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ABSTRACT

The present paper deals with a class of inte-
gral transforms by index or parameters of the spe-
cial function kermels. By invoking the Parseval
relation for Mellin transform, a new integral
transform is defined and some of its properties
and special cases are obtained. The inversion
theorem is established in a special defined
space of functions m:! (L). A Plancherel type
theorem for a pattialiivY symmetric case of W-
transform with Meijer's G-function as kernel is
given.

RESUMEN

Este trabajo se trata de una clase de trans-
formadas integrales por el parZmetro & Indice de
la funcidn especial del niicleo. Se define una
nueva transformada integral mediante el uso de 1la
relacidon de Parseval para la transformada de Me-
11in. Se’'dan algunas propiedades y casos especia-
les de la nueva transformada. Se establece el teo-
rema de inversidn en un espacio de funciones
m-' (L). Ademdis, se demuestra un teorema de tipo
PiéXcherel para un caso parcialmente simétrico de
la transformada w, con la funcidén G- de Meijer co-
mo niicleo.

1. INTRODUCTION

Let

8

I ‘1~\)+ix,1—\)—ix,(ap)>f( .
> ’ t)de,
s Cpr2.q (t (8

0<x<on, (n

is the integral transform with Meijer's G- function
as the kernel, where

A CLASS OF INDEX INTEGRAL TRANSFORMS

(Ctp) = a;.az,...,ap : <Bq) = By, Bay esss Bq and
V are some complex parameters. This integral
transform was introduced and it's formal inversion
formula was obtained in 1964 by Wimp [12] . Some
special cases of (1), such as Kontorovich - Lebedev,
Mehler-Fock [4 - 6] and other integral transforms
were given. The inversion formulas for such trans-
forms were obtained even earlier, see 7].

We continue the investigation of such integral
transforms. We introduce the W-transform which is
more general than (1), Parseval equality for the
Mellin integral transform is used to construct the
W-transform. It is proved corresponding inversion
formulas for (1) in special defined space mgl (L)
Also the transform (1) is studied in Lz-spacewhere
the theorem of Plancherel type is proved for some
gpecial symmetric case of (l). In conclusion it is
given few examples of some special cases of (1).

-1
2. W-transform in the space m Y(L).

A more compact view of the inversion formula
of (1) was indicated in [13]. It is different from
such formulas in [12]. The proof of this inversion
formula was given later [10]. Using the Parseval
equality for Mellin transform, the W~transform, is
defined as 10] :

Definition 1. Let f*(s) is Mellin transform of
£(x) [1,6], which is defined by the formulae f*(s)=
o0

I ax .
o

Let V be some complex parameter with Re.v >1/2 and

() = arfta,eeny @5 ®) =8 B ... B
n+1 ; mly

(ap ) o U.n+l, an+2,-.., up| (Bq ) Bm+1’

Bm+2 ST Bq are the vectors with complex

components, moreover,

Reaj # 1/24k, j=1,2,...,0; Rerxjf—lfz-k,

j=n+l,042,...,p;
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Refy # -1/2-k,3=1,2,...,m; ReBf1/24k,

i
J=m#l ,m+2,...,q9; k=0,1,2,... (2)
then the integral
mn v, (e )
(WE) (%) = (W P f(t)) (x) = (3)
Pq (Bq)

l 3
=5er J’ T [\)—ix-s,\)-l-ix—s]

(8]

(B Y+s,1-(a )-s
m n
r f *(1l-s) ds,
(@ y4s,1-(8" ) s
P q

where g= {s, Re s = 1/2} , defines the W-trans-
form of the function f(x).

The following class of the functions is ap-
propiate for W-transform.

Definition 2. Let ¢,y ¢ R and 2 sgn c + sgny0.
The space of functions £(x) which can be represen-

ted in the form of

= A -8 5 o 4
f(x)_Zni J #(s) x = ds, * €(0,®) , (4)
g
where

o(s) =s ' e erms| F(s) , F(s) € L(o),

e -1
is denoted as mclv(L). and we write f(x)émc,Y(L).

