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ABSTRAGT

The exact null distribution of a test statis—
tic proposed earlier for testing equality to two
mean vectors under the intraclass correlation
models has been derived in terms of generalized
hypergeometric function as well as in series form
suitable for computation. Explicit expressions of
the density are given for p =2, 3, 4 and 5 .

RESUMEN

La distribucidn nula exacta de un estadfsrico
de pTUGDa DrODUESLO 00N AfkArioridad para examinar

la igualdad de dos vectores medios bajo los mode-
los de correlacifn de interclases, ha sido deduci-
da en términos de la funcidn hipergeométrica gene-
ralizada, asi como en forma de series adecuadas
para la computacidn, Se mencionan expresiones ex-—
plicitos de la densidad para p = 2,3,4 y 5.

1. INTRODUCTION

Let X and Y be independent pxm and p¥n
random matrices whose columns are independently
and identically distributed as

Np(ul.21J and NP(U2,Ea) respectively. Also, let

-

= ' = g2 - ' i =
I, = Lpy»9;) Oi[(l ﬂi)Ip+ o ee Tyt o TLIE

where 1_ is the identity matrix of order p and e =
y -
(P

Press {1967) combined Scheff&-Bennett procedure
with the likelihood ratio test and derived a test
statistic A for testing H :y;y = Yz and showed
that h-th null moment of A “is (n>m)

ON A TEST STATISTIC CONNECTED WITH THE
MULTIVARIATE BEHRENS - FISHER PROBLEM

e’ = (1@ - 1)z + h|T(/2)/{T@/2 + Nl -

P2
/)Y 0 rfm-1)/2+ i/ -1) +h}
ot

]

rm/2 + /(e - D]HT[(m - 1372 +

ilte - D]T[m/2 + §/(p - 1) +h]}. .2)

This article deals with the distributional
problem of A. For related work see Pillai and
Gupta (1969), Gupta (1971) and references given
there. In section 2, the density of A has been
derived in terms of G-function, using inverse
Mellin tranasform and the definition of G-function.
In section 3, the series form of the density is
given which has been obtained using residue theo-
rem. Special cases of the density are given for p=
2, 3, 4 and 5.

2. DENSITY OF A

By using inverse Mellin transform and the
expression (1.2), the density of A, denoted by
f(A), is given by

F(A) = Km,p) (2mw) ™" F(T[(m-1)/2 + W)/
C

p-2
Tlw/2 + 0]} 0 {r[tm-1)/2 + §/¢p-1) + 1]/
i=0

Fla/2 + 3/¢p=1) + 1)1 Pah. 0 <2 < 1.
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(m-3) /2

= K(m,p) (2m) A ! [I‘(a)/I‘(m-llz)] T o[

3=0
/-1 ]/T a1 /245 (p-1) | A %da, 0 < A<1
(2.1)

1
where w = (-1) /2

p-2
K(m,p) = {T[m/2]/T[(m-1)/2]} T {T[m/24i/(p-1) ]/
. o0

I[(m-1)/2 + i/ (p-1)]} (2.2)

and C, C; are the suitable contours. From the
theory of G-functions it is easy to see that ¢

tnd ) can always be found and (Ll) can Do L ip
terms of G-function [Etdelyl et al. (1953), p. 207]

Y lhtil (p-1),

& (m=3) /2 [
£(\) = K(m,p)A Gp P }‘lo.jlip-l)-

3 = Dolyeesyp=2
] 2.3
j=0,1,...,p=2
D< A1,

Using the well known result on the G-function, na-
mely,

2,0 0p+B;-1,02+82-1

Gz.z zlax-l yaz-1

0.2—1 By+8,-1

[z (-2 IT(B1+82) ]

2Fy (@atBa=0y ,B13B1+82; 1-2), [z] < 1 (2.4)
the density (2.3) for p = 2 is given by

(m-3) /2

£(\) = K{m,2)A P12y 2s 15 1),

and for p =3 by

(m—3) /2 Y.

£(A) = K(m,3)A {aa=n  /r@3/2)}

oF1(1, 1/25 3/2; 1-)). (2.5)

On using (16) of Erdely et al, (1953, p.102),(2.5)
becomes

1

=[1 (m=3)/2
£(0) = 2K(m,3)T log{(1 + /ToN) //A),

043 <14 (2.6)

3. DENSITV TN SERTES FoRM

General series expansion of the density £())
is obtained by using residue theorem on the right

hand side of (2.1), Two cases, p-even and p—odd,
are considered separately.

