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ABSTRAeT 

The present paper desl s with a c lass of int e ­
gral tranaforms by index or parameters o f t he spe­
c ial funetion kerDels. By invoklng t he P rsev a l 
relacion for Mell in r ansform , a ne w i n t egra l 
trans form l s d ef ined aod some o f its p r o p r Cies 

nd spec ial ca s es ar e obtained. The inversion 
cheorem i s e s tablish i n a s p c ia l de f i n e d 
space of f unet i ons m- I (L • A P l a n c here l ty p e 
theorem f or a partiallyY s ymmetr i c c ase of W­
transform with Meijer ' s e - f unet i o n a s kernel is 
given. 

RESUMEN 

Este trabaj o se t rata d e uua c lase d e t ran s ­
formadas integra les por el rámetro ó índice de 
la f unc i ón especial del núcleo. Se derin una 
nueva transformada integra l mediante e l uso de l a 
relación de Par seval para 1 tra n sformada d e Me­
l lin. Se ' dan alguna s propi edades y casos esp cia ­
les de la nuev t ransformada. Se establec e el t eo ­
rema de inversión en un es pa -: io de f u nc io n es 
m- 1 (1.) . Además, s e demuestra un t eorema de tipo 
PtAXcherel para un caso parCialm ente simétric o d e 
la t ransf ormada w, con l a función G- de Meijer co ­
mo núc l eo . 

1. INTROOUCTlON 

Le t 

g(x) 

o 

A CLASS OF INDEX INTEGRAL TRANSFORMS 


(u ) = Cll,Cl2, " . ,a. ; ( 6 ) = 61, 62 ..... 6 and 
p p q q 

v are sOIIIe c ompl ex parameters. This int egra l 
transform was in t r oduc ed a nd lt's f o rma l inversion 
fo rmu la "as o b t ained i n 1964 by Wimp [ 12]. Sorne 
spec ial cases of O ), suc h as Kontorov i c h - Lebedev, 
Mehl e r - Fock [4 - 6J a nd o t he r int egra l tr a n sfo r ms 
\rere given. The l nv ersio n fo rmu 1 s f o r s uch r a n s ­
fo rms "ere ob t ained even earl ier, see [7]. 

We continue the investigation of such íntegra l 
t ra nsf orms . We i n t r oduce t he W- t r a nsform whic h i s 
more enera l tl~n ( 1) . Parseval equality for the 
Mell i n integral tran s f orm ia u sed t o cons t r uc t t he 
W-tr n sform . It is proved c o r responding i nvers i o n 
f ormulas f or (l ) in s pecial d efined space m~l ( L) . 
Als o the tTansf cm (1 ) is stud ied ln L2- spacé;where 
t he theo rem of Pl ancher el t pe i8 prov ed for sorne 
special symmetric case of ( l) . In conc l us ioo it i s 
given [ew exampl es of some s pecÚll cases of - ( l). 

2 . Io/-trans f o rm in t he sp ce m-1 (L ) . 
c ,y 

A mo re eompac t víew of t he inversion f ormu l a 
of (1 ) was i odlcated in fu ]. It is d ilf rent trom 
such formulas in [121. Th pr oof o f this inv ersi on 
formu l a was given l a ter [10]. s ing the Pa r seval 
equa ity f or Hell in t ra nsform, th e W-transform, is 
def ln ed a s [lOJ : 

D finition 1. Le t f * ( 8) is MelIio t rans f o rID o f 
f(x) [1,6] , whic h i s d fined by t he f ormu lae f*(s ) = 

00 5- 1
! f( x ) x dx. 
o 

Let v be some c omplex paramet er with R _v > 1 /2 and 
( Cln ) ~ a.l~2,· .. , a.n; (B

m
) = SI' 8 2 , ... ,13 m; 

Qa . CI • ( Sm+ l) 
0 + 2 p' '1 = "m+l' 

are the v ec tors wi t h compl ex 

components, moreover, 
O<x<'" , (l) 

ReCl -¡ 1 / 2+k , j =l ,2, ... ,ni Re .+-1/2-k,
j Jis the integra l t r a n s f orm with Meijer's G- function 

as the kern l,where j~n+t,n+2, ...• p; 
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Re I3 ,¡ - 1 / 2-k,j : 1. 2 . ....m; R í'./1 /2+k. 2sgnCc+c*+1) + sgn (y+'(*+2Rev-l ) ~ O, ( 5) 
j J 


J_+1,m+2. •.. . • 1 ; kc O, 1 .2... . ( 2 ) 


chen he integral 

(3)(wO (x) If(t» ) ( x ) 

2'1fi - ix - s. V+iX- S]f r'lV

where CJ = rs. Re s ~ l/2 } • defines the W-t r ans ­
fOrIn oí the function Hx). 