The space m;lY(L) with the norm
’

el _, - J’ |F(s) ds|
] L
mc'Y( 8] F:
converts into a Banach space. Now , we prove the

follwing result,.

Theorem I. If and only if,

2sgnlc+c*+l) + sgn(y+y*+2Rev-1) > 0, (5)
where
P q
m+n . - e _ ]
c* = N -p-q, Y* = RC(.X Ilj z GJ). (6)

=y
then the W-transform exist in the space m, Y(L).
'

Moreover, if

rex, < 1/2, §=1,2,...,n; Rea>-1/2, j=nt+l,...,p;

4 i
(7)
Reaj >-1/2, §=1,2,...,m; aij< 172, jmm+l,ecesqs
and
4 sgn(c*+1)+2sgn{y*-2Revt2)+sgn|24p-q| >0, (8)

then the W-transform (3) may be represented in the
form (1).

Proof. By the asymptotic expansion  of the
gamma-function [2] we have ,

(B )+s, 1-(a )-s
T [\)~i.x—a,\)+ix—s] i n

(u;+l)+5.1—(8:+1)—s

v G exp [»(c*+l)n|1ms|]i5|uv e

(9)
s €0, |1'.ms| + @

Consequently, the integral (3) is convergent at in-
finity if and only if the condition (5) is fulfil-
led. If the conditions (7) and (8) are ful filed
then for all s €0 and o<r<E<® we have the inequa-

lity
E
m,n+2 I—wkix, 1=v-ix, (a ) gel
G (t R ): dat| < ey
p+2,q (Bq)

€ 10

This follows from the asymptotic expansions of G-
function [6, p.117] and (8). So if f(t)cmExY(L)
’

then f*(s)€ L(0) and we have :
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o 2 sgne* + sgn (142v*+3 (q-p) /2)+ sgn(q-p-2) < O

m,n+2 1-vix, 1-v-ix, (o )
G t P of(e) dt
pt2,4q

(B.) {(qg>p) ,
i3 1
o
2 sgne* + sgn(y*+1) < 0 (q=p) (12)
= lim %{ %
£+0 Further, the parameters of the vectors (o)
B0 and (Bq) satisfy the conditions P
E L ’
m, N2 1‘v+1x,1-v-u,(ap) !
J'G +2 (: )If*(l—s)t e Re o, <1/2, 3=1,2,...,0; min Rex, > 1/4 , (13)
#4254 (5) s nHl<i<p
& a
Re B, >-1/2, j=1,2,...,m; max RefR, < -3/4
- i mHi<j<q 3
1 m,n+2 I-vtix,l-v-ix, (cxp) s
PR *(] -
2mi Peil<a) ICP"’Z-Q (t I (B) )
a o q Then the inversion formula for the w-transform (3)
is given by
s5-1 1 o
£ b ds = __fr [\)H_x—s.v-ix-s] x
2ni 1
£(x) = 1) Tsh 27T x
: 7
o
(B) + s,1-(a )=
m g (n) “ . \)+iT,\)—iT,-(v1n+L), ()
P £%(1-s) ds = q-m,p-n+2 P n
( I'l+]) 1 (8 m+1) G X x (1{0)
a +5,1- -
» T TE 2.9 -8 ™", - )
q m
mn \),((lp)
(wpq ®) l fm)‘"" x (WE) (1) d1 , x>0,

Proof. First we shall prove the following

lemma.

i
3. Inversion of W-transform in the space m_ Y(L)
: Lemma 1. Let the conditions of the theorem 2

are fulfillad. Then the following integral represen-

The theorem 7 of [10] porvides the conditions tation
for the inversion of W-transform. But it contains
a lack - the condition on the shape of W-transform.
Here we present an explicit inversion formula.
1 it iT
an shrt I'[\J—s+ e ] x

