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ABSTRACT

The object of this paper is to obtain the sums
of certain infinite series and evaluate certain new
definite integrals with simple functions. Two com—
binatorial identities are obtained.

RESUMEN

El objetivo de este trabajo es el de obtener
las sumas de ciertas series infinitas y evaluar
algupas integrales definidas nuevas con funciones
simples. Se obtuvieron dos didentidades combinato-

rias.

1. INTRODUCTION

With the usual notation the numbers Gn are de-
fined by
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2 2n
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It is easily seen that
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(1+z) = g ——a (lz] < 1. (3)

By means of fractional calculus Ross [8] has proved
the simple result
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A probability problem considered by Callan [l] led
to the same result,

The extension

o 6 m

g <28 oo lini4 §p X (5)
n=l " o n=1 "

of (4) was proposed by Shafer [9] and proyed by

Knuth |5]. In a recent paper Lelmer [6 gave the
sums of several Interesting infinite series of the

oo -]
types i‘. a, Gn and ganldn , the a being simple

functions of n.

In this paper we give the sums of certain in-,
finite series involving §; and evaluate certain
new definite integrals with simple functions in
terms of Gn. Two combinatorial identities are pro-
ved.

2, FIRST SET OF SERIES AND INTEGRALS

Let
® 2n
co(r,e) = g r 6n cos 2nf ,
" e
§,(r,0) = L r “cn sin 200, (6)
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2n

$1(r,8) = Ir 6n sin (2n+1)8 , (7)
o

where* 0<r<l , 0<f<n/2. Using (2) we have

=175

C,(r,0) + 15 (£,0) = (1-2%) ' (8)

where z = reie. This leads to

C,(x,8) =+ [% (R? + 1 - rcos 26)/R® , (9)

5,(r,6) ='\/§ (R? - 1 + r2cos 20)/rR? , (10)
cé(:,e) E S;(r,e) = 1/r? , (11)
where

R* =1 +r"* - 2r? cos 20 . (12)

From these we get

/i
g cos 208 pwr—T 70 a0 -
o R
S -
= 4 - 5 (Sn(nzl): o
/M 8in 2080 ey T oo 70 46 =
o r?
- Ty ) we

L /
it /2 1 YR*+ 1 - r“ cos 26 d6 = g“ (independent
o R
of r).
(15)

Letting r tend to 1 in these results yields the
gimple formulae

* the case r=1 , 6=0 is excluded.

T
J /2 Ycosec 6 + 1 cos 2nf df =

0

m
S /2 Ycosec B - | sin 2nf dO

0

N =

Gn(n_>_1) %

"/
I/'% Jeosec 8+ 1 dB=m.

0

A similar treatment of (7) gives

Ci(r,9) =‘/% (R? - r? + cos 20) /R? ,

$1(x,0) =\/§ (R? + r? - cos 20) /R? ,

ci(r,® + si(r,®) = 1/R?

n/
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vZm _2n
" T 6!1 (nzO) i

m
! /2 Ycosec © - 1 cos(2n+1)0 db =
0

11'/1
J/  Veosec B+ T sin(2n+1)6 d6 = 7 §_(n>0)
[}
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where z=re . Thus we have
-1
£ 2 1 -1 R%H
co(r,e) = 1ln T -7 cosh == (31)
n/2 1 @ tgn 2
/] — J/MRFr-cos20d8=/7 I —
3 e e 2n+l —
8,(r,0) = st Ao SR (32)
=1 2r?
=7 ““_r' (25)
c1(r,0) = cos_l'vi- ® -r?+1) , (33)
mla
s Veosee § ~1d8 =21n (VZ +1) . (26)
0

giln,B) = -;: cosh }(R? + r2) . (34)

Putting r=1 in (25) we obtain (17)., The two results
(17) and (26) are checked by elementary methods of

integration. Values of the following definite integrals are now

obtained :
3, SECOND SET OF SERIES AN INTEGRALS
/2 2
-1 R4l ™ _n
J  cos 2n8 cosh ! ="=4d6 = -—r1 6 (n21) ,
Let & 2 4n n
(35)
s r2n5n
co(r,e) = I 5o oS 2n6, so(r,e) =
1 /2 ~1fR%r2-1
J/  sin 208 sin 'Y=—— 46 =
o] 2r?
w© 0 Gn
f 52 st 206, 27
— [(-.1)“*‘ + % 0 60] (o>1) , (36)
" r’-IH-l‘S
cy(r,8) = I ———_Zn‘{-ln cos(2n+1)8, s;(r,0) =
0
w/2 —, Rr2
ey J cosh ! e do = 7w ln % 5 37
6 0 r?
g ol sin(2n+1)0, (28)
'ITIz o 1
where 0<r<l, 0<6<m/2, It is easily shown that iy cos(2n+1)8 cos - E(Rz-rzﬂ) de =
o
etts =l - T— ’ (29) ™ 2n+1
14+ /=22 ooy T G20, (38)
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"/2 _ H/z
S sin(20+1)8 cosh '(R%*+r?)as = /  sin(2n41)8 sinh” ' Vsin © d6=

