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ABSTRACT

Some other many papers on fractional calculus
have heeén reported by the author., In this paper,
firstly, we will show a table of fractiomal dif-
ferintegrations of elementary functions which is
obtained obeying the definition of author.

Next we will show an application of our frac-
tional calculus to the non-Homogeneous Gauss' equa-
tion which is a differential equation of Fuchs type.

RESUMEN

E1 autor ha publicado varios trabajos sobre el
cdlculo fraccional. En este trabajo primero, se da
una tabla de 'diferintegracidn' de algunas funcio-
nes elementales, usando la definicion del autor. A-
demds se resuelve la ecuacién diferencial no-homo-
génea de Gauss mediante la aplicacidn del calculo
fraccional.

&0. INTRODUCTION
(Def inition of fractional calculus)

Definition. If f(z) is a regular function and
it has no branch point inside C and on C(C = (S, L
€ is an integral curve along the cut joining two
points z and - @ + iIm(z), and ¢ is an integral
curve along the cut joining two points z and b
i{Im(z)),

b - £ ey o DAL j_u_c)_d,,

Y c v 2ni V1
% (z-2)

I' : Gamma function
ViRET VER

and

TO THE NON-HOMOGENEOUS GAUSS' EQUATIONS

(n€zh

where ¢ # z, -n<arg(Z-z)<n for C and O < arg (C-z)
<2m for C, then f (v>0) is the fractional deriva-
tive of © order y and f (Vv<0) is the fractional
integral of order -v, if f exists (consider the

principal value of f for many valued function)
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&1. TABLE OF FRACTIONAL DIFERINTEGRATIONS
OF ELEMENTARY FUNCTIONS AND SOME LEMMAS

Through the author's definitfon for fractio-
nal differintegration, we have Table 1. And, to
make sure, we will show List 1. [I] [2] [9]

Lemma 1. Let f(z) = f be regular and one valu-
ed functions. If £ (# 0) and fu(# 0) exist, then

(fV)u = (fu)\) = fu+\) (index law) (€8]

Lemma 2. Let u(z) and v(z) be regular and one
valued functions. If u, and Y exist, then

(u.v)v = L

n=o

I'(v+l)

Toomat) Ty b

1 V. .
V=n n

Refer [61, [10] and [2[] for these Lemmas
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Table 1.

Nishimoto's Fractional differintegrations of elementary functions

1@ Sa
L 1 0 (v —m, meZ*J(0)
2. e (a%0) ave™
3. € (a%0) e
4. cosh az (adp0) (—ia)"cmh(n-{-d _g, v )
5.  sinh a2 (a%0) (—in)’s'mh(az+i % ,,)
6. cos ar (a¥0) a'cos( az+§v)
7. sin az (a#:0) a* sin( az4 -;- ,,)
5. » e il = L ( liv—a) \
il = T =
Q. log az (asp0) —e e (1MW) <o)
TN~
10. fog 2 PTi  >Trsms =y
(y==—m, meZ")
ur L] s,
—2—‘2“—*&-5 {24 v F—Tcas(@—@))da
ol =4 :;;n >0
*1
2w+ 1)P,(2) $=0)
1. (=1
brid ol -—
(argVF=1=¢) —r—-f {—a+ v F=Tcoship—ig)dp
(=) Jw Rey<0
av 2441
m‘~30.(~x) (p=0, z(real)<—1)
clel-ast—), r(’;i’p) r'.F,(a, a—Ad a—vi %)
12, i l—ap= ~ ¥
+for |arg ’|<f' — for —z‘-<larz zl<r for
double sign = and |2]>1.
(See the footnote of List L.)
List 1.
Functions [{x) 1 x* er cos ax log x=In x
Note
I 1, (%), (e*), (cos ax), (log x),
{ractional la+1) - 3
integrate fo - Fatitn g
Riemann & Flu+1) Re v>0
Liouville Re (e4+1) >0 v
fﬂclionlal I-(i_‘zn—;;)' F e {(—a)y™e** a oy (axvr % ¥ ) integrals
integrals = “ or
e 0<Rey<Re (—a) Rei—an>0 | 450, g<Revel we vl
zY Xz
;raﬁ?;qnl £ LFlaplye "F’“.: 1=:ax) 2r(1—v) rg-w derivatives
O's'ler et < TMa—v+1) “1j“) *K[{Full; 1 =) dax) o for
Xz 4 Rl gz —iasl] X [log x—7 —${1—v)] Rev>0
—e ™ ly) —
- N A JO ) for veZ-yfo] | derivatives
{ractional Li—a) a-ms( ard = v) 1 for Rev>0,
d:ﬂ'zrinlrfmlx for 7 i » L2 ;v-x"log T ™
al (v—a) 3 integrals
Nishimoto veZ ulo) e a0 a0 it (—1y~t
S m—Atm—rk | for Rev<0.
for y=—m meZ*

