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The a bject of t his paper 15 t o obta!n tbe Sums 
of certaln infinite series and evaluat e certain new 
defin ite integrals wit h s imple funct i ons. Two com­ Aprobabi l ity problem considered by Callan [1) led 
bina torial ident ities are obtained. Co tbe same resu lto 

The extension 

RESUMEN 

eSn-t1n m 
o + 1: (5)El obj etivo de e ste trabajo es el de obtener n m n-1las sumas de ciertas serieS infinitas y e v a lua r 

algunas i n teg ral es d efinidas nuevas con funcio nes 
simples . Se obtuv ieron do s identidades combinato ­
rias. of (4l was proposed by Shafer [9J and pro')led by 

Knu t h [5]. In a recent paper Lel"iaer [6] gave che 
1. INTROOUCTION sums of several interesting inf1ndt e series of che 

types L a eS and 1: an/o • tbe a being simpleWith the usua l notation the numbers eS are de- n n n o 
fined by o o o 

functlons of n. 

In this paper we give the sums of c ercain in-o(2n-1)! ! 
finite series involving on and evaluate certain(2n)!! 
new def1nite ioc egra ls wifh simple functioos in 
terros of 0 , Two combinatorial ident itles are pr o ­o
ved.. 

r(n + i>1.3.5. (2n-1 ) -------"- (o~ 1 .2 •... ). (1)
2.4.6. ( 2n) 2. FIRST SET OF SERIES ANO INTEGRALSIii f(n+1) 

Let 

lt ia easily seen chat 

<ID 
l n .. co(r,e) 1: r 6 cos 2ne • 

n 
o1: <5 zn (1 z I < 1) • (2) 

o 
o 

IX) 

So(r,e) r r:t°o sin 2n8 , (6) 
n 

o 
2n-1 (Iz I < 1) . (3) 


o 

L 

IX) 

By meaDS of frac tional calculus Ross [8] has proved el (r,e) e r r 
2n 

6 cos(2n+l) e 
nthe simple result o 
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eS = l. 
o 



: 2n ~ ( ) 	 Tf/ 2SI (r, e) 	 :" r 0n sin 2n+1 e , (7) f ,Icosec e + 1 cos 2ne d e 
o o 

where* O<r<l , 0~e~n/2. Us1ng (2) we have 
n­

! /2 ,Icosec a - 1 sin zne de 

(8) 
o 

= 2!: Ó (n>1) , 	 (16)
2 n ­where z ~ reie. This lesds to 

1T
'Co(r,e) =~t (R 2 + 1 - r Zcos 26)/R2 

, (9) 
f /2 I cosec e + 1 de = 11 • 	 (17) 
o 

So (r, e) = ~t (R 2 
- 1 + r 2cos 26)/R2 

• (J. O) 
A similar treatment of (7) gives 

C~(r,e) + S~(r.e) 1/R2 
, 	 ( 11) 

where 

R" 1 + r " - 2r 2 c o s 26 . (1 2) 

From these ve get 
c~ (r. e) + S ~ (r, e) (20) 

7f/:t cos 206 2r ,IiF+l - r cos 26 de = 
o 	 n!. cos(2n+1)S 2J IR2 - r + cos 28 de = 

2o 	 R

_ 15 r 2°eS (0)1) 	 (13)
4 n - • 

/27f 2n 
3 -4- r 6 (n~O) 	 (21)

n 

¡ rrJi sin 2n6 Z
IR2- 1 + r cos 2e dS 

R2o 

sin(2n+l)e¡
11/

2 ¡le + r l - cos 2e d8 a15 an 	 (14) R2-4- r <.n~l ) 	 On 

r¡;; 
(22)28 d8 = 	 -2- (independent 

of r ). 

(15) 	 n-
f / 2 Icoaec é - 1 cos(2n+l )8 d6 = 

Letting r tend to 1 in these r esults y1e ds the O 


simpl e fODllulae 


~2 11 
¡ Icosec8+ 1 sin(2o+l)e d6 - 2" cSn(o~O) (23)

* the case r-l , 6-0 1s excluded. 	 o 
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(18) 

(19) 



-1 (30)c¡ + i SI • sin z 

i6where z-re • Thus we have 
-1 


= .fi sin r 
 (24)
r 

2 1 -1 R2+1
I n - - - cosh -- (31 ) 

r 2 2 
r 

"" 2
nor 2n 

¡; 2n+! 
O 

- 6 (32) 

.fi sin 
- 1 

r (25)
r 

-l ~ti 2 2 c 1 (r, 6 cos V 2 (R - r + 1) (33) 

TI/2 
f Icosec 6 - 1 de 2 In (12 + 1) . (26) 

(34)° 
Putting r=1 in (25) we obtain (17). The two resu~ t s 
(17) and (26) are checked by elementary met hads of 

Values of t he f ollow1ng defin1te 1ntegrals a re nowintegration. 
obtained : 

3. SECONO SET OF SERIES AN INTEGRALS 

Tff2 

I cos 2ne cosh- I 

° 
Let 


(35) 


11 /2 _~ 
f s1n 2ne s 1n- 1 "y~l de 
o 2r 2 

2n 
r 6 
___n sin 2 er (27)2n n , 

(36) 

co r2n+ló 

Cjer,e) = r 2n+1
n 

cos(2n+1)6, s ¡ (r,6) 
O 

(37) 
oc r2n+l o 

r 2n+1 n sin(2n+l)e, (28) 

o 


where 0:;.9, 0:s..6:s..rr/2. It 1s eBSüy shown that 

In __2 _ _ 
s - (29).
o (38)