The f ollowing elass oC ~he funetians ís Dp­
prop ste for W- transform. 

De inition 2. Let e,Y ER snd 2 s~n e + sgny.>~ . 
Tite spa"i' o~ functlons f x) whlch can be represen­

ted in the form of 

f ~ , ( 4 ) f(><) = 2~í ¡pCs ) x -6 ds . x ( o."') 

(J 

where 

15 denoted as m-
1 

(L) . and we write f(x ) €m 
- \

, y{L) . 
c,'Y 

The spae e m-
1 

(L) with the norm 
c, Y 

1I f 11 _ f IF ( s ) dsl 
m 

1 ( L ) 
c, y O 

theeonvett.s into a Baoach space. Now ,we prove 
follwíng result . 

Theorem 1 . l f nd onl y if. 

R ( L (X, ( 6 ) 
i _ 1 J 

-1 

then the \o/- transform exist in the space m (L).


c. y 

oreover , if 

Reo. < 1/2 . j=1. 2 . . .. ,n: Rea:/-l12, j =n+l .. .. ,p ;
j 

(7) 

Re (~j :> - t /z. J=¡ ,2 . ... . m; Rei3 < 1 / 2. j-m+l, ... , <;,
j 

scd 

4 sgn (C:*+l)+2sgn (Y" - 2ReVt-2 )+sgn I2 +p-QI > 0, ( 8 ) 

then che W- tronsform ( 3 ) may be represented i n l he 
form (1) . 

?roof. By the asympto t ic expansloo oE the 
gamma - funct -Lon [21 we have 

C8 )+a, l - ( a ) -5 ]
r [ v-ix-s, v+:O<-8] r m o 


[
 n+1 ,;111+1 
(a )+6, 1- ( 0 )-s

p q 

~ e p l-Cc*+l¡ nI Imsl ] lsl - Y *-2ReV+1 

(9 ) 

8 f cr, I 1ms 1 .. '" . 

Consequent l y. the integral (3) la conv ergeo t at 10 ­
finity ti a nd only 1f t he c ondition (5 ) ls f ulfil ­
ledo If t he condit i o na ( 7) snd ( 8 ) are f ul fi lie d 
then for a ll s f o and o<¡-<E<'" we have t h e inequa­
U t y 

E 

(t lJG
m ' O+2 

p+2 ,q 

I E 

This follows frolD the a symptoc lc expa nsions of G­
fune tion [6, p. li 7] a nd (8) . So il f(t ) ( m- I (L)c ,y 

theo f* (s) E L( O) and we hav e ; 
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x 

o 

11m 

l-V+iX,l-V-ix,(O »)J SI 
t fl ) p [ *(1-S)t - ds dt= 

\ q 
a 

m.n+2 ( 11 - v+ix,I - V-ix,(Cl ») 
f* (l-s) G t P 

p+2.,q (S ) 
q 

J J 
a o 

S-1 
t dt ds 2~i Jr [v+ix-S , V-ix-a] 

(1 

r [(Bro ) + s,1-(On)-9 ] 
f*(l-s) ds 

n+ l ro+1
( o ) +8 ,1 - ( 8 ) - 8 

p q 

nq IV' (a. ) I f ( t) ) (x) .(w
m 

0\/p 

_1 
3. !nversion of W-transform in the 8pace m (L)c , y 

The theorem 7of [10] porvides the conditions 
for the inversion of W-transform . Sut it ontains 
a 1ack - the condition on the shape of W-transform . 
Here we present an explicit inversion f ormula. 

Theorem 2. Let 5/8 < Rev <3/4 , p~q , 

-1 
f(x) {ro y (L) snd 

c, 

2 sgn (c+c*) + sgn ('1+'1*) > O ( ll ) 

-

Rev. Tec . rng . , Un iv • Zulia, Vol. 

