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ABSTRAer 

The r e is a we l l known res ult due to Fej e r 
that for a fun c tion of boundcd v<lr ia tion wi t h pe ­
riod 271 and f o r x ~ [O; 271], we have 

s~ ex, f ) 

lim 1 [Hx+o) - f (x-Ol]
n n.... 

wheTe S '(x,f) denotes first deriva t ive of n- t h 
partía l n s um of Pouríer series of f at. the po int x. 
In the presen t papel:, we extend t his r e s ult oi 
Fej er i n to t he s t ric t l y l a rger class Di f Wlc tions 
of higher va riatíon, in troduced f irst by Wiener . I n 
pr ecis~we prove t ha t for a f unc tion of higher va ­
riatia n wi th per i ad 21r and fo r x ~ [0,2 n] • we ha­
ve aga i n 

S~(x , f) 

lim 


n 
n­

where D( x) denotes che j Ulll P of f at the po int x. 

RESUMEN 

Existe un r esult do bien ono ido de Fej "r . 
que muestra qu e , para una f unción de variación aco ­
t ada con perIodo 2 TI y x f [0 .2 1, ~e tiene : 

s ~ x , f ) 
11m =l. 

n TI 
n"'" 

d~nd e S~ (x.f ) denota L primera der i vada de 1 ~ n­
suna sum parcial d e la serie de Fourier d" f j'n el 

-
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pun t o x. En e l present e t r aba j , xt end emos este 
r esultado de Fejer a una c l a se estri c t amente más 
ampl í a co n funcion es d e va r iac i ón super ior, i ntco ­
d·.:cida po r pr imera v ez por Wi ener. Pr ec i sament e , de ­
: 'oR trarnos qu e para una f unción d e va r Jación Sllp~ ­

r i.o r c on per íodo 2n y pa r a x f 0 ,2 71 ] , Se tie" 

l i.m 

n-+<X> 


dond e D( x l deno ta e l sa lt o de f e n el pu n t o x. 

N. Wiene r [6] pro ved t ha l ch e Fo un .e r ¡; e r ies 
oE f ~ V4 conve r ges lO ~ [ f (~+~ ) + f ( K-O) ] ~ l ev~­
ry x ~ LO, 2lT}. Recentl y we L5J xtend ed this r e­
s ul t by pr ov ing thal the Fourie r ser i es n f [ €. V
(l! P<<D) ?o nv r fe s to I/2 [f ( x+O) ~+ [ (x-Ol] a t ve ­

p 

ry x L LO. 211 . rn t hl.S c onnect J.on t he r 15, ~ 
well known r s ul t due t o fejer [2] (d. Zygmund LB] 
Vol. 1 p. 177 ) t hat f r a [ unct i on f oE bOlJnd "d 
varia t i on wi t h pe riod 2" a nd fOT K E:. [O, ;: . j , w.. 
ha ve 

l im [f (x+O ) - l' (x-O) ] 
n-><» 

where S~ ( x , f) denotes first de ri vative 01' 11- 1 1, 

part:úll s um of Fourier series o r f 'ir x . In 11" 
present papel' , we exr end this r 'sult or Fej"r ¡ni . 
the s t rict ly lar ger c l asses of Wiener. 

1. 

Ler f be a 2 - pe r iodil fun~l i Dn

[O, 2 n ] . W(> S l ro r I~p 


n 
v (f) 1 (1 . ) p 

Ii = 1 
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1/ p 

- f ( t. )'p)
].-1 , 

where supremum has been taken with respect to a11 
pilrti tion_ P:O = tO<[ I ' c2 '" rn" 2rr oE [O , 2lfJ. We 
ca l ~ Vp (f · O, 2 ~) the p-th tOtal variatíon of f 
on LO, 2 n ' . Hence we def ine Wi!!ner' S class 9imply 
by 

v rf V(F)< "' J . 
p p 

Tt 19 desr that VI i 5 the ordinary c l ass oE [unc ­
tions u f bounclecl variati()n, introduced by J ordan . 
1'11'" el 55 Vp WAS first incroduced by N. Wiener [5] . 
lIe [51 5howed chat the functions of the t1il9S V 
could on l v bave simpl e disconLinLliries. We [4] 
note hat 

v c. V (l P , q 
p q 

i5 a stri ct inrlusion. Hence for an 8rh ltrary 
l<p<"',·Wiener ' s c l ass V is str ictly larger than 
the c1ass vI, P 

2. 

Let [ ~ V (1 ~ p<"' l ,md le c 
[J 

'21 
a + r. (a cos nx + b sin nx)

n n n
n=l 

be l (s Four i er seri es . Rerently we [5] proved lhe 
fo l 10w1ng lhenrem. 