Nate 1. Z*: set of the positive integers, Z7: set of the negative integers.
Nate 2. (1), diverge for Re v<0 by the direct calculation {(oheying author's definition). However we caleulate as (1),=(z",.
Note 3. In case of a€2* (|0} and v€ 2", caleulate as (for example a=2, y=—1)

()= lim (&)= lim ™"
-l 1

liv=2) .
(=2

= .=

r=a , =3
=2~ " 3r-%

1

3

=Y §
a4
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42 SOLUTIONS TO (HOMOGENEOUS AND
NON-HOMOGENEQUS) HYPERGEOMETRIC
EQUATIONS OF GAUSS

(T) Theorem 1. TF & (# 0) exists, then the
i-homagengous heperseomctric differential equation

e #°0,1) (1)
has a pareie L i Liv Form
b . = ~Ra1
=l e TG L
Sy o
(2)
wivpe o®_ Jtz), f = Mle). 2 ¢R, and 0,8 and y are
constants 17
Proof. "attin
-V, 6)
vields = ¥ (by Lemma 1.) (4)
and b & W } (s)

where w = wlz)

Substituting (%), (4) and (5) inte (1). we

obtain
‘ 2% = W z( - . Laf
L LA w”ﬂ.z( +F41) Wy - YAV, -0 Ea
(h)
that is
(wy.2%) = (wy.z) 4 (wi.z) . (L#E-) + (wi) .
1 a & x
(a=y) = f. (7)
Consequently we have
wy -(z?-2) #wy. | 2014f-0) + (a=y) } = T-n (8)

from (7), since

e 4T

n n (1) n

) = I Tmin e Melee® e
(] k=0
(9

where n€2+ U {0) , (by Lemma 2.)

Put w, = u (@)
in (8), we have then
my . z2(4d-n) + (a-y) _ £ 1 (1)

22- 2 74—z

A particular solution of this linear differen-—
tial equation of first order is given by

B L STe-n T, g

-i1 -

u = (f

Therefore we obtain, using (10) and (3),

b =w = (u ) =u (13

f:'

i
—
—_~
L)

By L0y Y-B
(z-1) )_l 2 (z—1) )u-1 (14)

as a particular solution to the equation (1).

Inversely we have

(!v‘ = u(x (15)

and

= Mg (16)

from (13). Substituting (13), (15) and (16) {into
the left hand side of (1), we obtain

L.H.§. of (1) = (un.z’)“ - (unaz) + (u.z) (18- )+

+ (“)a . (=) (17)
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= (uy.(z%-2) +u. [z(1+8-2) + (o-y) } )a (18)
= (f_D?‘ (see (R)) (19)
= f. (20)

Changing the order

€2 DN and 2R

in (2), we have other solution

b= @D P @

for a&Z.

Put & and B instead of B and o respecti-
vely in (2) and in (2)’, we have then following two

other solutions for B & Z, if a#B .
- £ a-y B=y y-0-1
«v—((f_ﬁ-z (z-1) )_x-z (z-1) ):3_1’
21)
8= Ve e T e, e
(I1) Theorem 2.

d2.(2%2) + ¢1. { z(atB41) -y } + d.aB =0

(z # 0,1) (22)
has a solution of the form
¢ = ¥ V(z-137F) (23)

a-1

where ¢ = ¢(z) and z € C. The equation (22 is
hypergeometric differential equation of Gauss |l

Proof. Putting
¢b=w (24)

in (22), we have then (see the proof in (I))

wy.(z%=z) + wi. [2(14B-2) + (o-y)} = 0 (25)

A particular solution of this equation is given as
follows.

w = @Y Gy, (26)

—1.

Substituting (26) into (24), we have then

¢ =w = VTP (27)

Inversely we obtain

¢y = (28)

W
ot
and

2 = w (29)

a+2

Substituting (27), (28) and (29) into the
left hand side of (22), we have then

L.H.S. of (22) = ((wz.z%-wp.z+w;.z(1+B-a) +

+ wx.(m-wr))(l (30)

(wa.(z%~2) +w; . {z(+B-a) + (a-y)} dis (31)

= @YY ((amy) -G -B-1)z + (148-m)z +

+ (a-7)} )y (32)
= (0, (33)
= 0. (34)
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Changing @ and B in (27), we have other solution

b= V", (35)

if a # B.