2 sgnc* + sgn(1+2yl' +3( q-p) / 2)+ sgn('l - p- 2) < O 

( '1 :> p) , 

2 sgnc* + sgn ('(*+l) , O ( q=p) (12 ) 

FUrther. the parameters of the vectars (a ) 
aud ( 8 ) sstisfy che cond i t iona p 

q 

Re (l . < 1/2, j =l ,2 , . .. ,n; min ReCl . > 1/4 , (1 J ) 
I

n+1.::J~p 

Re Bj >-1/2, J"'1 . 2 •. . . • m; maX ReS < -3/4 
m+l~J~q j 

Then che inversion formula for the w-transforID 
ia g iv en by 

f( x) = ~ J ah 2 .rt 

o 

G q-m.p-n+2 ( x 
x (14) 

p+2, q 

x ( Wf) ( r )dr , x >O , 

ProoI. First we shall prov e the f o110"'1ng 
l emma . 

Le!llIll8 l . Lel the conditions DE r he t heorem 2 
are fulf~. Then the fo llowing i ntegral represen­

t ion 

1 
[ 

ir i T]shrrr r V-s+ -2- ' V-8- - 2- x 
4 !1 

q-m ,p-n+2 ( 
G x (15) 

p+ 2.q 

107 ­

10, No. 1, Edic iÓn Especial, 1987 



<X> 
n+l 

J 
q-m,p-n q-m,p-n-«1 ) • -(Un)-s P x Gz G ( xz )dZ p , q 
P • q 

_(¡f+l) -(S) 

o o
q , ID 

O> 00 

xJe 2(\l-s)6 da fl z(v-s)a, 9 f 9/ 2 \ e d " IJo (2rz e hchu-2ch6) sinT\J du< 

_00 Ial 

q-m,p -n 
< 1 G2 

p,q 

a/z o 


J (zli e ,I2chu - 2eh6) sin 'TU duo x> O • 
o 

takes plaee. 

Proof of this 1emma 1s based 00 the f ollowing 
integral representarion of. the Bessel fune tíoo Gl 

This estfmation followed from th e houndedness of 
the functíon 

J

co ,IX J (x) for x > o , the eondilions (12 ) , (l J)
o 

of the theorem 2 which were derived frem the asvmp ­Jo (2"¡2!ZY chu - Z - y) sin TU du . (1 6) 
totie formulas [or the G- fu oetíon [6] . l.emma ' is 
ptoved .lito ~I 

Lec us onsidet the follow1ng integral , which 
i8 similar to (14) 

T( I.,x) ­ xFor the proof of the lemma we shall perform the 
follow1ng operAtíons. We mul t ip l y bot h s ides of 
(16 ) by yV-S_l w1th Re s=1 / 2, and integrate with 
respec t to y from O t o <X> , snd theo multiply t he 
result by 

+ 1 
V-i1 / 2,V+iT/2, -c a ) , - (~)) 

q-m , p-n+l( p nn+l 

-v q-m,p-n ( -«1 ) '-(On) e x 


Z G xz P p+~,q \
 
p,q +1 _( 6nt+l) -cs ) 


- (¡fI ) - (8 q , mI 
x 

r¡ , m 

x (\olí) (7/2) dí . ( J 8)(with 5/8 < ReV < 3/ 4 , X < O ). Integration o f t m. 

~pression wit h r espeet to Z, from O to~, and the 

transformatíon . 


.!. Ron :t.. = e leads to he desired resul t (1 5). Rere This result ex1s t for finite A. So, we rcplDce2 z 
the value of (wf) (1 /2) from the formulac (3 ) . r.I-L,n­

we have also used the f ormulae [6;9.3 (1)] and (2,p. ging the arder of integrals by Fubini theor~ ~nd 
210]. The exlstance of th" repeate<\ integr~l o[ (1 5) , usiog the lormula (15 ) , we obta in 
folloWB from the estimation 
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l().,x) ­
\o/here 

_l_J r [e Sm)+8 , l-(Ctn)-S J-	 f*(l - s)ds x (19) $ (u) e 2V!J JeGf) (ze2U) ..2~i D+I m+1 (23)
(a )+8,1-(8 )-8

o p q 	 o 

J 	 n+1 
00 

(u -(.~ ,. - (an' )q--m,p-a-8 x -
TI' ~ G dz x 

P , q 
o - ( ff'+I) -(B )

q , m 

00 

q-tn,p -nx }2(V-S)9 dejJ (212Z e9/~/clru-Ch9)d: (S~Au) . 	 (xz ¡-(n;," .-'On' )d' ,..du 
o x 

_(¡f'+l) , - (S)p,q _'" le I 	 q m 

u '" 
Now we shall interchange he order of integration. 

