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ABSTRACT 

I n t h is note, the definitlon of a globally 
framed para f - structure manifo l d ls given . lt 1s 
shown t hat a n almos t product structure, or a pa ra ­
c ontact structure. c an be d afined, on a global l y 
framed para f-struc t ure ma n f old, depending on the 
num ber o f t he vec t or field in the c haracterist i c 
eq uation . 

RESUMEN 

En este trabajo se da la definición de una 
variedad con estruc tura para i enmarcada. Se de­
muestra q ue una estructura casi producto o una e s­
tructura para contacto se puede definir en esta 
varied d dependiendo del número de campos vec t oria­
les en l a ecuac ión caracteristiea . 

1.INll'IODUCCION 

A Cco, n"'¿iroenaional man ifold M. on whlc h chere 

cxi.. ts a <!"', tensor field NO, oi type (I , l), suc h 

tilat 


-1 (l .1) 

where 1 1s t h e identity tensor on M, i 5 ealled an 

almost e ompl ex man if,? l d w1th an a lmost c o mp l ex 

s t r uc t ure F. Yano [6J. 


If equ ation (1.1) 1s replaced by 

2
(a) F + 1= u Q U, ( b) FU= O, (e ) rank F= n- 1 (1.2) 

where U s nd u a re Ca> vector field and l-forro on M 
respect1vely, tben M ls called s n a lmos t Co n tac t 
ma n i fold , with almo s t contact struc t ure, Boot hby 
a nd Woog [l j. 

lf equa t ion (1. 1). is repIsced by 
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GLOBAUy FRAMED PARA 

F-STRUCTURE MANIFOLDS 


3 
(a) F + F= O, (b) rank F= r, l_r~n (1.3) 

t'hen F i s called an F-struc t u r e, a nd M is called an 
F- s truetu re mantiold. On an F- structure ma n ifo l d, 
let 

2 F2 + 1(a) ~ _F , (b) m= ( 1.4 ) 

then Ro and m are compl ementry projection operatol:S 
aeting on the tangent space at eae h point of M. They 
define two d ifferent iabl e distr-ibu t ioos, P and Q 
on M, s uc h tila t dim p~ r, a nd d im Q= n -ro Yano [7J . 

If on an F - structur e manifold M.there are n-r. 
Ca> v ec tor f i da Ua • spana1ng Q st each poior: of M, 
and tbere are C"', n - l:. 1-forms ua , satisfying 

2 a
F + 1= u 9 U ( summation), (b) PUb = O , ( 1.5)

a 

a. b= 1, ... , n - r, then M is said t o be a giobally 
framed F- stru e ture manifold. If a Rienann ian Dletrie 
h j,s defined on a globall y framed F-structu re mani ­
f o l d by ua = h ( Ua • • ) , thm M i5 called a g l obally 
framed me t r ic F-structure manifold. Go l d berg and 
Yano [3]. 

In ano t ber paper, Go l dbe r g a nd Yana [2], sho loled 
t hat an almost compl ex structure can be defined on 
a global l y f ramed F- struc tu r manifo l d M, 1f the 
dimension of M 1 s ev . If the dimens10n of M is 
odd , then ao almos t contact s true ture can be defin­
€d. 

If equation (1.1) 1a repl aced by 

1 (L .6) 

then M i s said to be an almas t product man iE old , 
with almost produet structurc F. Yana [6]. 

Jf equation (1 .6) 18 repl aced by 

2 
(a) F = I-u 9 U , ( b) FU= O , (e) rank ~ n-1 (1. 7) 

-
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chen M 1.s called a para-i:ontacc manUold. vith para (ti) Premul t iply a,nd pos t mul t lply (1.9) (a). by f,
-i:ontact struecure. Sato [5] . and u se (1. 9) (b), ve have 

00 

Let M be a e , n-dimensional manif old, 1&t 00, 
be a e"', tensor f ie1d of type (1,1) 0 0 M.sa tisfying 

(2) 

a
(b) fU = pb U (1 .8) f rom (1) and (2) ve get u o f 0.//

a a b' 

Tbeor em 2 . 2
vbere d • c are constant s. a.b= 1.2 • . . .• n - r,(I<r<n). 
Ua are linearl)! indeperu:lent COO vec t or field s ;- - ua 

The operators g iven byare e'" 1-forma. snd Pg are BeaIers. t hen M i5 cal­
led a genera l ized structure manifold. wit h a gene­
ralized P-struc t ure. Mishra [4 ] . 2 a 

m~ -f + 1 ~ u ~ U 
a 

applied on M , P L M. are complementry pr oj ecti on 
operators, Pand ve are go i ng to have two co mp l e ­

2. OLOBALL Y FRAMED PARA f..S1llUCTURE MANIFOLD 
mentr )! tsngeot aub-bundl es L aod N or wi t h dlln L=r. 
and d im N= O-l'. 