1 + ...r:-7 
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TI/2 TI /2 	 TlO 
f s1n(2n+l)6 cosh-1 (R 2+r 2)de ~ f sin(2o+l) e sinh-¡ (sin 9 de= 4 (2o~1) (n~o), 
o O 

11 /2 	 rr 12
(39) ! cos-1 ,Icos 6 d e ~ 1.. f elcosec e + 1 de 

2o 	 o 

(-1) n ~ 20+! o 1 OD (-1 ) no 
n sinh-¡x dJt ; nJ I: 0 .955202 • (47)

(20+1) 2 O 
x 

O (20+1 ) 2 

r 
We may repl ace 8mh-¡jsi n e tn (4 2) aOO (44 ) byf (40) 

o lnVain6 + (l+sin e) and the results are t e be com­
pared with the following int egra ls which are given 
i n exampl es 3 and 4, p. 252 of [2 J 

TI/2 
f cos 2ne In sine de = _ lT_ (n>1) 

- 4n -' 
O 

Tf/ 2 
f In sine de - - ~ I n 2. (48) 

r -J o 
~ 2 f ~ dx (41 )xo 

Addition and subtraction of (42) aOO (44) y ields 
va lues for the two integrals 

In the spec1.al case r "1 these simplify to 

Tf / 2 


2f cos oS. sinh-¡ (sin e dS • 

o 


TI/2 

f cos 206 sinh-1 /sin. 6 de = - 8: 00 (o~l) , (42) lT/z 

o 	 f s10 2 ne sinh- ¡ ,Isin e de 


o 


Prom (44) sod (26 ) we e8s i ly obta in 
Tlh 

f aio 208 sin- lisioe d 8 = 
o 

12 + f 
Tf/2 

e ,Icosec e - de rr In (49)
2 

O 

(43) 
rr/ 2 

f 8 ,Isec é - 1 de Tl102. , ( 50) 
o 

TI/2
J sinh-1liiIiiede = ~ lo 2, (44) 
o 	 It cao be proved that soy of the integrals in (47) 

equals 

11/2 TTO Tlh rr/2 

J cos(2n+l)e cos-1lSIñed8 O f 8 10 - 1 810 2e de 2 f e del ,Isec 2e + 1
4(2n+1) (o~o) ( 45) 
O 	 o o 
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1 nI ~ we easlly deduce tha t 
¡ ...!!L! dx - ¡ se<: S1n cotS de. (51) 
o ..'i+iT o 

The tntegrals appear10g in (47) and (51) may be 
compared w1th 

(56) 

1 -1 nL 2 	 & (4 7) and (56 ) now lead to the combinatoria l identi ­n¡ ~dx- ! _ e-de = r 	 ty
lt tan eo o o (2n+1) 2 

. 1T [~') [ (57)1 rr/2n tan-lx dx a!¡ e 	 2
In 2. ¡ 	 O o (20+1) z =Z- x 2 sin Sd6 

O O 

4. THIRO SET OF SERIES ANO INTEGRALS G 

i6Assuming that z=re (0<r<1) in (3) and equat ­
0.915966. See Section 4.521, 1, p.606 3nd 4. 531, ing the real an imaginary parts on both sides we 
where G ls ea talan ' s constant wh1ch has the value 

l. 	p. 607 of r31. get 

Setting r-l ln (32) l eads to 

[ao é 
O 


1 2n 

sin-1 {sine -6 = [ ~ sin 2ne (0~6.5.1T/2). (53) 

2n-1 

1/ 
Integrat lon from e = o to e -rr/2 now glves 1 e][{1+r2+2r cose + 1 + C co s 2 , (58)

If 

TrJ 2 2 00 é 
¡ cos-¡/cos e de Tr 1 [ 2n+l (54)·8 - Z­
o 	 O (2n+1) 2 

Combining (47) and (54) we obtain the combinatorial 
identUy 

o 

112
(_1)neS +1 6 - 1 n 2 2n+1 	 1 [/1+C2+2C COS e- 1 - C cos e] . (59)[ 	 o . (55) 12 

O (2n+1) 2 

11s1og the expansion 
From these we obta !n 

. n+1 
00 6 x 

sin-1 x:= [ n (Ix I ~ 1)20+1 o 
TT [ 	 ~ ~ li+r2+2r co s e+ 1+ C cos eJ co s n6 de 

and the fOI1llula 

( n~l) , (60)
.f'i (2n-l) 
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112 	 rr/z 

~TI [Jí+r 2 +2r cos e - 1 - reos e] siD ne de = 
f leos e - cos 2e sin lne de 4(2n-1)o 

12 (20 - 1) 
(n~1) (61) 

1/2 
TI/¡ 

j leos e + cosze de rr/ 2 . (65) 

coseJ d8=I2 TI o 

(iodependent of r ). 

(62) 

ID the special case r = 1 we llave of 
Setting e = n/ 2 - cp in t he 

infinit .. 8 ..,,1e9 and definit .. 
t hr"e f or egoing seta 
integrals aod making 

TT/2 
¡ ' 
o 

leos e+ cos 2 e cos 20e de 
4 (2n-1) 

(n~1) • ( 63) 

t h r equired changes we obtain corresponding 
of i nf inite series and definite int egra1 s . Most 
these results, though wit h simpl e fuoctioos, 
t o be new. They are oor recorded in [31, (4 ] 
[7] . 

sets 
of 

s eem 
and 

rr 
¡ 
o 

( n~l) , (64) 
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