+J /\l9d6 ~ J 29This leads to the formula 	 (Gf) (zc )
du x 

o-u 

-2.u 
(GO (ze ) 

u 

~_.L f~ (SinAU)1uJe2.V6 de ¡(GO (ze 26) x
l(A,x ) TI' a u u' 

q-m,p- noo -u 	 x G( 20) 
p , q 

n+1 
- ( o. ) ,-(a) 

p n \, 9/ 2 ~_..,...".. x J (212Z e Ichu-ch6) dz . 
Gq-m, p-nf'xz ro (ZI2Z e I clru-ch6)dz, 	

6/2 

¡	 o 

p,q \ -cam+ l ) -(B )
q , m 

lt can be shown that che uuterintegral terms are 
equal to zero on the ends; for u+O snd u+oo . lt 
l a obv1ous for u-"O, because the l.nterval ( -u , u)where ~Gf)(w) 18 the G-transform of the function 

f(x) pO] 	 i8 vani8hed. The case, u~ 18 more difficult. We 
have the followtng inequa l ities 

s )+s,l-(a )-8
1 m D 

(GE) (w) -sf*(l-s)w ds, u '"Jr	 J~ 2n r (an+I)+8 l-(¡f+l ) _s 
a p , q 	 26¡Je2

\16d6 J(G!)(ze ) .. 

29 (21 ) - u owbie h i8 calculsted at the point w '" zC 

q-m,p-n
After integration by puts, the equal1ty (20) x G 

takes the f orm 	 p,q 

I(A,x) - ~ f ~(u) du , (22) 2 
)( J (2& e6/ IClru-ch6) dz I < 

o 	 o 

- 109 -

Rev. Téc. lag., Oniv. Zulia, Vol. 10, No , 1, Edición Especial, '1987 

http:SinAU)1uJe2.V6


u app1y the theorem 6 oi [10 aboue che inversion of 

f
e ( ;¡R~v- 7. )8 C- transfonn, loIe arrive S l the (0110,,1 ng simple

x11 da form 
(chu-chS) 4 

- u 

( 2V- 2) U ( -2u (2 - 2V)u ( 2U,.9(U) e f e)+e f xe )+ F ( x ,u) . 

~/ IGq-m, p-n ( z 
(25)

p,q 

" ",here 

u 
u 

- 1/ .. J ( 2Re\!- Y4 ) 0 
x • e ' 1 dO e J ( lV-? ) 6 fF(x, u ) e de ( Gf )(z) x ( 26)(eh - c hO ) 4 


- u 
 - u o 

u 

n+1lA- - 1/. f ch(2Rev - 5/4) e dO Al, A2 - cons to, x ¡ lo '«(1 ) .-(a )
( chu - he) q--m, p -n 

-2 P n) 
o G xze , x 

(p , q -( tf1+1 ) ,-( 6 ) 
q ID 

Thcy f o110w [,-om Lhe boundedness of eh". fun t ion 

rx .)
o 

(x ) with x>O, condiciona o f che ehcorero 2 

uno t he est imat ion 

(24 ) 

Moreover che dUferentiatio n under thc sign of 
t he integral l5 valid, becallsc of the c o n d it i ons 
of the t heorem , ineqllality ( 24 ) and 

The l ast integral i 5 divided in two. by the 
lntervols ( 0 , 1 ) and O ,u ) . It 18 "¡'ViOU8 that l he 
fir se integ r al J s bounded far u>1. r r lile estima ­

, I - ~onst. ,¡¡r fu l filled .t: l on o f eh sec ond ~ntegr(ll, we 8ha11 use the pro­
perties ch a!:l= O( ch O) , shA e (1 ( chU) for ct>O , 0> 1 
tlnd tloen ca l culare he beta - i n tegraJ 

Fu rther we have [4] 

u 

JCh ( 2ReV-511¡) dO = 

11 ¡ él J ( ZI2Z e - 6/ 2 Ichu - chO)


(chu-che) , au o 
Ichu-che 

(27) 

~ - 8/ 2 r-,---~x JI (2 y2z e Ic hu - che) ­

~ (".- - 81 2 ~~-"1A Jo 2 ... 2z e Ichu-ch8) . 
The las t express ion tends to zero for u+OO, as 
5/ 8 < Re\) < 3/4 . So we have prov ed the vanishing of 
outerintegral term at infinity. 