m‘in
: : Z(at) (29,

_om ln 2 m/2 - 1 /2
2(2n+1) 6 (n20) (39) 3 cos * Ycos © df = 7 i 8/cosec D+ 1 df =
o 0
n _2n+l n
/3 _ @ (-1)"r 5 1 -1 @ (-1)7§
5% cos™), /%(Rz-rzﬂ) s § ———B poElEbx o Ly — . og.95502. 47
0 0 (20+1) 2 0 % o (20+1)2
f’ sinh ‘x ' 0) We may replace sinh 'Wsin 0 in (42) and (44) by
x In(/eInf + /I+sin 0) and the results are to be com-
pared with the following integrals which are given
in examples 3 and 4, p. 252 of [2]
"/2 m r2n+16
J7 cosh '(R%Mr?)d9 =2 3% —— B . /2
J : S cos 2n0 Iln sinf d§ = - (n>1)
2 5
0 o (n+l) 0 ~=
'IT/2 i
s ln sin® d8 = — 7 in 2. (48)
£ sin_lx °
=2/ T dx . (41)
o

Addition and subtraction of (42) and (44) yields
values for the two integrals

In the special case r =l these simplify to /
/. _
I cos® nf sinh ! Vsin @ d6 ,

[¢]

/2
J  cos 26 sinh! /5l 646 = - = & (n31) , (42) /s -
o R /  sin® 08 sinh™! /5in 6 46 .
0
From (44) and (26) we easily obtain
/2
/  sin 2n0 sin”'/5Ind a6 =
0 m/a
7o emeT e w o ZEL )
0
LI T § ]
ine [( 1) +5 8 | 1), (43) at
S 0 V/sec 6-14d6 =1 1n 2., (50)
o
'ﬂ'/z = i
/" sinh 'Y/eIn Bd6 = < 1n 2, (44)
o 2 It can be proved that any of the integrals in (47)
equals
"/2 8 “’2 N /2
/ cos(20+41)8 cos Vain 6 d6 = T(Fnl) (n>0) (45) I ein ! sin?0d6 =2 f 6d0/ Vsec?® + 1
o - o 0
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1 T/
— lnxdx_f
0

sec O1n coth d6, (51)

g

The integrals appearing in (47) and (51) may be
compared with

1 ml, ® 8
/ smxxdx"r ta?:ﬁda-z =ifs ¥
0 0 o (2n+1)?
2)
-1 "/2 -
=7 2, s B Xaa2, Logp -
o Q
.y 0t
o (2o+1)?
where C is Catalan's constant which has the value
0.915966. See Sectiom 4,521, 1, p.606 and 4.531,
1, p. 607 of [3].
Setting r=1 in (32) leads to
sin '/sInf -8 = I 7 sin 208 (0<B<n/2). (53)
|
Integration from © = 0 to § =7/2 now gives
Y 2 1 2%
J cos /cosede-T-E L ———— (54)
0 o (2n+l)?

Combining (47) and (54) we obtain the combinatorial
identity

n 1
; (-1) 6n+—6

2 “2n+1 # Ba (55)
o (20+1) ?

Using the expansion

-1 = 60 xan“-l
sin ~ x = g TS) (x| < 1)
and the formula
/2
S stn™pde =3 & (@m=0,1,2,....)
o m

we easily deduce that

T/2 . ® § §
/7 stn™ sin?gep =1 p B _28h1 (56)
J 2 0 T haw

(47) and (56) now lead to the combinatorial identi-
ty

n
T B Gn ds2n+1 _ b (-1) Gn
3 z o I — P (57)
o o (2n41)?

4. THIRD SET OF SERIES AND INTEGRALS

Assuming that z=reie (0<r<1) in (3) and equat-
ing the real an imaginary parts on both sides we
get

(-l)n-xdnrn cos nb

g 2n-1 >
Ya
= [Jl-i-r2+2t cos b+ 1 + r cos 9] " (58)
vZ
o (-1)"'6 ™ sin nd
P B =
& 2n-1
2
L [n/l+r2+2r cosB-1 - r cos 6] . (59)
vz

From these we obtain

i

1
/>
s [ﬁﬂaZr cos O + 1+ r cos e] cos nf d6 =

o

n(=1)* %

(n>1), 6
Y2 (2n-1) o (0

BB
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1 -
" 1 /s w(-1)" l&ﬂ
— -~ vcos @ - cos20 25
I [Ji+r2 +2r cos § - 1 - r cos B] sin nf d6 = g tos @~ cos®d sin 2n8 20 4(2n-1)
o
(n21) , (64)
=l
m(-1)"" "6
S s T (61)
Y2 (2n-1)
y e T
™ E S Cos 0 + cos?8 d§ = /2 . (65)
i [Y1+rﬁ+2r cos 8+ 1 +r cos @ dg=v2 1 0
o (indépendent of r ).
(62)
: _ Setting 6 = 7/2 - ¢ in the three foregoing sets
In the special case r =1 we have of infinite series and definite integrals and making
o/ n-1 the required changes we obtain corresponding sets
’ Al = . m(-1) 6n of infinite series and definite integrals. Most of
cos 8+ cos?8 cos Znf db = T &(2n1) these results, though with simple functions,  seem
e to_be new. They are not recorded in 3], [& and
(031) , 6n (7]
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