follows I’[:] denotes a ratio of

ti\e corresponding gamma-function products (see [3,
41).

If there are integers among pR=pi, j#¥k, the
respective solutions for uﬁ(z) may coincide or they
may not exist. In that case, to obtain the funda-
mental solution system of equation (4), a set of
Pj should be divided into groups sothat every group
would include all p:, which differ from one another
by integers. For example, let Pyse--sPq COMPOSE One
of such groups and Rep >Rep,_;>...>Rep,. If (Alpy)
PFP-I)Dém) is the m~th order derivative with res-

pect to the variable py of the function l;yp—‘ in the
right-hand side of (5) multiplied by an ar%itrary
constant A(Py), depending on Py, we may compose the

function

1

-p
W =z K ae F 5"

k-1 (k-2)
7 an(A(pk)PFP"l)Dk +

Y

+ (malate & -
k

(D YR I I (8

B 3y Byvedsoge

Since not all of the derivatives become zerc,
the functions form q linearly independent solu-
tions, corresponding to the parameters Pys=e-s Pq-

Under certain conditions the terms, containing
logarithms in uf 2 may be absent. To this end it
is necessary but é.o): sufficient that all pg, k =1,
2,..+,9, be different, i.e. Repq > Repg—;, > .40 >
Rep; . The following condition 4is oné. of the
sufficient omes. If the following equality is ful-
filled

* Here and in the following the formula numbers of
the type (5.40) denote the formula numbers from [2]
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I R(1-PpH) =0 ,
j=o

=T, o5l B

where R(x) is defined by formula (20), then 2
of the generalized hypergeometric

P =P, =1
I
Ug(z) = zl pk T m I? (lh'.pk) ,
™R
k 213, teay q, p = 1’

forn q linearly independent solutions corresponding
to the parameters p . Evidently, the solu-
tions contain no 1

R,
arit

Near z=1 the fundamental solution system may
be expressed in terms of hypergeometric functions
only if p=2 (see Gauss's formulas 2,10 (1, 12 - 14)
from [1]). As is shown in [2] with p > 2 the be-
haviour of pF,_ (z) in the vicinity of z=l1 is very
complicated, not of a hypergeometric type, and is
described by the following formulas.

1. 18 3p is non-integer, equality (5.40) is
valid#*

( 12 ..,u.p;z -
PP'I
pll-"Qpp -1

Py 2 4 s=B
r[ . Pl P]r (2) + 5, (2),
u‘....,ap (11)
larg(l-z)| < = ,
where Ep(z) has a singularity at z=1 and r;p(z) is
continuous :
e T S k
£ = @) 1 b a- 1] <1,
e =0 p 'k
(12)
@
t(2) = T b (z—l) ' [1-z| < &, 13)
P k=0
here always cop =1, Ck1 =0, k=1,2,3,..., and with

>0
ti13

-3

T M
bop " Fp—l pl Dp (14)
¢ 177" pmp
In particular, with p=2' the equalities
(p 'ﬂ ) (91"“ )
G = k' '
P1,8y (a ) (a,) k
2°k
By = T J( B W
pl-al yP1-0p :
are valid and formula (I11) becomes the above
mentioned Gauss relation :
01.01"112-01 py—ay-ag
2F1(ay,ap3p132) = I‘[ i J(l—z) . (16)
 Eagr

pl'a]spl-uz;
2F)
l‘i-D]-al—uz

1 P1sPg=0t) ~ap 1'“2‘ -z
+
[91‘“1'91‘“ }

In a general case the coefficients are
defined by (1.27), (1.28), which in the resent
notations become
c 2 = R(Bz): 2C22 L B(Bz+1)c12 yesey
ke, = R(B#-l)ey ) an
¢,y = BR(B5-1) - QC8y),

2,, = [An(ga) = Q(|33+!.)]c13 - R(Bg)seees
keyy = [ARGB#-2) - QBgtk-D)]ey . -
(18}