Theorem 2. Let 5/8 <Rev<3/4 , p<q ,

- NI L A WP,
£(x) € ™y (L) and Ponp— 2Vt S - up o
' G x = (15)
pti,q
- ™y Y
2 sgn (c+c*) + sgn (y+y*) > 0 (11) 3 L.
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n+1 & N1
-g 9M,p-n -(a ),-(un) _g 9=m,p-n (up ).-(Cln)
= z G Xz P dz X z G Pt (xz dz *
Py g - +1
+1 ~(B7),~(B )
2 ~(B7 )-8 k q m
-] (-]
[+<]
2(v-5)6
e dg b 2(v-s)@ P
f ﬁe ‘de * IJ (2vz ee/ V2chu-2chB) sinTu ‘du(
P o
-—
e
o n+l
< 1 = 3/!. B prn ' o P )'-(aﬂ)
s 2 G Xz dz  x
P»q +1
s . ' =B, ~(8)
X JO(ZE e v2chu-2¢hB) sin Tu du, x>0 ,
8]
o w0
1 1
takes place. (2Rev=5/4)0 -/ g 5 I =Y,
x| = a6 [ w-1)  w?-1)  dv<Ax
Proof of this lemma is based on the following ( he)l/“
integral representation of the Bessel function [4 - e :
o
2 Ki (21/;)!(i (2vy) shrt= This estimation followed from the houndedness of
w T T the function
2 Yk 1 (x) for x >0, the conditions (12), (13)
f the theorem 2 which were derived frem the -
V vzy' -z - : 16 @ asymp
IJO(Z 2/zy chu - z - y) sinTu du (16) totic formulas for the G-function [6] . Lemma is
LP.n ¥ proved,
2 z
Let us consider the following integral, which
is similar to (14) :
A
N 1
For the proof of the lemma we shall perform the T(a,x) = - f‘rshnr x
following operations. We multiply both sides of 4
(16) by yY=5=! with Re s=1/2, and integrate with o

respect to y from O to © , and then multiply the

result by
1
\)—iT/Z.WiT/Z.-(Gn+ ),=(a )
q-m,p-n+2 P n
n+1 G
_y g-m,p-n ~(a ) ,~(a) « (x >
P n »
R T ) e (B, -8 )
< +1 ) =
& = m
(By 2»=(8) q
(with 5/8 <Rev<3/4 , x<0 ). Integration of this x (WE) (1/2) dt . (18)
expression with respect to z, from 0 to ®, and the
transformation ’
';‘9'“ ¥= € leads to the desired result (15). Here ~ This result exist for finite XA. So, we replace
the value of (WE)(1/2) from the formulae (3). Chan-
we have also used the formulae [639-3(1)} and P.P- ging the order of integrals by Fubini theorem and
210], The existance of the repeated integral of(15), using the formula (15), we obtain

follows from the estimation
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I(A,x) =

(B )4s,1-(a )-s
1 ™ n

“2m | T " f*(1-s)ds x (19)
n m+1
y (ﬁp )+s,1 (Bq )-s
6 n+l
1 =5 Rpn -(ap )'—(an)
cd = z G Xz dz X
P q
o T
(B ,=(8)

w©
: oo

XJ;"V“’)G aefjo(z/z_z’ eelz/c-hu—-ch'ﬂ)g%— (3‘3—’“‘) du .

o |8

Now we shall interchange the order of integration.
This leads to the formula :

o u oo
2
I(A.x)=—-:r— fa% (%h‘y]ufewe 4@ /(Gf}(ze B) x
) A o

(20)

n+1
G, ).-(e)

3™ p-0r, (2v7z &Y /eractB)az,
— gty gy
'( q )l-( ™

where (Gf)(w) is the G-transform of the functicn
£(x) [10]