Le t \1S study che functlo n 1>(u) of ( 23). lf we We use t his result in ( 26) , intercha,lge the arder 
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x 

of integration and then perform the 1ntegrat!on by 
'parts, to get 

f
u 

_(ct+
1

) -(a)( l\l - 0/2 ) e J q-m,p-n 2'116x P • nF(x,u) • l2e-u e. d e (Gf) (z) rz x G ( xze - 26 + _e_ 
Ichu-che ) xzp , q _of1+1

} - (6 ) o-u q , m 

q-m,p-n 
x (28 ):; 

p , q 

J 
u 

(2\1- 71z ) e 
/'2 e d6 )( 

,Ichu - che 
-u By invoking the theorem 6 of l~ about the inv cr ­

sien of G- transform, we ger J 

.. n+ l )- ( 0. ) ,-(o. F(x,u ) - F¡ (x,u ) - F2 (X,U) + F3 (X,U ) - (29 ) 

f 
q ~ro.p-n - 26 P n 
rz (ef) (z) x G xze 


( m+1p ,q 
\ - ( B~ ), ( B )o m ( 2V-2) U f ( - 2U ) ( 2- I V )\) ( 21J 

xe + e f xe ) , .. 
f whe~eel (2v- 2) u (Gf) ( z ) - 2 .Tchu - c h6) dz - e· x"F eJl(z,,¿Z 

uo 

J e(2\1- % ) 6 
F1 (x ,u ) ~===-d6 

l e hu - che
n+ 1 


- (a ) - o. ) -u 

q-m ,p-n p ,
-2u n) 

dz +xzeG 
(p , q _ (rf'+I ) ,-(a ) 

q m 
q-m,p- n 

x ¡ rz e 
p , qo 

+ e- (2 \1_ 2)U J( GO ( z ) x 

x ( Gf) ( z) J ¡ ( Z I2Z e-6/2 /chu - ch6 ) dz ,o 

_( an+ l
) - (a ) uP , nq-m, p-n 

J
( 2\1- '12 ) 6 

" ( 2.u
J<ze ) dz +G 1'[ ~e==~::;;::::-- dO 

p , q Ichu-ch 6 
_UiVl +1 

) , - ( 8 ) 
-u'1 III 

o - u 

x 

o 

q-m, p-n
IZc 

p , q ( 

n+1 

¡ 
- (a ) -(a)p , n

- 26 xze m+1 x 
-(!3q ) , -(R 

m
») ( 30) 
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- -eh ~ 
u 

x (Gf ) (z) J¡(U2z e vchu-chll) dz • 
- ',!, - l\ r c PRa\I-l/4)f 

/1, x e -- '( 
(chu-chO) " 

- ti 

,,) I (Gf)(1.1 02 
.J 

IFI(x ,u) 

u 
;/ J

:;o 

-u 
x 

u 
---- du M, - ~ e 

x -- du 
u 

r 
l ' 2 ( V-!)f 

o o 
':"hu-chA) I 2("-1 ) ,,, 'x 

u 
-Il 

e ( 2 Re\)- 1/ , ) , 

d~-r 
(chu-e ho) '1, 

-u 
p , q 

"z 

q-m,p-n+1 
G 

p+I,q+1 

( -20\"ze 

de r dy < '" 
J ~ ny¡-yz-:J Vy:T 
t 

Tite results (25) and ( 29) lea?!; t o 

de , (3 ) 

(L2V)U 2u
$(u ) : 2e E(xe )+ F¡ (x,u)- P2 ( X, ) + I'¡(a , u ) 

Let us show tllat fo r each x>O , the functl.ons 

1 Fi(X,u , i ~ 1,2,3, are absolut ely integrable on 

the intervo] O<u<"'. This [01101015 f r olll the bounrle- dy <"",M3,Mq-const, 
u • 

'1 1, J~ny ".IY-f I y] - 1 dness oE thefunc t ions" ] 1 ( x ) and x- ZJI ( y,) , the 

conditions of che theorem 2 3nd the fo110wtng es­

timations 

u 

1J 
( tU) l. ( x, u ) I < ~, de 

f ( ~Re'J-% ) t' 1 
-u e e (32 )Mle ? d • 

(chu-che) " -u 

-1I 

_(,l+l ,-(a ) 
Gq-;n, p-n

JI p , q ( -2e l p n ) Ix (34 ) 
xze _ ( a"'+ l) -( 6 ) 

q , m 
o 
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x 

u 

JU 1f( xe 2 ) 41(s ) (xe l u) ­~1& J 2eRe\l ds (3 7) = 2Tll- O/" I e 
de xx z e , dz + 