= R(Ba"'k-z)ck_Z.a »

A"'zntsp-wn
ot P = (p-2)!

aP73 e )
(p-3)!
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where

P p-1
Rx) = T (x+05), Q&) =x T (:H-oj-l). (20)
i= j=1

and A is the difference operator defined by

A% (x)= £(x), AF(x) = £(x+1)-f(x), (21)
e n n~k n
APElx) = ATTHE@)) = @ o(-1) ()£ (xt) (22)
k=0

The coefficients bk may be found from equal-
ities (5.43) e

yHi®
S N I L_(t)
b, =T = f —Ldt,
kp ~ & 2“1 - (t—l)kﬂ
: it bl 1 (B)
O<y<l .

The functions .‘;p(z) and t;p(z) can be expressed
in various forms, for example, as follows(see(2.8),
(2.44),(5.44),(5.41) :

3
f (@) = -2y L, (24)

By
Ey(@) = (1-2) Fy (o0, W0y =0y 38, H31-2), (25)

Bj'"l
Ej(z) =r[ ] '
- .
N e

1=p, . 1 %=1
z jl}'t

py_ sl
-z) 7 T £ () ae,
z -

(26)
Reaj >Re8j A2 >-1,

1 seoeyl—a

e
£ (2) =r@ H)EP (271 ’ ) z[<1;
p P pp 0,l1-p 1=p )
) Tty P__l
27)
5, (z) =0, (28)
£, 58 yaol-z
g, (z) = T'[ A ]zﬁ(ﬁ; . \s (29)
¥ X =8, Vi
P1m3y 20370
PyssessP
Fp(2) =I'{ il p_l]si:s =
ﬂl'...,up P
{ 1,p ( 1"‘51,'--.1"‘0 ,ﬂ
G z ; | +
pHl,pHl O’Bp’l—pl""'l_"p_l
po l-ay, ..oy l-0p
+Gpp % 0,1=Py 5ennyl=p__ )] 3 (30)
Pl
e -B
i ) = rrl s p]zl_i R
¥ al, .ap r y=iw t-2z
(31)
where 0<y<l, and z lies to the right of the inte-

gration path.

It follows from (27) that the property (2.23)
is fulfilled

1"'8P;l_pl PR vl‘pp_l
J. Rep.<1l ,
1-8)5. 00510 3
P (32)

EP(O) = I

12T
B#

-4 -
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The following expression of 7 (z) (5.45)% is

important
PLarersPy
’.p(z) = r[ul,..-,up }
P
p-1 I sin(uk-pj)w
L . k=1
L By (2) (33)
- i sm(pk-o DL
k=1

vhere R;(z) analytical in the circle |z-1|<1 may be
expressed by any of the following formulas (see (5.
D, G.4), (1.13), (5.20), (5.21), (5.7)) :

[ I'[al....,up ] a4)

OI ....,pp__1

F-(
pplolv

) 1+u‘—p l+up-oj
[2—91,1+D1-pj. ...l+p —oJ] F

1-p, 140, —psyeenylta —pssz
i —pJ & 1"9]1 s P DJ ]’
D P'l Z-Dj,lﬂl’ﬂj ’ u'.,l""pp_l—pj

" ( ) & [1h1_pj'1+02_pj 'ul s
«\Z - rs .
? smsp" lhlhz—oj P reeeab

;:' (lﬂl‘pj)k(lﬂ i) 2 ("kvusa-n) p'pj ,Z)
v = )
k=0 (1+ﬂ.1'k12—p )k ki P p1! pl,....pp_l

(35)

Re(pima,) < 1, &= 3,4,.ccups

* prime in the product lll' sin (pk-—pj) m denotes

absence of sin(pj-pj) e

l-ul,...,l-ap.l-pj
z N
0.1-—9:i ,1~pl 5o ,l—pp_)

(36)

-1 2,pH

R.(2) = GP+1:P+1

ing_
3 wip,

The functions R.(z), j=1,2,...,p-1,
with £_(z) compose Jthe fundamental solution sys-
tem P uj (z), 2z=1,2,...,p, for equatmn (4) in
the case of non-integral 8o# 0, -l 2,... Equalities
(11), (33) reflect the mportaut property of dif-
ferential equations that any ptl particular solu-
tions of a linear differential equation of the p-th

order are related by the linear equation with the
concrete coefficients.