Case T : p-odd,

Cancelling out the common factors in the in-
tegrand of (2.1), the density f()) is rewritten as

m-3)/2
£(A) = K(m,p)A (2m) " [ {I(a)/T(a+1/2)}
Cy
(P-3)/2 171 —g
[u+:(p—1) } A da. (3.1)
3=0

The integrand has poles of order unity at a=-i/(p-
1), 1=1,2,.0.,(p-3)/2; = -i, 1 = 1,2,...; and
a pole of order 2 at @=0. The residue at a =-i(p-
1)-1 is

i/(p-1) (p-3)/2
r[-i/(p-1)]2

Hri/2 - :./(p-l)] n [G-i)/
=0
(p—l)]};the residue at & = -1 is
i (p-3)/2 i-1
A/r[i2 -0 0 =i/ p-1) T G-,
j=0 i=0
#i

and the residue at o = 0 is [-logh + Y(1) - w(I/2)
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(p=3) /2 -1 (p-3)/2
- I M-} JHra2) o Gle-)),
j=1 j=1

where ¥(s) is the vell known pei Function [Eradiyi
et al., (1953), p. 15]. Simplifying these
with the help of conversion formula [Hathai(1982).
eqn. 2.7]. equations (6) and (7) of Erdélyi et al.
(1953, p. 3); and equation (12) of Erdélyi et al.
(1953, p. 16) and using the residue theorem one
has the following result.

(m-3) /2
£EQA) = K(m)P)l

(p=3)/2

len e @&dn)

lp-3)/2 -t j -1
[-10g(A/4)- L {(p-1)i +(-1) (p-1)j cot{mi(p
j=1

wl ETICSY) y
1) (17245 /-1y r/2) &3/ e-n)

- (p-1)/2 = j
B2 - ] I ATz
=
(p=3)/2 ’
(r*a/2);! 1 G-k/(p-11]], (3.2)
k=0
D0<)A<l.

For p=5, the above expresion reduces to

(m-3) /2
£(1) = K(m,5)A (4/vm [log(r/4) - 4
2/1. © g
+ 4 {T(3/6)T(1/2)/T(Q/4))Y X+ jzl A T(/2+5)/

{r(1/2)iG-1/4)jt}], 0<a <1,

Case 1T : p-even.

In this case the poles are of second order at
a¢=-i, i =0,1,..., and of order unity at o« =(-1i
=kI =LY & = 12,000 P2, L= 0, 000 The
residue at a = -i is A3[-log A + 20(1)

i-1 -1 p-2
-2 I (j-1) - 2pQ1/2-i) + T (p(i/(p-1)-i)
jso j=1

p-2
- wlMp-1y + 1/2 - »Y] [ 1 tofire-1-il/rfize

j=1

i-1

+ 3/ G-1)-i]}|/[r*(1/2-0) T (§-1)%]. The residue
J Far

o
at o = -k/(p-1)-i is T2[-i-k/(p-1) T rl(j-k)/
j=1

#

i-1 p-2
(p=1)=i] /{T2[1/2-i~k/(p-1)] T (j-i) 0 T[1/2
=0 j=I

+ (j-k)/(p-1)-i]}. Simplifying these with the hel
of the conversion formula |Mathai (1982), eqn.Z.TT
and 1.7.1 of Erdélyi et al. (1953, p. 16), and us-
ing the residue theorem the density given in (2.1)
is obtained as

(m-3)/2 =
£ [[~log A + 2y(i+l)
i=0

£(A) = K(m,p)A

p-2
- 2P(i+1/2)+ & {W@E/ (p-1)-(1/2-3/ (p=1)+i)
j=1

-1 3 p-2
- 7 tan jm(p-1) }].[x‘rz(*/z+i>/i:n]_nl{rz[j/(p
o
—1)r[L/2-3/ (p-1)+i) /{T[1/245/ (p-1)]
p-2
T+ -1 T[1/2-5/ -1 ] 1]+ kzl[r’[-wcp-n]

2 [14+k/ (p-1)] . T2 [1/24kc/ (p-1)+i] /{12 [1+i+k/ (p

p-2
—1)]?2[1/2—k/(p-1)].F2[1/2+k/(p-l)]i!}]ﬁﬂl[T[(j
#k
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-K) / (p-D)]T [1-G-k)/ -1 ] /T [i+11-G-k) / (p

=]
—n]]pn (T2-G0 QD] T L2=G0 /O
ful

i+k/(p=1)
-1 rli/2+G-R/(p-13]1] J

0<x<l.

As a special case, the density for p=4 is given by,

(m—J)/z ©
I [[-logh +2y(i+1)-2¢(i+1/2)
i=0

£(A) = K(m,4)A

i
PG+ /3) 4P (i42/3) -Y(i+l /6) —p(i-1/6) | A T*(1/3)
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