( chu he) '¡" rJ 

-u 
So, ti we substitute (37) i nto (3 6) and inter ­
c hange the arder of integr t ion which ls valid due 
to t~e absolu te convergenee of the repeated inte­
gra l , we get 

2 1 (38) JIIo. .X) ; 1T 21Tl 
O,_( Cln+l ) ,- ( CI ) 

Iq-m,p -n+l (-26 P n ) r 
x G xze dz < 

p+ l,q+1 00 

_ U¡ln+l ) - ( 13 ) 1 
q , m t 

5iDAU du 
u 

< M7X - Y.. J
u 

-=------¡rr~" xda + Ma 3/, 
1 >. - 9 (ehu - che) ; 7t J~(s ) arctg x ds.2\1-2+25 

- u 

o 


u Let , 8;1/2 + i T , t hen we have 

e ( 2ReV-%. ) e 


J de ,
'lit
(chu-ch6) 

- u ,\ ).+2 (T+ rm,,)
.Iarcts I < 1 ¡arctg2\1- 2+29 - 2 2Re\l- l 1+ 

>'-2 (H 1m\l) 1I 
are 

t 
g 2 Re\l-l + (3 9) 

o 
2 

Froro che resu1ts (32 )-( 34) ir fo110ws tha t 

~ " F1 ( x , u) €o L(O ,"'), 1=1 ,2 , 3 a nd from t he Riemann 

.~~Inma \ ·le have rhe equalit y 

an d fo r l ast í tem the estimatíon 

JF SinAu du 11m ( X, u) 0 , í = 1 ,2 , 3 (3 5) 
).-+<» 1 u 

o 

To obtain the final result we mus t t o st udy 

t he integra l 


9inAu du . ( 36) rdA,X) 
2 
TI u (40) 

o 

- 1 
In conneetion wi t h the formulas ( 4) and f(x)Em :f (L) Now taking lnto account (38) and (39), we shall 

we have the equa1 i ty c, ca lcula te the limit for ).+00 in t he result (36) 
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by the Lebe9gue theorem in the space L2 (0,00). 1'he follow1ng theorem takes 
place. 

1 -	 Theorem 3. Ler the conditions ( 7) are fulfi1­91im I¡ (A,x) J $( s) x ds 	 f(X) ( 4 1 ) led and2'1fiA-­
(] 

c* ~ y* 0 , p 1- q.
Bence from t h f ormulae (lB ) • (22), 	 ( ~5) and 

(41) we obta j n 

Then the integra l transforID 

x 	 NT(A,x) f(x ) 1 ~ TshrrT (Wf ) (1 / 2) 

o 	 g(x) t.i.m J K(x,y l ey ) dy , (45) 

I 

M. N-<I> 


1 f ~I
iT/2, V- iT/2, -(an+1 ) ,-(n))q-m, p-n+2 ( v+ 

p n dT. where x G " 
p+2,q _Of'+l ) - (6 )

q , m 

(42) 

lXSh21iX m , 0+2 (y 11l 2-ix ; ~::+ix, ( ap ) ) 
K(x. y) 

1[ Gp+2,q 

Mow, t~L/ 2 leads us to the formula (14) . The 
theorem 2 is proved. ( 46 ) 

Remsrk 1 . In addition to tbe conditions of che 
Theorem 2, 1f we add the restriction (8), then the 
result (14) can be wr i tCen in t be foLlowiog Fourier 19 automorfisrc in che space L (O,"') and its lnver­

2 
type integral form : sion formu 1ae has the fonn 

f (y) = R.. Lm. x 

M,N-'
" 	 ( 43 ) 

N 
o q-m,p-n 

x G~ p+2,q 

q-m,p -n+ ;< ( 
 l/Mx ... Gp+2,q X 

.. g(x) dx. ("7) 

If, moreover , 

m n 2 ¡ 1-v+iT, l-V-iT , (n ) 	 tI E. R, j 1,2 .... , p ; B. ( R, 1 ,2 , ... q;x rG • + (y p ) f{y) dy. J 	 JJ p+2 , q (6 ) 
q P 20, q 2m. 48) 

o 

a , j 1 .2, .. . ,n- ~ Remark 2. In tbe case q<p che condit iona 0. ­ n+j 


responding to ( 11 ) , ( 12) may be writt n by analogy 

with the help of the formu l as (B.37) of [6]. 


