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ABSTRACT

Horn gave the general definition of hypergeo-
metric functions of two variables. There are thir-
ty four hypergeometric functions of two variables
of this type. Fourteen functions are complete and
the remaining twenty are the confluente cases. This
includes the four Appell functions and seven  Hum-
bert functions. In this work we obtain a number
of transformation formulae and integral representa-
tions for Horm functions. The transformation formu-
lae for Gauss' hypergeometric function and Kummer
function are used to obtain some new results. The
results established here give some new formulae for
analytic continuation of Horn function in various
domains and to study their behaviour in the neigh-
bourhood of singular points.

Horn di5 la definicidn general de las funcio-
nes hipergeométricas de dos variables. Hay treinta
y cuatro funciones hipergeométricas de este tipo.
Catorce funciones son completas y las restantes
veinte son los casos de confluente. Esto incluye
las cuatro funciones de Appell y las siete funcio-
nes de Humbert. En este trabajo obtenemos un  nfi-
mero de formulas de transformacidn y la representa-—
c16n integral para funciones de Horn. Las f&rmulas
de transformacidn para la funcidn Thipergeométrica
de Gauss y la funcidn de Kummer son usadas para
obtener algunos nuevos resultados. Los resultados
establecidos aqui, dan nuevas £4rmulas para la
continuacidn analfitica de Tas funciones de Horn en
varios dominios y para estudiar su comportamiento
en la vecindad de puntos singulares.

1. INTRODUCCION

Horn gave the general definition of hypergeo-
metric functions of two variables in the following
form : A double power series

SOME TRANSFORMATIONS AND INTEGRAL
REPRESENTATIONS OF HORN'S FUNCTIONS

Floy = §a " (1)

where the coefficients satisfy the conditions

A A
mH1,n P(m,n) i myntt _ Q(m,n) (2)
- R(m,n) Am " S(m,n)

P, Q, R, and § denote polynomials in the indices
of summation m and n of degree p, q, r, and 5 res-
pectively, is of hypergeometric type. There are es-
sentially 34 distinct convergent series, fourteen
complete series (non confluent) and twenty distinct
limiting forms of them (confluent series). This in-
cludes the four Appell functions and seven Humbert
functions. Convergence of these series and a com-
pelte list of Horm functions are given in [2].

Many integral representations and transforma-—
tions of Horn functions have been obtained by seve-
ral authors [l, 4,5, 9, 10, ll], using the techni-
que of change of variables in integrals or by chan-
ging the forms of the contours. In the present pa-
per, we obtain a number of transformation formulae
and integral representations for Horn functions
(complete as well as confluent), The transformation
formulae for Causs's hypergeometriec functions and
Kummer's function are employed to obtain some new
formulae for Horn functions. The results establish-
ed here are important, as they give some new for-
mulae for analytic continuation of Horn function in
various domains and to obtain their behaviour in
the neighbourhood of singular points.

Moreover, it is interesting to observe that
Horn's functions are encountered in many physical
applications. For example, the response [(a,h) of
an omnf-directional radiation detector at a height
h directly over a corner of a plane isotropic rec-
tangular (plaque) source of lenght 1, width w and
uniform strength o0, may be expressed as the defi-
nite integral
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where a = w/h and b = 1/h. This integral can
bhe expressed as [SIAM Review, Vol. 26, N° 2,(1984),
Problem 83—6]

gab

Wad) = 7= F» (1, 1/2, 1/2; 3/2, 3/2; =%, -b%.

2. THE TRANSFORMATIONS OF COMPLETE HORN FUNCTIONS

fn this section we establish the fallowing
transformations for complete Horn Functions.

