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ABSTRACT

In this paper the authors have presented the
formal solutions of triple integral equations as-
sociated with Hankel kernels. It has been shown by
the application of a known integral involving prod-
ucts of Bessel function and the known solutions of

Abel's integral equation that the problem reduces

to that of solving Fredholm integral equation to
the first kind which can be easily solved by nume-

rical methods. The results 6iven 1 e hy looke

and Tranter follow, as special cases.

RESUMEN

En este trabajo se considera la solucidn for-
mal de ecuaciones integrales triples asociados con

105 kernels Hankel, Una integral conocida que invo-
lucran los Productos de funciones de Bessel y la

geuacidn intcgral de Abcl han sido utilizado pard

reducir el problema a una ecuacidn de tipo Fredholm
de primera clase la cual puede ser resuelta facil-
mente por métodos numéricos. Los  resultados de
Tranter y Cooke resultan como casos particulares.

1. INTRODUCTION

Formal solutions of certain triple integral
equations with Hankel kernels has been the subject
of interest during the last two decades and several
authors have contributed a number of papers notably
by Tranter {1960), Cooke (1963, 1963 /64, 1965) ,Wil—-
liams (1963), Lowndes (1969) and Noble (1958, 1963).

The method followed in obtaining the formal
solutions of the integral equations (2.1), (2.2)and
(2.3) given in Section 2 is essentially due to No-
ble (1958).

2. TRIPLE INTEGRAL EQUATIONS AND THEIR SOLUTLONS

The following triple integral equations will
be solved here.

D

IN THE SOLUTION OF TRIPLE INTEGRAL EQUATIONS

[ oP B (x)du = 0 (0 <x <a) ve(2.1)
o
[ H@J @x)du = £, (@ <x €b)  ..u(2.2)
0
[ o @I wtu =0, (b<x<w) voi(2:3)
(o}
where p and q are given constants and H(u) is an
unknown function of u to be determined.

Two forms of the formal solutions will  be
obtained by employing different methods. For the

oaka of b!évity, we will merely outline the proofs.

The first form of the formal solution of the
triple integral equations obtained is

b
H(u) = u'"P / t@(r)J (ur)dr

«ea(2.4)
a
where
ey Zs1n"(§i§%!ﬂ% ad g fb s G(s)ds
r) = r —_—
L dr atp-g-q
P (s2-r2) 2
viss{225)
and
gtp-n-g atp-B-q, . __dtp-a=q
abdig=pil & 7] Yy 1T( 2 Ysinm ( 3 ’)
8 G(s) = e
qu-p 1
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+ L !s xsﬂfgx!dx
L Btpa=g
8o(2x?) 2
R i e

(82-22) ﬁl‘!;lﬂ

b
xf LG(E)R(s,t)dt soi(206)

o+p=g-q
5 (t2-a2) 2

Uhare

a“""ﬂ"’P"ﬁ'z r (ﬁﬁ%ﬁ) T (p-q+1)
a2 2" f (_g’fzﬁ“tsﬂ)

K(s,t) =

L O T
xhkﬁylﬂJfﬁy&!%.g.JW)

t2

with Ra+B8+q=-p+2)>0,R(p-q+1)>0,

2 2
|51 <1 | 2]«
s? t2
(2.7) 1is a Fredholm integral equation of the first

kind, which can be solved numerically. Knowing G(s),
we can obtain @(r) from (2.5) and H(u) can then be
calculated from (2.4).

The second form of the formal solution that
will be developed here is

1-q (A b
Hw) = u [ rfi(r) Jy(ur)dr + [ rf ()T (ur)de
o a

+] 5 (r)J, (ur)dr
b

ass(2.8)

where
£1(x) = —TZI- sian (ﬁﬂi—ml-)ra(az-rz) 2

3 Btg-a-p
x |- [ e ?
a t2- 42

B+q-a=p
Ml 2 (£)de
I p z"—L—— 7 ssillsd)
-¥

(0 <t < a)

and

Y 1o )
RN T P wa

——
b b tB‘!-l (bz—tz) 2

[tk (y,r)dy - [ £(t)de
2 a

X

£2-¢2

+ [ £(Ky(y,r)ay| ,
[o]

(b < r <= son{2.10)

where

Kz (y,r)

g+q—o—

2 au+d+p-q+21"(8+l) I,(c_-f-g—g-_q+2)
2c2 bu"'P"ﬂ_q r(‘_xi;?jﬂ)

-pg=1
y P (y2-b2)

(2

xFD

(8+1,1,1, p=B=q , otbip-q¥t a’ a2 &
» ’ b 2 * 2 1 yz ’ rz » y

wee(2.11)
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with R(B+l) >0, Ra+p-8-q+2) >0,

2 2 "4 .
| &<, |21, [2] <D
y2 2 b2

PROOF OF THE FIRST FORM

In view of (2.1), (2.3) and the Hankel's in-
version formula it is observed that the unknown
function H(u) can be represented as (2.4). We now
substitute the value of H(u) from (2.4) in (2.2),
invert the order of integration, apply the formula
Erdelyi, A. et al (1954, p. 48) and Euler's integral
hypergeometric function. Further we suppose that

b -at+l
G(s) = ! T P(r)dr

BHq-a-p¥2  *°
o (rz—sz) 2

then on applying the vapiants of Abel's integral
equation Sneddon (1966, p. 41) the desired results
(2.4) and (2.6) are obtained.

Let

[ ub BT )du = €160, (0 <x <)
)

=f5(x), (b<x<w)

then H(u) can be represented by the equation(2.8).
From (2.1), (2.3) and (2.8) it is found that

Iyp(x) + Ig(x) + Ip(x) =0, (O<x<a; b<x<w)

where
Ij = [ rf (0RGx,e)dr, §=0,1,2;

f (r) = £(r), the limits being from a to b, 0 to a
d b to » respectively, and

R(x,r) = f u1+p-/ Jg(ur) Ja(ux)du
0

Now Iy can be treated in the same way as in
the proof of the first form. Then on applying the
results Watson (1940, pp. 373, 401) and after eval-
uating the'definite integrals involved in the ana-
lysis with the help of the formula :

a
n
/ Yc(az-yz)d.vr (s2-y2)dy

) 1=)
J2dteh P T(aH)
—— ¥ Yt 3
itl i I‘(’ d;c+3)
+1 : 2
. Fl()n) EL oy @*Tfﬂ; 8_2, 5_2)
n )
aZ
where R(c+l) > 0, R(d+1) > 0, | = | <
al
1

we arrive at the result.

For a detailed discussion of Lauricella func-
tion

n
Fg )(a.bl.....bn; €5 XpsnenrX )

the readers are referred to the monegraph by Exton
(1976, p. 41)

The authors are thankful to the referee for

for giving some useful suggestions in the improve-
ment of this paper.
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