B )+s,1-(a )-s
1 = i =
(GE) (w) = Eﬁf r Jf*(l-s)v Sds,
g

a§+1)+s,l—(.8:+1)—s

which is calculated at the point w = zeze ' (2

After integration by parts, the equality (20)
takes the form

©

I(A,x%) -% f $lu) "1:"“ du , (22)
o

where

@

Bu) = e J(cr)(ze2“> 5 (23)

o

n+1 o

=7, - (0, )
Gq-nnp-n(xz . )due‘”“ f (6f) (ze” )
P9 m e

~p VB

q [¢]

n+1
_(a
P

) r_(un)
1 )dz “
(81,8

g-m,p-n (
x 4 Xz

P9

u (-]

2v8.,. d 28
+Ie dad—u J'(Gf)(ze %

—u o
n+l
- (o -(a )
q-m,p-n ( » )l ( o
(o (xz m+! X

P, 9 - (Rq )» "(Bm)
x JO(Zer? ee/2 Yehu-ch6) dz .
It can be shown that the outerintegral terms are

equal to zero on the ends; for u+0 and u+> ., It
is obvious for u>0, because the interval (-u, u)
is vanished. The case, u?® is more difficult. We
have the following inequalities

u o
lfewedﬁ I(Gl)(zez.e) =
-u o

q-m,p-n
x g x:
P:4

@)
x

z
1
~(E (8

X JO(Z 2z eelchhu-chﬁ) dz | <
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http:SinAU)1uJe2.V6

u
1 (ZRB\}- 5/;. )O
ApxT hole a8 x
(chu-chg) "
-u
e ~a™hy ,-(a)
3 q-m,p-n P n
x,[z' ol (- (z >dz <
p'q

+1
(8,8

u

1 (2Rev- %, )8
A, x ——17—-E de =
(chu-chp) “*

~u

u

_1 ) -
= 24 x /“’/’M dd , Ay, Az- const.
(chu-chf) “*
o

They follow from the boundedness of the  function
/% Jo(x) with x>0 , conditions of the theorem 2

and the estimation

1
l(Cf)(w)\< Asw /2 , Aj-const, , (24)

whieh iz received from the condition (11).

The last integral is divided in two, by the
intervals (0,1) and (1,u). It is obvious that the
first integral is bounded for wu®l. For the estima~
tion of the second &ntegral, we shall use the pro-
perties ch afi= 0(ch™0),shf = 0(ch@d) for o0 , 0O>1
and then calculate the beta-integral

u

J‘ch(zaev-5/4) 40 =

1
(chu=ch8) /u
1

u

5
" ( (chg) 2Rev- To “a:ne) . 0((chu) 2Rev- %2
\J  (chuche) a

1

The last expression tends to zero for —u*® as
5/8 < Rev < 3/4, So we have proved the vanishing of
outerintegral term at i{nfinity.

Let us study the function $(u) of (23). If we

apply the theorem 6 of [10] about the inversion of
G-transform, we arrive at the following simple
form

e(2\)-2)u

Blu) = fixe el S IV prca ™y B ),
(25)

where

g «o
Fx,u) =f o SPuR d@f((‘-f)(z) x (26)
-u o
n+!
q-m,p-n W Timiay

(xze-z
P <y ,-(8)
q m

>

x 3, (2/52 e 2 rraen) 4

Moreover the differentiation under the sign of
the integral is valid, because of the conditions
of the theorem, inequality (24) and

1
lx h Ii(x)| <M , M - const,are Fulfilled.

Further we have [A]

x G—u —36/2
3@/ o ey < e R e

3
3u
chu-ch@

(27)

x J1(2v2z e-e/zichu - ch@) -

N

o 1,272z e-e/z/chu-c_he).