It should be noted that solution .p(z) is ex-

-p

pressed in terms of z 1 (z) by (3.44), which
is the inverse of equalities (11), (33), (34) and
is of a simpler form

together

E (@)= T
:pj"up

jgl Dj'ﬁl,...
4o, =p.;eaadta 3z
F 1 J' . P-pj, ) A al L
PPl Yo

205,149,794 ¥ 0 .

(37)

We present here also the formula (1.21)
. ul,...,ap;xz )
PPl
pl""’pp—l

—ay e (@), “k,a,,
(1-z) b e pp-i

k=0 . 91'--"9p_1

which at p=2 and x=1 becomes the well-known equal-
ity

-y -
oF1(ay,a,30,52)=(1-2) " oF1(a;4p =%p50y5 o) - (39)

2. Now let sp-m, m=0,1,2, ... Then relation

(6.2) is valid

~ G
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m-1

m p ,...,p
k ()" [11 -1
: a0 Gk rl B -
kao : al,...,u
P
(40)
’ [Ep(z) mn(l-z)—ep(z)] » larg(l-2)| <7
where Ep(z) has been defined above and dk are  ex-
pressed by the formulas
dk (al)k (up)k al+k,...,ap+k;l
= p )
(pl)k. ive (Dp_l)k k! P ‘I'HQ,...,QP_I-Hg 3
(41)
and the function 6 (z) continuous in the vicinity
of z=l can be exprgsaed in any of the following
forms (see (6.3), (6.4))
m y+ie sy EoEd
Q(z)g_.gi.zr)__ I3 M]—'-—t%—p—dt, O<y<l,
P 2ni g (1-t) t-z
y-ie
(42)

(z lies to the right of the integration path) or

6,(2) = a-z)" kgo e -2, |1-za, (43)

where

o = ok, Yﬁ“ma—t) St dt , O<y<l. (44)
2ni g (l_.t)m+k+1

In order the the integrals (42), (44) converge,

the conditions Re a.>-m, a.#0,-1,-2,...,3=1,2,...,
p, should be satisfidd. J

If the condition

-6 -

m-pt;

i R(G) =0, (45)
=1
where R(x) is expressed by (20), is met, then  in

the equality (40) the second term in the right-hand
side, which contains a logaritimic term, is absent
and the sum, containing dk' only remains.

In particular, at p=2 formula (40) becomes the
following relation (see 2.10 (12-13) from [1]) :

+u,,+tm

Vo
2F1(“1:“25°1‘*'“2't“32) = Fr ](m-l)! S
ul-hn,az-kn

(46)

] -

a,+o_4m

m-1 (& 1o,

) (a,)
(—11_;%2!—!-“— (1-2)%+(-1)" (1 )™ r[

a

k=0 1778

. @ (ﬂlh)k('azﬂ)
B0 Ty TR LU ) (bt ) = (o Hetm) =

—w(azﬂh)—ln(l-z)_] (1~z)k . larg(l-z)|<'n

3, 1If BP&m, m=1,2,3, ..., then equality (6.11)

)l

ul,...,ap;z

F
pp-l(

3se03p
} ""] 1) (-2)™ .

Praeessp ELRTICN

p-1
(47)
m-1

k m-=1
z 1- + (=
o A=, a-z)" + (-1) np(z)zn(l-z)-f-xp(z)} .

larg(l-z)|<w R

holds where the coefficients are defined by
(17) through (19) and ny (z), Lgu) contimious  in
the vicinity of z=l can be exprBssed in any of the

following £ 1.34), " > . ‘ -
Gans orms (see( ), (2.40), (2.42), (6.12)

@
z

Jemap 1)k
k=g B

e = l1-zl<1 ,  @8)
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) R £ 1

p0
n{z) =G (z
P PP

Op 1-0, ,...51=0
m 1 P
"'( 1) Gpp(z o,lﬂl.---,l‘pp_l) ki

P [Dk_ol""’pk.ﬂp] 0%
z .