Fy (o, Byl s yax,y) = () ™ Hal LB, ¥s _J;—_a'
(y+1) " y+lJ

(3)
Falo,B,E%,26,28'%,) = (1 - x’? 7
1,1 1 * }L_;
ol 3 = 1] P X
F“{lgt+ 2,3+ 2 A 2'(2—x—y) " 2-x-y] (4)
ol __’l
Fala,y-a,8,B'3v3%,y) = (1-x) ™
. st =k 0
F3 Y"U,"»B,B‘!Y‘ x-1 7 y-l] &
B-ix
Palo, o', B, y-Biysx,y) = (1-y)

'r, G~ ot Viwa X - (()\
vauy-ﬁ,(—a—u N4t iRomrpl Rt e A ’
s (1 Mt
rafr ot S5y "

- B2

Falo,y-0,B,B'5v5x,y) =

P (1-y)“‘3' (x+y-xy)"B
F?[Y_B'uﬁyarY-B'vY; x—(r—l-)_ » }’J (8)
Xy-X-y

Fulo, By, Bix,y) = (L-x-y)

s (,1 Y_S Y3 _’.‘_, M] (g)
¥ L x+y-1 2
L (x+y-1)2]

Fu(a,1-B-8",1-8,1-8,5x,y) = (1-x-y) "

cl{a.s.a': X —)—] (10)

1-x-y" l-x-y

Folo, 0kl /25y, Y 5x2,y%) = (l+x+y)-za

1

1 1 2
FZ[ZM,Y—-f Y- Fi2y-1,2y! -1;x+;+1. ;I%ii] (11)

Ci(a,B,B8";x,y) = (L+x) "~
H.re o, [=R=BY, [eftie e Lo2X
I} Sy 3 ’ x+l ? =+l (12)

Gz (o, 1-8" R, R sx,y) =

= a0 TR o8-8, 048,8, 1-0-Bix, ) (13)

Hy| o, By -, Mgﬂ: x-YJ =

B (l-a-R)/2 a-A+1 -
= (1) H;{ il | fgt g, “J'f”;x,y]

(14)

Rev, Téc. Ing., Univ. Zulia, Vol. 10, No. 1, Edicién Especial, 1987



-B
Hyo, B, 8-0,85%,y) = (1=x) =

Hy(e, B, L-ce, 83%,y) = (1-x)"

r

,
P | 8-a,B8,8,8-05 > , X |
[ R x-1 x—lJ

5 ~Q
H [a,e.v. abp, x.y} = (1-2x)

" o -1
Hy [M.J.Y. L %%z:;%z , Y (1—ZXﬂ

YL
Ha(a,2y-0-1,y3:x,y) = (1-4x)" 7% f2

H3(2y-0~1,0,Y;%,y)

Hu(a, B,Y,6:%,y) = (L-y) °

Hu{d,&-ﬂ,'{,ﬁ; = 27 l—]
(y-1) y-1

1
o8
e B Lty = (abm) 272

He(l-a-28,B,0+28;x,y)

i }
H7(¢.3,1‘C’~.‘5;x-}') = (l_ax)d = /2

Hy(26-0-1,8,8,28~0-1;x%, (4x-1)y)

e L
H7 (o, B,26-a-1,8;%,y) = (1—4x)6 % 12

(15)

(16)

an

(18)

(19)

(20)

(21)

Hy(26-0-1,8,6,1-a;x%, (4x-1)y)

Hy(e,B,20-0-1,8;x%,y) = (1-4x)-a/2

oot e b Ly ]
2 V1-4x

Similar other transformations can be found in
papers [1,9,l0 "

Proof of the formula (11) : We have

@ (@) (o 1/z)ny’“

(22)

(23)

the

Fu (0, 00k %:Y.Y‘:xz,yz) =z
n=0 (y') n!

: [n+n,a+ ;1 10 %; g, it xz]

(o) (a+1/2) yzn
g e (4]
(Y')nn!

—-20=2r

i
ir1s

1 2% |
F | 20820,v- 532715 o J =

(Za)m+2n(yullz)m
(Zy—l)m(Y')nm!nl

(1+x)_zg E: 2:
m

=0 n=0

m zn
2x e Y =
x+1 2x+42

2 oy (y-1/2) m
20 m m 2x
= " Ly x+l}
m=0 o

2

¢
m il e o

Flwi.a+ 5= Y ’(x+l ]

- 83 -

Rev. Téc. Ing., Univ. Zulia, Vol, 10, No. 1, Edicidn Especial, 1987



oo (20) (y-1/2)

- -to m m

(14x) ): 2y ol
m=0 m

m
2x]  [ray+l]720T
x+1 x+1

L %
- F [ZM‘N.Y' - 32y'-1; ;%;T] = (xty+l) "0

1 1 ; 2 ¥
F2 [2!1-Y' 7Y - 32y-1,2y'-1; x+:+1 'xiy-i-l]

Here we have used twice the quadratic  trans-
formation of Gauss's hypergeometric function [2.
p.112 (17)].