We use this result in (26), interchange the order
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of integration and then perform the integration by
parts, to get

i [e<]
- e(Z\J- ¥.)8
Plx,u) = v2e j' £ — 48 | (6E)(2)v2 X
‘ Yehu-chb
-u Q
q=m,p-n _(a:H)"_(an)
o} g (szze iy ) x (28)
Psq -(Bq ),-(Bm)
e 7
5 (2y- 7 )6
X J;(Zv"z-; e Blzvchu-che)dz -2 f‘e——z——~ df x
% yYehu-chf
= < “+1),—(a )
q-m,p-0 -28 aP n
ffz- (cf)(z) x ¢ (xze x
p.q il
Q -(Sq )9 (Bm)

31(2/22 o8z feru=en®) dz - SR J’ (cf) (2)

(0]

nut1
(o ),-(a)
q-m,p-n ( -2u P o
el xze

P

)dz+

1
() (8D

w

" ;“"'““j(cf)(z) "

o

n+l
-(o -(a )
q-m, p-n a5 ¢ P ) il
x G ( xze dz +

p,q m+1

(B ) ,=(B)
a m

o
u

+ I(Gf) (z) dz J’\TO(Z/Z_E e_e‘/z-/c:t\u~ch9) X

o =y

q-m,p-n =
IR ' xze i
o Py q

[2(u-1)e2(“”‘)9 x

o+l
q-m,p-n °(“p ) ,—(cxn)

X 0

( :

XzZe

P, q +1 Az
-ca‘; ),-(8)

i
0,-™"), ~(a)
q-m, p-n4- P a

1 -20
X G xXze de
phy, q+1( —(6‘2“),—(311]),1 )

By invoking the theorem 6 of

[J.C} about the inver-
sion of G-transform, we get

F(x,u) = Fi(x,u) - Fa(x,u) + Falx,u) - (29)

_ E(zv-z)u f(xe—zu) " e(2—2\))u erzu) i

where
u
(2v-7,)8
Fi(x,u) = vZ e ™ e _ __  d® x
Yehu— chfl

n+1

-(ap ).—(un)> ;

= q-m,p-n -20
x [ vz ¢ (xze -+ 1
~(By )4=(B)

2 P.a

x (GEY(z) J1(2V2z 2 fhaewE) az

u
_(2v-7)8
Falx,n) = V2 = dé
g Vehu-ch 6

~u

n+l
-(ap Y= )

m+1 )X
'(Bq )9'(Rm)

o0

(30)
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X (G£)(z) $1(2V3z e 2 JomichE) dz |

-

w) = | (GFI(z) dz ..
J

r

7 e 2(u-1)8
yehu-chf) | 2(v-1)e )

x

-

+1
-(uz ) ,-(rxn)

b

q-m,p-n _2n
G xze

el
L8748

a1l
0,-(a_ ),={a)
7 n
vB q-m, p-n41 i P
xze df

L Gp+1 qti
’ +1
(B, (B) 1

The results (25) and (29) leads to

Sy ~ 26V i B itk - BalES) + TalE.)

(an

Let us show that for each x>0 , the functions
%Fi(x,u),. i=1,2,3, are absolutely integrable on
the interval O<u<e, Thisl/'follows from Eh7 bounde-
".lo(x) and x 2Jl(x).the
conditions of the theorem 2 and the following gs=
timations

dness of the functions x

u

(2Rev- ¥, )8
Mle—u E df x (32)

lFl {
(chu=-chf)

ikl

a

1 q-m,p-n Zal”
z'l" |G ' o0
P 4q

[o]

e

(Bm+1

(ZRev-1/4)4

_—‘_./-. J8 s My, M.- const,

= e fyh =u ir
¥ e
- (chu-chf)

|y u) | 9
BN du < My x M

e{2ﬂe‘)~ 1/“ ){1

~ — - 18 «
G (chu-ch@)

RN o0

2Rev- Y )B-|B
sz'sl"j"(ke /“)1I[def By e W
(ehd) hu Ilnym u/g-_l-

(mev- % )®
————17—— a8 , (33)

(chu-ch@)

=%
(i1) [Falx,u) | < Max

(ZRE‘ = 5/1.)9
————1,— df x

Falx,u) _5
J .I__z__L du < M“ X ,“
v (che)

w@

—J————-— < 9 M3, My - consr.
Ly Vy y2-1

u
2(Rev-1)0

(1) |F (x,u) | < Mg f——q-—dﬁ =
3 (chu-chf)