THEOREM A. ir f~Vp (I ~p<"'), then che Four ier 
seri~s of f 9oover~es to 1/2 ~(x+0 ) + f (x-O) ) 
a t every x "- LO, 2 'J . 

Th re 16 a1$o a well k.noWl1 t heorem due t o Fe­
jer [2J (cf. Zygmund [8] vol 1 p. t 77) whi 'h eiln be 
staLed i n the foLlowing formo 

TllEOREM B. [[ f lE. VI, chen 

S' (x, f) 

l im n 


n 
11'­
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for e very x lE. [O , 21, J wher e s' (x, O denotc!s fírst 
deriviltive oE n- th partial suM of Fourier series oE 
[ at X. 

3. 

The main aim oE this paper i5 to extend TIJeo ­
rem B into stricLl y larger class Vp . Hence we prove 
t hal Theorem B is true Eor a 11 f o:. V ( 1 ~ p < "' ) .p
More preclselY,we prove the following cheorem. 

Tl-lEOREM 1. If f ~ Vp ( I ~p<"') , then 

S~ (x, f) 

1im 


n 
n ..... 

for evet:y x f.. rO, l rr] ",here D(x ) denotes che jump 
of f ilt x. 

Fot: the proof oE Theorem I ....e nced che follow­
ing le\lllllils. 

LmlA 1. For any lrigonometric po) yllomia 1 
T (x ) o E deg r ee n, ane has lhe il1eq u:.lity

n 

V ( '1" ( x < n V (T) (1 " P < ..) 
p n p n 

where T~ (x ) denotes firsl derivative of Tn(X) . 

1 LEMMA 2 . Let ft:.V p • g E. Vq , p ~ O , q> O, -
1 + 

- -. 1 and a ssume t hnt the fun('tions f and g daP not 
filave cOmJnoo pointR of disc:ontinuity. Then foc any 
segment ( ,b] noe has the í nequality 

l~b f (X) - f (F. l dRI ~ M(p , q)Vp ( f;n,b)Vq(g:a,b) 

wh.ne" is an arbitrary poin t of [a, b] , lhe in­
tegral exists in the sense of Riemann-Stieltjea,and 
M(p, q) > O depends only on p and q. 

-
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Lernma 1 [0110w5 from the res ul t oE S.M . Niko l ' 
ski i [ ] a nd Lemma 2 is proved by L.e. Youog [ 7] . 
For the proof oí Theorem \, first we prove th f01­
l owing : 

LEt'4MA 3 . f or aoy fixed o (0 <o~1I ) a nd p > 1 

one has the estima t e 


o ( n ¡/p ) 

p n 


V ( O ;6 , n) 	 ( n->o» 

n 

where D (x) - 1 /2 + I cos kx ( n 0 ,1,2 , . .. )


n 
k: J 

denote Di r i.chl et kernel . 

Proof of Lemma 3. We note t hat 

si n nx
0 n (x ) ; + g(x ) sin nx + 1 /2 cos nx 

x 

fo r Ixl < 1T • where (1 ) 


g(x) x ( O < Ixi <n , g(O) O) 

2 tg x /2 


(eL Bari [1] p. 108). Rel1ce we have 

V ( D ;6,TI ) < V ( s in nX; 6 , l1 ) + V ( h ;0.11 ) 
p n p x p n 

nV (t - 1s in t: n6 , n n ) + V ( h ; 6 , 11 ) ( 2) 
p 	 p n 

where 

h (x) g(x) sin nx + 21 
c os n l< 

n 

rf we assume t hat 
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V ( f' o ... ) 	 l im Vp ( f ;o,b) , 

b"'''' 


P , • 

then 

_1 

V ( t si n t;nó,o' ) < 


p 

n6, '" }. 

Tak i ng ccount of t he diaposit ion of the gra ph af 
t he f unction x - 2 s i o (x- lT /2 ) between the curves y : 
±x-2 , it i s easy t o get the escimate 

IIp - 1 

O ( n ) O~ n+"'. 

( 1: : 

And also 

V (h ; 6, 11 ) < mal< I sin nJl: I V (g; o , " ) 
p n 6~l<~1T p 

+ ma l< I g ( x) I V (sin nx;6," ) + 
6~x!'1T p 

But: 

V (sin ux ; 6 , lI ) n Vp V (sin x;o ,") , 
p 	 p 

it follow9 

-
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Now suppos e g ' ven a n a rb i t r ary function f eV (h ; 6,0 ) a s n+co . (5)p n Vp (l <p<m) wit h jump at the point X = o e qual t o o 
d = f(+O) - fe -O). We const ruct 

Collecting th e terro s of (2), (3), (4) and (5) we 
ge t t he a sser han o f l ennna 3. 