Proof of the formula (13) : We have
GZ(u)u'aﬂvs';an) ”

(a") (8 (-n"

n=0 (I—B')nn!

F(o,R'-n31-f-n;—x)

w » n
_ Z (o )n(B)n('Y) H)I'Q'E‘B'

neg R0

F (L-o-f-n,1-f-8';1-B-n;-x) = (l4x) 2P F

«© o

1 ' | on
D) @ _A-e=8)  (1--g") (a') (o+B) x7y

m=0 p=0 (l-B')nm! 1

(24)

on using [2,p.64(23)]

c-a-b

F(a,b,c,x) = (1-x) Fle-a,c-bje;ix) (29)

If we set o' =1 - f" in (24), we obrain (13).

Proof of the formula (17) : We have

Hy [CL,B,Y' a+§+l ‘ x,y] =

(@_ (B (v y"

n!

)

n=0

F [u—n,&n;mgﬂ; xJ =

(@ B Mm_

» —=—=_1 y-2""

n=0 n!

F [u—n Q=n+l  otPH | Ax(x-1) J
2 » 2 » 2 >
(2x-1)2

= (a) (i_(y) Ll
e fu-n x (=1 L
(-20"%Y, Pl ,,.r:‘ n_'" [x — ] [y(l—:'x)}

w0 aed S (22-1)"

on using the transformation [2,p.112(20)] .

similarly,
transforma-

The other formulae can be established
by using the linear and/or gquadratic
tions of ,F;.

3. THE TRANSFORMATIONS OF CONFLUENT HORN FUNCTIONS

In this section we establish some mew  trans-
formation formulae for confluent Horn functions
(incomplete Horn functions). Some times, transfor—
mation formulae for confluent functions, may be
obtained as a 1imiting cases of the corresponding
formulae for their complete functions. Our approach
here is to obtain transformations formulae for con-
fluent cases directly by using some known results
of the theory of Gauss's hypergeometric function
and Kummer's function. There are some for-
mulae for confluent functions wich cannot be
obtained by a limiting process. Similar other trans-
formation formulae are given in [1,4,5, 11].

Brla,amyHlsx,y) = ()70 He |o5y; ——— —l—] (26)
(x41)° %+1

g1, BiYix,y) = (1~x)_ES ey ﬂi[Y—Ot,ﬁ.Y: ﬁ -y]
Y21

(2, Bsysx,y) = (1~x)‘B E;[B.G,Y—anr: e
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P (a,1-0;v;x,5) = Q)" (1-2)%7 ¢ 0:(B5v; x,y) = &% u~[ﬁ.1_3.v;x. f] (36)

He [v-a;v; xGa=t) IilzilJ 29 0B,y ey = (1)
(2x-1)%  2x-1
B ¥ [ﬂsY-B-Y.Y'; =, %—] (37)
01{3.3:Y; = y] = 1075 (-0, v, 8.7z, y) (30 : A

100, B,v,05%,y) = (1-x) P

By (o, B5y3x,y) = (l—x)-aey/x x

Hz {Y-a,ﬁ,l-*a—Y.Y: =y -y] (38)
12 [‘Y-B.G.Y.‘Y-BB —~— .xz] (31
Y=g~
¥,y (o, B,Y,a5%,5) = (Lex) 4
#1(a, Bvsx,y) = I’[ ] x
'Y‘u'-Y_B