=

n+1) ’ ((1 )

q-m,p-n
' &Yy, -8)
q m

( -
xze
—(

= L1 -
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Mg 28Rev
e

'——_1'/— dg %
(chu-chg) ™
-u

o™

5
i ]z- Ty eB/u "

o

0,-(8™) 1~

q-m,p-n+i1 =
X |G (xze &0 > dz <
P, gt

+1
—(8‘; ),=(B),1

u

1 (2Rev- Y, )0 3
=~ —e—————;/—de+nax/“x
(chu—chg) “*

< Mx

u

(2Rev- 7 )8
j £ ag
(chu-ch@) 2

-u

=)

‘Fl(x-u)l
T du < @ .Mj—umsr. » }J =5,6,7,8.

o]

From the results (32)-(34) it follows that

%.Fi(x,u) € 1.(0,), 1=1,2,3 and from the Riemann
lemma we have the equality

o
1im F, (x,u) BIodi o Wi, =123 (35)
Ao b

)

To obtain the final result
the integral

we must to study
o
Lo =2 fe(z"")“ ey “3—"“ du . (36)
Q

In connection with the formulas (4) and f(x)ém;; (L)
we have the equality ’

2 1 -
fxe™) = 5= [ #(s) (xe™™® as (37)

o
So, if we substitute (37) into (36) and inter-
change the order of integration which is valid due

to the absolute convergence of the repeated inte-~
gral, we get -

I1(A,x) =

=R

1 ==
e J ¢(s)x 2 ds x (38)
o

©
[ (2-2v=28)u siﬁ}\u du =

a]

- ! A -5
=" f ¢(s) arctg Toaias * ds.
a

Let, s=1/2 4+ iT , then we have

+

M2 Imy
s =

1| =

A
AXCLE Sv-2+2s

A-2 (14 Imy)
2 Rev-1

5 |arctg

+ (39)

+1

i (2Rev-1) %+ (M2 (Imv+1)) ?
((23ev—1)2+ (\=2(Tmytr)) 2

and for last item the estimation

‘1(1 (2Rev-1) %+ (A+2(Lmu+r))2> l
( (2Rev-1) 2+ (A-2(Tmv+1))?

o (2Rev-1) >+ (/RZF(ZRev-1) 7+ 1) ? )
< (2Rev-1) 2+ (/AZF(2Rev-1) 2-))?

W< ® . (40)

Now taking into account (38) and (39), we shall
calculate the limit for A+ in the result  (36)
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by the Lebesgue theorem :

lim Ti(A,x) = 2+ j o(s) x ° ds = £(x) (41)

pu %
ag

Hence from the formulae (18), (22), (35) and
(41) we obtain

«©

Bia  FOLED = Sl -t

Avn 4qr?

j’ tshnt (WE) (1/2) x

o

q-m, p-n+2 v 11/2, v-11/2,~@™) (e )
X g (x l b nJdr.

+1
PHe,q =B ) ,=(8)

(42)

Now, t=7/2 leads us to the formula (14). The
theorem 2 is proved.

Remark 1. In addition to the conditions of the
Theorem 2, 1f we add the restriction (8), then the
result (14) can be written in the following Fourier
type integral form :

f(x) = lz J. tsh 27T b (43)
o
T, i, - () - (a)
q=m,p-n+2 P )
x G X dr X
Pti,q ( 1
-(B‘; )=(8)

o«

m,n+2 T-viT,1~v-4iT, (ap)
x el £ dy.
f T <y| . )  ay
q

]

Remark 2, In the case q<p the conditions cor-
responding to (11), (12) may be written by analogy
with the help of the formulas (8.37) of [6].

4. Lz-theory

Now we shall study the integral transform (1)

in the space L;(0,@). The following theorem takes

place.