-e j , j 1 ,2 , ... ,m ,t'm+j 

4. 	Lz - theory 
t hen the transform (4 5) 18 unitar y. 

Now we sball study he integra transform ( 1) Proof. Proof of the t heorem 18 based on che 
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f ollowing three l emmas. the transform ( 52 ) is llnira r y in che spaee Lz ( 0,00)_ 

Lemma 2 " The transfo r m Pr ooI of t bis lemm i based o n t he resul ts of 
[3,11] . 

N 

Lemma 4 . For t he func.ti on s ( 46), ( 50), (53 ) ... ;,e 
g(x) ¡¿ oLm J" p(x,y)f (y) dy, (49) follo wing ~qualic y" 

M,N-+= 

l/H 

whe r e K( x, y) J p( x, c) h(ty) dt ( 55) 

o 

2 hol ds , moreover , the i lltegr 1 ¡SS) i. un iform.ly 
1f conver n t i n x, y t [l / M, NJ f or a11 1,' > O. 

For the proof. oE t his t~a, Ree [2] . 
15 lln ilary in the space L ~( O , "') and its in ver ­

The un .Lform c o nv e rgen e t' f che integ rnl ( s5 )follow5 

p( ,y) 	 ( 'll ) 

s ion formulo has the form 
f r om t he asymptotic pro per t ies of t he fun.tions 
h (x ) of (53) a nd KiK ( t ) " 

N 

Proof of che t heorem 3. Th f une t ian K ( x,y )f( y ) L L m. f p(x , y ) g(x) dx. (51 ) 
t bound ed f o r y E. (l/H,N] ,nd fCy ) E. 	 (O,"') Sa,M,N-­
t he i n t egral 

l/M 
N

For che proof of chi l emma, 'lee [5J 

( 44) 	 ~,N (x) J K( x,y ) f(y) dy ( 56 ) Lemma 3 . Le t the couditlon i 5 fu lfilled Then 
c he tran sform 

l/M 
N 

i8 absolu l c onve r gen t" From lhe uniform co nver ­

g(x ) 1. i.m [ y ) dy , ( 52 ) getCF o f t h e integral ( SS) fo r y d l/M,N], ." haveJ h( xy) 
r he equa l it iesM, N-­

l/M 

t-1 


where 

SM N(x ) f ( rp(x, )h( cy ) dtdy 
J 

m, n I( a p) l/M '" o 
h( x ) e (53 ) N(x ), 	

, 

. ( B )
p,q q	

2 h (t y ) f(y ) dy. (57)f p ( x, t? f 
o l/M 

s au tomor f J sm i n the sp<lc e L2 ( 0,00) a nd ir s i nver- Le t 
s10n fo r mu l a has ch e forro 

J f(y ) ,yy ~ (l / M,.), 
(~R)1o, ~ (l/M, N) " 

q-m,p-n
r(y) ~ R...i.m f 

M,N ..... e 
p q, 

l/~ 	 Then it 15 obvlous chac, fMN(y) E L1(O,"') and henee 
che integral 

N 


,. g(x) dx . 
 ( 54) J h ( ty) r ey) dy 	 ( 59) 

l/M 

h Lhe transform (52) r the function fMN(y)EL2(O,~) 
and 60 ir b lunges t L2(O, ) t o. But , then che 

Ir. moreover , che condition (48) is fulfillrcl. lite" integra J 
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f ( y ) f p(x, t) 4>MN ( t ) dt (6 0 1 

o N 
i s <;onvergen t no!: onl y in t he convent i o nal se:nse but q-m,p-n 
al so in t he sense of L 2 (O ,~) . So. R..i.m t¿ .i.m G 

M, N-+<» P, cr­

J 
p , q 

Q 
l/M 

p (x ,t) <l>MN (t) d t - R.. L m Jp (lI" . t ) tPMN (t ) d t 
p.Q-- Q 

f 
(61)o 1 / P ( €i 7)f p(x,t ) g (x ) dx dt. 

and 
l!P 

fQ 
Eut t he f o rmulas (66 ) , ( 67) are ,-nverse to each 

Sm«X ) Z .1. m p(x. t l $MN (t ) dt . (62) o t h er. This fo l l ows fr om the lemmas 2 . 3 . Und er 
P,o-- t h;'" eond it i ons (48 ) , the r ornponents ( 49 ) , ( 5 2 ) of 

~he tran sfo rm ( 4 5 ) are un i t ary and so t he transform1/ p 
(4 5) .h also unitary. The theor em 3 18 proved. 