H, [Y—u,Y-B,l-a—Y.Y; x, 'xJ-TJ (39)
X Py (o, By obB-y+L , Y-B31-x,y)+

(e, B,y 1+a-ysx,y) = (1-x) Y @P

¥y otf-y
# (¥ =6 [ ] P (y-B, y=0t, Y~o-B+L 5 y-B3 1%, ¥)
o, B
(32)
Hz [Y—a.v—e,a.v;x. ;’_’TJ (40)
-R
8,(B,B'sv: x,y) = [ -"ﬂ e
V10, B,Y, 4amysx,y) = (1x) 0
g LX 3
2 [Y—B Byy-8'vs 255 y] (33
HZ[Y“{!-B'G;Y; ﬁ &L e Y} (41)
y-g-8'
P2(B,B';v5x,y) = { - 3] &’
Vi(a,B,y,1+0-y;x,y) = e Hyi(l-y,q,B,l+a-y;-y,-x)
x (42)
Ui [Y.B','Y'S"B'.Y—B'.Y; ¥ ® x-y} (34)

Y1 (e, B,a,y"5x,y) = e’ Hyg (y"=a, l4a-y', 8,7 ;-y,-x)

Da(Bsy;x,y) = exﬂ/x Y2 | v-B,v,y-B; —x, - L (35)
> (43)
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i y-o-f a-8,y S
g (, B, v, a3, y) = (1-x) © Hy [1+ﬁ—Y.a,ﬁ'.1+a~G: i , 'y]‘+ r[ } (=x)"P
QrY‘B
= Y o oy O 4 )
1 *"““""f‘*”f"’tﬂ 4 g [H#-Y.B,u'.HS—u; L —y] (52)
: -8
BBy, ytiny) = Q-0 e I, 8,8 x,y) = (14x) F 7
B2 |qpeB. [<BoB! Jofe s
i [y =, -yJ wsy H*["" TG e V("“)J )
L X
y Ty (%,B,8"x,y) = (14x) F e
Pile, B,28,vi%,¥) = (1- §> B l .
~B_p* A j_pr. X_
1 o A {1 B-8",a,1-8,1-8"; 2 | y] (54)
[+] 5 . _X_ _‘;y,
Hy {: s =] y_x] (46)

T (@,8,B':%x,9) = (1+x)l_u-s_ﬁ' e

(B, v, 1-o,0485%,y) = (1x)" 7 &Y

P (1-B-8",1-0-8,1-8,1-8" jx, -y (x+1)) (55)
T LY,u,I—a—B;x, f{—y] 47)
I‘I(a.B,B';x,y) =
P2 (0, Y, 05%,y) = e Hu(Y-a,1+a-Y,Y;-%,-y) (48)
™™ & ryf1-0-8,8,8'- =, v (x+1)} (56)
x+1
Pz (a, Y, 14a-yix,y) = e Hy(y-0,0,Y;-X,-y) (49)

B, 1B
I'i(a,B,B";x,y) = 1"[ } &
B,14+a-R"*
-8
21 (-0, ByYix,y) = 107 e

1
0y & P joR 0 140-B - =, -y (57)
) [Y‘ s By Y3 x’:r i —}'] (50) [ 7 ]

a8, 1-8"
FI(Q.B-B';X.Y) x T[ } x C"e 7

- () BTN wx[Y-B,u.Y,Y—B; == i] (s B, 1+~
B-a, Y —a / i " 1

) (a,0' B, Y3%,Y) =T'[ ] ey - [Befrtr-gpt st - S v - (58)
B,y-a

_ 86 -

Rev. Téc. Ing., Univ. Zulia, Vol, 10, No. 1, Edicidn Esprcial. 1987



o#8,1-a-B-B' |
ry («,B,B';x,y) = I‘[ ]ey L
8,1-B-B'
Iy (a,1-a-B-8',B';-x-1,y) (59)
T2(B,B';x,y) = e x
Hy(B',1-B-B',1-B;-x,-y) (60)

T2(8,B':x,¥) = e = 2 $p(1-B-B",1-B,1-8";x,y)  (61)

Hi(a,8,8'5x,5) = (1-x)"" $2(B,8',1-o3xy,y(x-1) (62)

Ha (2, 8,7, 85%,y) = (1-x)""