Theorem 3. Let the conditions (7) are fulfil-
led and

ck=yk=0, p#aq. (44)

Then the integral transform

N
glx) = L.i.m K(x,y) £(y) dy , (45)
M, N+
1/M
where
= 1/2-ix, L /2+Hx, (o)
K(x,y) = Yxsh2mx c * p
o m ptz,q {7 (E‘»q)
(46)
is automorfism in the space LZ(O,m) and its inver-

sion formulae has the form

£(y) =Li.m, XERETE x
M, N+
N
n+l
f q-m, p—n +2 1/2-1x.1/2+ix,-(ﬂp ),—(O.n))
.4 G (Y
pt2,q ‘(B};+l)'—(8m)
1/M

% g(x)dx. (47)

If, moreover,

"J o A o B BJ.CR, F o= 1,2, 000

P =21, q=2m, (48)

QWH =~% y F= L sensl 3
i'?m+j = 'é‘jn J = llzi"'imy

then the transform (45) is unitary.

Proof. Proof of the theorem is based on the
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following three lemmas.

Lemma 2. The transform

N
g(x) = f.i.m plx,y)£(y)dy, 49
M, N#oo
1/M
where
2 Kzix(ZJ;)
p(x,y) == vxsh27mx ——— | (50)
! vy
v
is unitary 1in the space L;(0,®) and its inver-
sion formula has the form
N
f(y) = 2.i.m. pGx,y) g(x) dx. (51)
M, N+
1/M

For the proof of this lemma, see [5]

Lemma 3. Let the condition (44) is fulfilled Then
the transform

N
g(x) = L.i.m d[ hixy) £(y) dy , (52)
M, N+
' 1/M
where
o (ap)
h(x) = G (x (B ) ) 3y (53)
Psq . q

is automorfism in the space Lp(0,®) and its inver-
sion formula has the form

N 4l
3 = Ll — —(up Ys. = (an)
y ‘N;m G xy
- ol ~(@™Yy, - (8)
1/M q 7 m
x g(x) dx. (54)

If, moreover, the condition (48) is fulfilled, then

the transform (52) is unitary in the space L,(0,®).

f iroof of this lemma is based on the results of
13,11},

Lemma 4. For the functionms (46), (50), (33)the
following equality.

K(x,y) = f p(x,t) h(ty) dt (55)
o

holds, moreover, the integral (55) is uniformly
convergent in x, y € [l/M, N| for all M,N > 0.

For the proof, of this Lemma, see [2].

The uniform convergence of the integral (55)follows

from the asymptotic properties of the functions
h(x) of (53) and Ky, (t).
Proof of the theorem 3. The function K (x,y)

is bounded for y € [l/M.N] and
the integral

f(y) € L,(0®) So,

N

By, N (x) = f K(x,y) f(y) dy (56)
1/M

is absolute convergent. From the uniform conver-

geme of the integral (55) for yé[l/M,N], we have
the equalities

N

w0

gM'N(x) = f £(y) /-p(x.t)h(ty) dtdy =

e o
_ f p(x,t)/h(ty) £(y) dy. (57
o 1m
Let
f(y), v € /M,
() = 0, v £ /N, e

Then it is cbvious that, fMN(y) € L:(0,%) and hence
the integral

N
Dy (E) = f h(ey) £(y) dy (59)

L/M

is the transform (52) of the function £ (y)gL2A0,=)
and so it belonges to L:(0,® too. But, then the
integral
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http:uniform.ly

<)

j plx,t) g (€) de

Q

is convergent not only in the conventional sense but
also in the sense of L,(0,%), So,