F(x) f( x ) d 
Hx) . ( 9)n 

Pr oof oE The orelD l. By cha nge of v a riab l es x -

Xo r, j t í s su ffie íent to p r ove theo r em 1 for 

Xo - O. We c onsíd er the fun e tion 
 ¡,e can easily ver ify t ha t F ( x ) is continuous at 

= O and F e p ' 
Sine e the resul t o í theorem 1 is i nv ar iant with 
respee t to s ubtr ac t i on o f a eon s tan t [ rqro the func­
t i on , hen ce we can assuroe F (O) = o. 

si n k x 

Xo 

<t(x) 1: (6) 

k=l 
 k Now consider 

Sineé 
S~(O, F ) 

1 ~ : F(t) D~(t)dt ( 10)
1T 

J O F(t) D ' (t)dt
x - " ~ (x) , <t( x +2n) - o n 

2 

F(t ) D:,(t) dt 1 + J n n 

henc e <t CVp' 

a n rl 4 (+0) - <te-o) n is the j ump of <t a t zero, 

r"e s ha l l v el-i f y th eo rem l ro r t he f unct i on where in t egral exists in the Ri ma nn- St ic ltjes
Hx) '1t " o = O. s ense. Now we fix q so t hat II p + l/q > 1 , q > 1 . 

Sinee F t Vp ( l < p<~) a nd i 8 e ont i nuous a t zero, for 
He have a ny ~> O, we can f i n d a 0> 0 suc h that 

(11 )
S' ( x ,O [) (x) 

l 
(n 0,1 , 2 .. . ) (7) 

n n 2 

Sin e e F ( O) O, a pplyi ng lemma 2 for F. O, we ob­where Dn (x) is Di.rjchlet k mel defined in (1). t ain 
Hene e 

l eS~ ( O ,4 ) 
lím (1- 1) ~(+O ) - 4 (-0) I _~ f 6 F(t) d Dn(t ) I~ - M{p, q ) x

U m - 6 ~ n nn 

(8) 

(12) 

Henee theorem is proved fo r che function ~ (x ) a t 
X = O. 

o 
We note t hat for the pol ynomials 
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x 

K (x) ¡ 
 dt 

n o 

L.C. Young [7J pr ved the inequality 

V (K ) < A < a> (l <q<a» 
q n - q 

where A > O depends only on q. Using lemma on 
K we q obta in 

n 

V (O ) V (K') < nV (K ) < nA (1 3) 
<j n q n - q n q 

From (12) and (13) we obta in 

It l < ~ A M(p ,q)n . (14 )
n 11 q 

Now we estimate J . Since 
n 

-6 

J [- F(t) D (t ) 1 ­

n 11' n -n 

- r1. O ( - lT ) F([ ) j - O- (! O ( - lI ) F ( t ) ] lIIII n -~ ~ n Ó 

- 6 11 
[O (t) - O ( -11) ] dF ( t)- J 

" -" n n 11 6 

OS) 

- 79 

Rev. Téc. Ing., Univ. Zulia, Vol. 

Taking i nto accoun t t he fae t that 

O(n) (l b) 

We obtain from (15) 

- o 
¡ [ O (t)- O ( -1I» )dF( t) 

n n 
·- 11 

TI 

J [O (t)-O (TI)] d f (t)+O(n) 
11 6 n n 

J + J + O ( n).
n", n "l 

By lI s ing lemma 2 and lemma 3 we obt a in 

11 

¡J 
nI 

¡
-
< TI M(p,q)V(F)V (D ) O(n 1/ q) 

6 q n 

and anal ogously we obtain 

¡J n ~ 1~ O(n 1/ q ) (n+ oo ) 

Hence collecting the t erms (lO), (14) and (1 5). we 
ob tain 

S~(O ,F) 
E

1 i m 2. n Aq M( p, q)n 

whic h pr oves 

S~ ( O,F) 
lim O 

n
n-' ­

-
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Hencc it completes the prooE of theorem l. 11 D~ ( x ) 11 [-11, 11 ] = O ( n) ( n ....... ) 

We note that theo rem ¡ i~ nor t rue 
cl~ss of continuous functions . In fae t , 
1 is t ru e for any eont inuo us f llnction , 
follow [rom (10) tha t 

for the 
if t heorem 
it would 

which is nat true (eL Zygmund l8] vol. 1 p 115) . 
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