Ha [u.G-B.Y.G; By g (1-x>] (63)
§,8-a-R
Hz(“.gyd‘a-‘s;xd) = P[ ] *
§-a, 6~
6:““'8'6 2
Iy (B,8-a- B,q3x-1,y) + F[ ](l~x)6_a B~
o, B
By (S-wx, 6-B; 8-0c—Ft1 51 -x, y(x-1)) (64)
He (o, Yi%,y) = ( 1-_2_4.,(1-4x @
1 1 1 1-Y1-4x
. gl[ﬂ,d—"{i'l;Y; K -1 - 4; S v TJ (65)

PtV 1 /T 1®
Hy (0, Yix,y) = r[ [_z_x___}

Y=it, 2y=te-1

A [a,a-yﬂ 120-2y42 , 2y-a-1 "_";1_;‘_’(_____ el

1-v1-4x +
2x

Y-2C¢-2y+1 .
+ r[ ] 202 1zt
o, 0=y+l

(4x-18Y4x-1) %Y 201

N [ZY-(Z—I,Y-(‘(’ZY—ZQ':{Y-Q._]; ix;IZT__ “"x'l‘

-
Ho(a,y,05x,y) = (l-éx)Y a~

Hg [Zy—a-l 1 0=2742,Y35X, nytl_]

Yo=Y
Hy(o,y,a-2y+2;5%,y) = (l1-4x)

Jr——— -1
Hp (3 B3x,y) = [li;éiﬁE-J

4x vy THe) |
’ ]

(14+/T+4x) © -

ry [s—a.s,a:

-

~0:-98 ‘[""“"”2"““‘!

Ha(ot,Bsx,y) = 2 M1s2,1-0-8
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1 1
Hg [Q,B,G‘*eﬂ' 'z.x + 4 ,2:{] +

1 1-8, B Y,
+ (latmy T20ByS -lr[ 2]
o, 1/2

. H7(1-0-28,3/2~0-B,1-0-2B;x+1 /4, =y) (71)

Hala, B, 65x%,y) = (142x) " &
. Hz[n,ﬁ— 1/2,B,28-1; %‘j—zg . y(l+.”.x)] (72)
l-ﬁ,Y—B -8
Hi1 (o, B,y,85x,y) =T [ y
Y.1-a-8
1
i [u+B.B,1+B'Y'6; = x] +
Lo, B~y
+T [ ] g fiu[mv."r.H-Y—B,'S:- l,x] (73)
8, 1-a-y ¥
PROOF : We have
2 @, =n°

Ho(ot,B3x,y) = L.
n=0 (l—u)nn!

i E (8 (-n" '{1 1/2-0-8,1-8-n ]
n=0 195 ™ 1l getn-a)/2, (1-cn) /2-8

; ?[9;—“ ; ﬂi‘z’i;awulz;lﬂx] +

oHB-1/2,1~f-n
+T . raamy et

L) /2, (anttyr2d’
F [1-e+ 3;—9‘- , -——1‘3‘“‘ -8 ;3/2-a—;3;1+1m] =

P o 1—E|1/2“a'8
=2 “’Br[

Ha(a, 8,atf+1/2;x+1/4,2v) +
1/2,1-0-8

1-B,04p-1/2
3+ g% F[

1
} (+hx) 2B
a,1/2

- Hy(1-a-28,3/2-0-8, 1-0-2B;x+1/4 ,~y)

on using the formula for analytic continuation of
the Gauss hypergeometric function [2. p. 108(1)].
This completes the proof of (71). The formula (32)
may be established similarly. On the other hand the
result (66) may be obtained by an appeal to the
formulae (32) and (65).

Further, we have

o

n
possal o " —
B3 (Bivix,y) = L. S ar Wy =

n=0

o0 @ m n
 dosmaea =i T E e i
=0 n=0 (Y)mm(*r-ﬁ)nm!n!

m+n n
(Y'B)mm('“'“)u("‘) (y/x)

=y

m=0 n=0 (Y)w(y-s)n(mm)! n!

(r-B) (0)_(-x)“(y/)™
M, (-8 k!

T T

k=0 n=0
k
e (y-8) k(-x)
=0 (), k!
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k
(y-8), (-%)
wty /% Z Z ek '] [1—6+k.‘{-3.-§]
k=0 n=0 (V) K
= S ey y-Bs =, - %]

on using the Kummer's transformation [2.p.253].This
completes the proof of (35).