(6M

- Q
f POLE) Gu(e) de = Riim [ pGx,e) d(e) e
P,
0 1/p (61)
and
Q
(x) = L.1.m pix,t) ¢ (e) dt. (62)
S P Qe f MN
L/p
The following inequalities
f B By, (0|7 ax <
o Le=]
€ .0, f iwmm - @Mml(c)' Cdt < (63)
L o
= " j £ 57 = Eya, O |7y
(o]
follow from the lemma 2, 3. Hence
£.4.m g (X)) = g(x) (64)
M,N>e MN
exist and
J’ lg(x)l‘ dx & o f'f(y)lz dy, (65)
o o
Q N
gx) = L.im fL.i.m f p(x.t)f hity) f(y) dy dt
M, N> P,Qre
1/p 1/M (66)
Q N
= Rl j plx,t) Z.i.m f h(ty) f(y) dy dt
P, Qo M, N+
l/p 1L/M

In a similar way, the following result cam be
obtained from (45)

N n+!

_(0.
q-m,p-n P
ottt Bede & < ty

Py g

),=(a)

n

m+1
~(B
(q

)~(B.)
m

] p(x,t)g(x)dx dt. Kot

1/p

But the formmlas (66), (67) are inverse to each
other. This follows from the lemmas 2, 3. Under
the conditions (48), the components (49), (52) of
the transform (45) are unitary and so the transform
(45) ,is also unitary. The theorem 3 is proved.

5. Examples

Finally we shall study some particular cases

of the transform (1).

A. Let m=n=p = q= 0, Then after some sim-
plification in the formula (1), we get the Konto-
rovich — Lebedev transform. The conditions of the
theorem 2 are not fulfilled in this case. But, in

9] it is shown that for functions

the following representation

B € my @

© @

flx) = _2_

h T
"y Tshrt Ki‘r(x) d f Kn(y) f(y) dy

o o (68)

takes place,
B. Let m=n=p=0 , g=1 ,

v=1/2+a , By=x-a .

Then c¢* = <1/2 | y* = -Ref; . Let the conditions
of the theorem 2 are fulfilled :1/8< Reoc 1/4 ,
Rex < Ren~ 3/4, f(x) € m—:' (L), 2 sgn(e-1/2) +

+ sgn (Y- Re(x-a)) > 0. Then the following repre-
sentation

o
1
e &
£(x) =X o %= frah 21t
TF2

o
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P [1/2x-te,1/2mpte]u, 1 Q) dT % (69)

1

«©
2y
-a 1
Xfy = wx,u(y)f(y)dy”>°’
[e]

takes place. This can be derived, from the formulas
(8.53), (8.54) of [6]

C. Let m=l, ¢=2, p=n=0, v=u-0, B;=q,
Ba=l-c +a and c*=0, y* = Rec-2Rea~l; 5/8<Re(p-a)<

<3/4; Ren>11/4; 7/4 + Rea<Rec<2Ren-1,

f(x) € ﬁ;lY(L), 2sgne + sgn (y+ Rec - 2Rea -1) > 0,

Then the following representation

oo

=01
flx) = —n Tsh 21T I{c—}l+1‘l’,c-].l-11']
T2 (e)
n
2Fy (e-pHitT,e-p-iTje3-x) d1 % (70)

o

x J r[u—h.wu]m (17,4475 c3-y)y E(y) dy, x>0,

(8]

takes place. It ig connected with the formulas (8.
55), (8.56) of [ej which is related to Olevskii
transform.

D. Let b > =1/2 . Then the integral transform

N
g(x) = L.4.m I et r{lfzﬂm;, 1/2_1x+b] x
M, N 7T (142b) :
(71)
1/M ;

X oF1(1/2+ix+b, 1/2-ix+b;l+2b;—y)ybf(y) dy.

is unitary in the space Lz(0,*) and its inver-
sion formula has the form

N
Yxsh2me 1
£(y) =,;.;;: J' TTCLA2h) I"[I/2+ix+b.—2— —ix+b] (72)

1/M

X pF1{1/24+ix+b,1/2-ix+b;142b;~y) yb g(x) dx .

In conclusion we may point out that a large
number of other particular cases of the transform
(1) and its inversion formulaecan be derived  Ffrom
the formulas of the tables of the monographs [6,8].
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