The fo llowing ,-nequal ities 

5. EKamp l e s 

F i na l ly we ahal l s t udy sorne particul ar cases 
o of t he trensf orm ( 1 ) . 

(63) A. Le t rn ~ n = p = q = O. Then after sorne sim­
pl if ication in the formu la ( 1) , ",e get t he Konto ~ 

o rovi.c.h - Lebedev t ransform. The conditions o f t he 
theorem 2 are no t fulfillm 10 t his case. Bu!:, in 

< e J1f (y) - f (y) I 2dy
MN MINI [9] i t ta shown tha t for function s 

o 

f olla", from the l emma 2, 3 . Hence 

f(x) f ( L) the f ollowing representation 
R..Lm gHN (x) g (x) (64) 
M , N-HlO 

~ _2_extst and f(x JTsh1fT KiT (x) dT f Kn(y) f (y ) dy
2rr x 

o o 
(68) 

( 65) tabas place. 

o o 

Q N B. Let m:n~p~ O , q~l , V"'1 / 2+a , Ih =x-a . 


g(x) R. . i.m Li.m J p(x,t) f h (t y ) f{y) dy d t Then c* ~ -1 /2 , Y* ~ -Re ~1 Let thc condicion s 
M.N...., P,o-­

of the t beorem 2 are fuUilled : 1/ 8 < R~< 1/4 ,
1 11' l/M ( 66) l

Rex< R 3/4 , f(x) E rn- (L),2 sgn(c-t! 2) + 

f 
Q 

J 
c ,y

N + sgn ( y- Re(x-Cl» > O. Then the following repre­

sentarionR..Lm p( x , t ) R. . Lm h (t y ) f(y) d y dt 
p.~ M,N·..." 

I Ip l/M 

x Cl 


f( x ) =- e 
 2rrr 
In n sim~ar way. the fo l lowing r esu l t can be lf2 

obtained h: om ( 45) o 
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x 

r [1/2-X-iT,l/2-X+iT]W i (1) dT x (69)
x, T X 


ao 


- Ti 
y41 e W • (~) f (y) dy . x > O , x i1 


o 


takes plac e. This can be derived, from che fo rmulas 
(8.53), (8 .54) of [6] . 

C. Let m-l, q~2, p=n=O, v=~-a. 61=a, 

B1=1- c +a and c*=O, y* = Rec - 2Rea-l: 

<3/4: Rea>11 /4 ; 7/4 + Rea<Ree <2Rea-l. 

. - 1 
f (x) f m (L), 2sgnc + sgn (y+ Ree ­c,y 

Then che f ollowing representatio" 

5 /8<Re(~41) < 

2Rea - l ) > O. 

C - (l- l 

.f(x} 
.l[ 

(70)2Fl (C-p+iT,C-~-iT ; C :-X) dT x 

00 

x.( r[~-iT,~+iTJ2Fl(~-iT , U+iT; e; _y) y(lf (y) dy, x>O, 

o 

ta~es place . l t 1s c onnected wi th t he f ormul as (8. 
55) , (8 .56) of [6] whi ch 15 r elated to Olevsk1i 
t ransfot:lI1. 

D. Let b > -1 /2 . Then c he in egra l tra nsform 

N 

g (x) Li.m r 1 / 2+ü:-"- 1/2-ix+b] J ~ M,N-- 7Ir (l+2b) 
(71 )

l/ M 

b 
x 2Fl (1/ 2+ix+b, l/2 - ix+b; I+2 b; -y) y f (y) dy. 

i.s unitary in che space L2(o, co) and its inver - · 
s ion f ormula has the form 

N 

lXSilIñi{
f( y) ~ . t.i.m J 'TIr (l+2b) 

M, N-­

l/ M 


x 2 F¡(1/ 2+1x+b, 1/2-1x+b;l+2b;-y) yb g (x ) dx . 

In conclusion we may po ine out Cha t a l arge 
numher of other p rt icular cases oí che t ransform 
(1) and its inversion formu l a e can be derived from 
the f ormulas of the tables of the monogréiphs [6.8J . 
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