The result (36) can be derived from (35) and
(48) ., The other results can be derived similarly.
It is interesting to observe that the formulae (66),
(70) and some others can't be derived from their
corresponding complete cases.

4, THE INTEGRAL REPRESENTATION OF THE HORN FUNCTIONS

Several integral representations of the Horn
functions, based on the Euler integrals of the
first and second kind, the Mellin-Barmes integrals,
the Laplace integral and several other contour in-
tegrals are known. Recently, some authors ﬁﬁ] have
obtained integral representations in context with
the homological groups. In this section we  esta-
blish some new integral representations.

L xU-y)
' 1-x-y+2xy

[ 1-8,1-8"' J
= T la,B1-0-8,18-8"
1 1

. (l—x-—y-i-ny)uJ' J uo'-lv-B-ﬂ' (l-u)a-B(l-v) L

o o

y(l-x)
1 [G'B'B. ? l-x- y+2xy

k" =1

-0
(1 =ux) (1-ux-vy)  dudv,

Rewn, Ref, Re(l-a-B), Re(1-8-B')>0 €%

Gz(a,a',B,B";x,y) =

1-8,1-8"

- [ ] (%) 14y ™
Q,Q' 3 1'“'3,1-‘1'—8'

Lo

a-1 g'-1 -a-f 'R 1 B+ET1
S R ST 1- _ux vy
ff (1) [1 - y+1] dudy

o o

Re o, Re o', Re(l-a-B), Re(l-u'-B') > 0 (75)

63[a s A= Uopbry)  yUex) (Loxxy) } .
(1-x+xy) * (1-y4xy)*

T-o,1-a' s i
T { ](l—xﬂy) (1-y+xy)
ot ok, 1-a-2a' , 1-0' =20

1 1
L ARt - ¥ -2a" o
fj (uv)® (o T G T L S R COTERED Lol Y B
o (5]

Re(o4a') , Re(l-a-2a'), Re(l-a'-2a) > 0. (76)
HZ(“)B&Y:'S’E;ny) *
1 1
€,1-a R-1 1
r J f f WY (1 BB
B,e-B,Y,1-0-y
[s] Q

5 (1—v)‘°“"'(1~ux)“"(1+(1~ux)vy})"‘s dudy

Re B, Re Y, Re(e-B), Re(l-g-y) > 0 77)

HS(“, BIY;X)Y) =

} III:B-l o2 (B

o o

%
[u/Z. B,y-a/2-8
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Pa1(B,vix,y) =

i (1_V)Y*a/2-3-1(1_uy)_a[l_ Gyx(1-u) |"(ar1)/2
(l-uy)? dudv
1
i 3

” rr . 4’
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Re o, Re(d-a-1/2) > 0 (92)
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§~a-1

o T (1-u) §-a~B-1

A=) " Y (1= (14uvy) ¢S

&/ Qtovy) g avar

Re o, Re B, Re vy, Re(l-0-y), Re(8-a-B) > 0 (99)

PROOF : The result (74) can be _obtained by
us the tie formula of the functions G; and Fo
[10 and the integral representation of the func-
tion F; [1]. The results (75), (80), (81), (87),
(93), (94), (95), (96), (97), and (99) can be de-
rived similarly.

We have

Py (B,y;x,y) =

Z By Z _
a0 OV oy g O, #Fy (Biynsx) =

o0 1
= Z —Ln_ Yh B—l Y‘B‘Hl—l ux
u (1-u) e du
=0 (Y)nn! 80Y‘8+ﬂ o

1

Y
- B-1 ~B-1 ux
= P i)Y s
[B.Y-BJ f E M) - oFl(y_B'(l_")y)d“

o

From this and the integral representation of
the Bessel function we can establish (82). The re-
sults (84), (86), (88), and (91) follow in the
same way. By employing together the above methods,
we can easily establish (89), (92) and (98). The
results (77), (78), (79), (83); (85) and (90) can
be derived by each term integration of the corres-
ponding series. The other representations can be
derived similarly.
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