(I11) Theorem 3. If fa(# 0) exists, then the
fractional differintegrated function

b= (2" e Yy Yy EY

+ (zm'.Y . (z-l)Y—B-l)

Q-1 138

satisfies the differential equation of Fuchs
(1), where z € C.

type

Proof. It is clear by the Theorems 1 and 2.

&3, TRUE COLORS OF GAUSS' HYPERGEOMETRIC FUNCTIONS

Theorem 4. We have

(1) F(B=y+l,B;B-a+1;1/2)

- _pim T(B-a+l)

B, o~y Y~B-1 4
= ) z"(z" "(z-1) ) (1)

-1

for |z| >1, and

(11) F(a-y+l,B-y+l; 2-y; z)

= imlatd-v) [(y=0) v=1, Q- ,,Y-B-1
T(y-1) a-1
(2)

for Izl <1.

Proof of (i). We have
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z1)* = M- L

N3 DE oy -k
keo (kA T(A-keD)

n
©

(for |z|>l)
hence we obtain

W Sy Ty,

- k
- P 5 (D Ty-B) -
k=0 T(k+l) T'(y-B~k) .
o (--l)k T(y-R) a<Be1ik
z Y ol )
k=0 I'(k+l) T(y-8-k) .
o k e
R T S (1) " T(y-B) I(B+k) ,
© T e TG TO-EK) T(R+k-a)
s W —
o T(B-ctl) > FCE-YHL, BiB-otl; 2)

for Izl >1. Therefore we have (i) from above
sult (7).

Proof of (11i). We have

(z-l))‘ _ ein)\ (l—z)x

@ k
=ein)\ 5 (-1) T(A+1) zk

k=0 T(k+l) T(A+l-k)

(for i2| (])v

hence we obtain

a=y y-B-1,
(z" "(z-1) N

_ eiTT(Y‘fl'l) R ! Y I 15 e (z
k=0 T(k+l) I'(y=-£-k)

Univ. Zulia, Vol. 10, No. 1, Edicidn Especial. 1987
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(4)

(3)

-k

(6)

(7

1 3,

(8)
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- G ATOr®) 1y 5 DS IGeB) Tekel) K
k=0 (k+l) T'(y-B-k) TI(y-o-k)

(10)

T8 D(y-1) i-y

T'(y-c)

- z F(a-B+1, B-y+l; 2-y; z)

(11)

for |z| <1. We have (ii) from (11).

&4 . SOME EXAMPLES

Putting a=v, f=v -1 and Y= v+l, we have

¢z.(22-z) + ¢Pr.(2ve-v-1) + p,v(v-1) = f (z 3 0,1)

(1)

o= (e . —L—y, =L, )
V (z-l)2

from the Theorem 1, and

ba.(z%=2) + ¢1 .(2vz-v-1) + ¢.v(v=1) = 0 (z # 0,1)

(3)
and
$=(z - log 2) )
from the Theorem 2, respectively [lSJ.
(I) More practically, let v = = 12 and

1
g w2 , we have then

-,
=g (z#0,1) (5)

F )

d2.(22-2)- G1.(z+ 3) + 6.

from (1), hence a particular solution to this dif-

ferential equation

= _l_ % c(k)
Vi k=1

by (2), where

G(K) = T(k-(1/2))

since

is given as

1 z-1
L v PR ‘z‘)-az “

(for |z|> 1) (7)

/k T(k+2), (8)

(28)\) = e‘im _ggf_;?) za—v (i ?E\—};i') ! < oo) (9)

- 100 -

and
i ® =
=2 s 5 & ) s, (10)
z(z-1)2 k=1
Inversely,
(i) Putting
1 z-1 =

w= ((£f : , f=2z

( 1/2 (2'1)2 -1 z )'1

(11)

in (6), we have

b=y, (12)
hence

b= vy (13)
and

= 14

vy (14)
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Substituting (12), (13) and (14) into the left

= - s ~C )=k
hand side of (5), we have then 6k (k° - 2 k)] 3 (23)