(z) =
"o (®) kf,lr Py By s e e e sy O

1 P )+
)
O:l’pl» ) -pP"l

(49)

P

lhl-pk, aee ,1+o,p-ok; z

S, * .lz]<1,0 =1 (50)
P Pl pr"k""'“”p-fpk’z'“k P

1)l yHe n_(t)
xp(z) = -yiiu tn(l-t) —Lt_z at ,

O<y<l, (51)

(z lies to the right of the integration path) or

*
xp(z) = -D" ¢ e'k(l—z)k ,  |i-zj<1, (52)
k=0
where
1 yHe n_(r)
e'k = s tn (1-t) el dt, O<y<l. (53)

y-iw (1-t)

If follows from (50) that the equality

L=p, seeesl=p_
! pl]’ Rapkd, k=1,2,..,p-1,

P

n(0) =T
P l-al,...,l—c

(54)
is valid.

In the case when n,(z) = 0, series (47) con-
tains no logarithmic terms and Xp(z) = 0. In order
that np(z) = 0, the conditions

m
| R(l—pk-j) =0, pp-l, k=1,2,...,p (55)

j=1

are necessary and sufficient.

In particular, with p=2 formula (47) becomes
the following relation (see 2.10 (14-15) from [1])

a o -m
-n

F (al,az;ulhz-u;z) = I‘[ 12 (m-1)!(1-2) :

21 QI’QZ

a-l (o -m), (a,-m), ey r[:ﬁ“z"‘

I 3
%) (l—m)kk! 0,0,

(56)

(ay) (a,)y

I Gyt R

k=0

[W (et )+ Cletmtl ) =4 (@, o) ¢ (o, +e)=

—:t.n(l-a)](l—z)k ) |arg(1-z) |<m., =

4, In the cases when &p=ﬁn.1m-0.l,2,..., the fun-
damental solution system u:(z), j=1,2,...,p, for
equation (4) in the vicinid of z=l may be composed
of the functioms R:(z), j=1,2,...,p-1, regular at
2=]l and the function Rp(z), which has a logarithmic
singularity at z=l. The function uil,(z) =R (z) may
be assumed equal to the right-hand sides of (40)
or (47), and the functions Rj(z) gre defined by the
equalities (34) through (36) at non-integral pj or
from continuity from these equalities at integral
Dj .

5. It follows from formulas (11), (40), (47) that
at Re Bp>0 the relation

(. SR avest 31
x2 LAt 19 Pl
PFp-l( ’ ) *ppp-zc P" Ylarg(1-2)|<n,

91;-.-.99_! 21 1,---,QP_1
(57)
holds. In the case of p=2, the limit value F " (1)
is expressed in terms of gamma-functions Pbg the
formula (see (14)-(15)) :
PysP 0y
1 1772
2Fi(a,,0,50,31) =T ,
17%2P17%
Re(pl—o.l-cz)>0. (58)

-7 -
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With p>2 this value can be expressed in terms of
gamma-functions only with special additional condi-
tions for the parameters a5y 03 and the order p
(see Sec. 4.4 from [1 ).

is valid, and if Re B <0, thenat =+, |arg(l-z)|<n
the equality P

Byseeasl 32

If BP=0 , then at z+l, Iarg(l—z)[ <%, the "Bp P
relation lim [ (1-2) F ( } o=
pl,...,p
P-1
1..-.,np;z l’.“’pp-—l pl""’pp-l’-ap
g )ww ]MO#HOU) PL J -
pi""’pp-l ul,...,up l,...,up
(59) holds.
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