2 1 - Z— lf2
L.H.S. of (5) = w3, . (222) ~wy .(z+ 2) + ’ (24)
12 I2 2
P g _3_ (15) since
- A A -
G(1) = V7/2,
= (wp.z2) y, ~(ne2) y, (16)
and
= (w;.2°%) B = (('41,2)1)-:/7 17) :
CCk+1) [(k+1)? + (kL) } = G(k) (K* - 71
= (f Vz)- v, (18)
= T(k+ (1/2))/ T(k+2) , (25)
g W 19 :
again
(I1) (1) Let ¥ = -1/2 in (3), we have then
(1i) Next, we have
2 1 3
¢2.(Z -Z)— ¢|.(Z +E) + @. Z = 0 (26)
<@ 1
=t I oG G- R (20)
v/.: k=1
A particular solution to this Gauss' equation
is given as
and
p = (z-log z) , (27)
i 1 1 -k-{ %) -
¢y =— L G(k)(i - K5 - bz £ 21)
/mok=1 5 1
= 1 T(~1/2)2"? (see Table 1) (7] [10] (28)
from (7).
Substituting (7), (20) and (21) into the Ileft by (4). Inversely we have
hand side of (5), we have then
. -y
dy = 4 T(-1/2)z” ? /2 (29)
© 1
LS. of (5) == £ 6ozt 20k
/Tok=1
and
1 id i - Y5 )k Gy = -1 I‘(-1/2)z_'3/2 /4 (30)
- — I G-y Wz 2 (22) ?
AT =
from (28).
2 =4, 1 e 2
== 6z +— & [eCk+1) { (kH) 2+ (kD)) Subst
= ituting (28), (29) and.(30) into the 1
/r /i kel hand side of (26), we obtain N IS
- 10} -
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= 0. (31)

B |

(1i) Let v = 2 in (3) and (4), we have then

bo.(z-2) + ¢y.(bz - 3) +¢.2 =0  (2£0,1)  (32)

and

b= (z - log z)p = 2z 2 (33)

respectively.

-2

By assuming ¢ = $(2z)z , the second scolution

independent to the first particular solution (33)is
given by

6= -2 ' -z “log(l-z) (z#0,1). (34)

On the other hand, assuming a solution of the
form of power series, we have then

p=Fw,v-1:v+1l; 2)

_ T(uD)

T'(vtn) I'(v-14n) n
TOT(w) T(v-1)

Fowlmy Ty 2 ‘2l <D

™ 8

(35)
as a particular solution to the equation (3), where
r(a,B;y;z) 1is the Hypergeometric function.

Put v = 2 in (35), we have
( |z] <1 (36)

as a solution to the equation (32).

Solution (34) coincides with (36) except the
coefficient of constant, since

log (1 - 2) = - L <L) (37)

hS
n=1 B

However, the solution (34), in its form, is a
more desirable and wide one than (36),

(111) Let v = -n(n€z' U {0}), we have then

$2.(2%2-2) + ¢1.(-20z + n -1) + $.n(n+l) = 0
(z # 0,1) (38)

and

¢ = (2 - log 2)__ (39)

from (3) and (4) respectively.

If n=20, (38) and (39) are reduced to

t2(2"-2) - ¢y = 0 (z # 0,1) 40)
and to
$ = z-log = (41)

respectively, Clearly, (41) satisfies equation(40).

And in case of n =1, for example, (38) and
(39) are reduced to

br.(z2-2) =4y . 2z + $.2 = 0 (z # 0,1) (42)
ard to
¢ = (z - log #)_, (43)

respectively. Hence we have

d1 =2z - log z (44)
and

$2=1-2 (45)

from (43). Substituting (43), (44) and (45)
into the left hand side of (42), we have ther

~ 102 =
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L.H.S. of (42) =1 # 0. (46)

That is, the function (43) does not, satisfy
the differential equation (42). .

However, if we adopt

¢ =(z - log z)_l

=/ (z - log 2z) dz

--;—zzl-.-(zlogz-z)+c (47)
as a solutlon (¢ 1is an arbitrary constant of in-
tegration) to the equation (42) and substitute this
into the L,H.S. of (42), we obtain

L.H.S. of (42) =1 + 2c, (48)

Consequently, determining c¢ = -1/2 in (47), we

obtain

¢ = % z? ~(z log z - z) - %- (49)

as a solution to the equation (42), And (49) satis-
fies (42) clearly.
&5. COMMENTS
In this paper, an application of '"Fractional
Calculus" to the solution of Gauss' Hypergeometric

differential equation, which is a linear ordinary
differential equation of Fuchs type, is shown as we
see above.

By the method described here we can obtain very
nice, brief and simple (in it's form) particular so-
lutions, in which the differintegrated (by arbitrary

order V) function f,, — where f 'is the function
lying on the right hand side of differential equa-
tion — 1s contained explicitly, to non - homogene-

ous linear ordinary differential equations of Fuchs
type. And the brief solutions give us wvery good

prospects,

0f course, we can obtdin nice, brief and simple
solution (in its form) to the homogeneous linear or-
dinary differential equations of Fuchs type,again.

That 1is, the method reported here is a  highly
effective and a very powerful one used specially to
obtdin a particular solution to non-homogeneous 1li-
near ordinary differential equations of Fuchs type.
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