In equacion (1.8), lec d 2= 1, c~ -l. 

and rank f- r . chen 


~ + m = 1 (1)
(2 .1 ) 

Hultiply (1.9) (a ) by f, ve hove 

In chis case H la called a gl oba11 y framed pa­

ra f-atruetur e manifold, vith a para f- strucCure. 


Note l: - wnen a R 1, chen M 18 a para-contact ma- . 
n1.fold. 

Premult lply (1) by ~. ve have 

TheorESll 1. 

On a globa~ly f ramed para f-struc:ture manl­
fold. ve have 


Hultlpl)! (1 ) by m. ve have 


/) is the Itronecker delta. 
2 

= m ro m. 

a
(11) u O f • O. SSinee rank f ~ r. everywhere on M, aod m = U 9 U • 

(a- 1, ..• ,n-r) , then we are going t o hav e t lOO c~­
plementry taogent aub-buDdle s L. lIod N eor'respond ­
ing to R. and 111 respec.tively, sueh t hat d im L - r. 
aOO dim N- o-r. N is spanned by the vec tor flelds 
UI.··· .Un-r·11 

(1) Prom equation (1.9) (a). ve have 

3. A.LUOST PROOUCT AND PARA·CONTACT STRUCT\JRES ON M 

o. 

Theorem 3. 

Let H be a para f -strueture rnanUold. suppose 
that n-r le ao eveo integer, l .e., the number of 
the vector fle1da Ua 1a even, then ao almost pro­
due t atructure is definee! 00 H. 
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Put 

2i + 2i-l" U ( )J .. f + u 1 U _ u • 2i SUlIIIIa t ioo ,
21 1 

o-r 
i" 1,... . 2 

J(X)a f (X) + u21 ( X) U2i_l + U21-1(X)U2i X 15 a 

veo: tor f i eld • 

o 

2 2 2i 2i- l
J (X)· f (X) + u ( X) U + u (X)U _

21 21 1 

Prom (1.9) (a) ve have 

Theorem 4. 

Let M be a globally framed para 
a n Uold, Buppose that o-r 1s an odd 

a para-contac t structure 18 defined 

f - s t ru c ture 
integer, tben 

on M. 
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Put 

Similar to che prove of theorem (3) ve have for 
s ny vector fiel d X i n M 

2 b 
a f (X) + u (X) U - u(X) U

b 

where b ~ 1 •... ,n-r, u .. uo- r , and U .. O 
n-r 

:. i(X)~ X - u (X) U ~ i .. 1 - U 111 U 

J la a pars -contac t struetur e on M. / I 

4. MEllUC OH GLOBAU. Y FRAMED 
PAI'IA F-S'TRUCTURE MANIFOLD 

Let ua introduce a metr 1c t ensor g on a globa ­
ll y f r amed para f - s t ructure manifold H, such t hat 

g ( fX, Y) + g (X, f Y) .. O, X. y are a o y tvo vector 
field a , then M ia c a lled a globally framed metrie 
para f-st ructure manifo l d. 

In equat i on (4. J) replsce Y by fY, ve get 

(4.2) 

2
Substitut e for f i n equatioo (4 .2.), we have 

g( f X,fY) a g(X.ua(y) U - Y) ua(Y)g(X,U)_ g(X, Y) 
S S 

Therefore, 

(4,3) 

vhere US(X) (X U ) ~ g 'a . 

-
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Theorem 5 . 


On globally framed metrtc f-struc t ura mani ­
fold, the complementry tangent sub- bundl es L and N 
ate orthogonal with respect [o the metric g. 

Proof : ­

L and N correspond to the complementty proj ee ­
tion operators ~ and m, therefore. 

In equation (1.3), replace X by fX, we get 

g(f2X,y) + g(fX,fY) = O 

g(lX.mY) = -ua(Y)g (f X.fU ) = O, 
a 

sinee fU = O . a = 1, •• •• o - r. // 
a 

5.EXAMPLES 

ExampIe l. 

CODsider [he 7-<:1 imens"iona l 
on which a tensor oi type 0.1 ) 

Eucl ideao spaee V¡ , 
ia defined a s 

O 

O ' O 
O 

O 

O 1 
1 

1 

[1000000] [¡ooooooJ t 

- [0100000] M [01 00000]t [0010000] M [001 0000] t 

- [0001000] M [0001000]t M U 
a 

t mean8 Iltransposeff 
• 

Futthet, fU = O. a,b = 1.2,3.4, sud rank f = 3.
bHene e, V1 ls a globally frame:! para f - sr r ll e t ure 

IIlSnifold . 
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Consider , t e oew tensor F on V7 defined by 

p ~ f + (0100000) 

+ 0001000J 

+ [IOOOOOOJ 

+ [001 0000J 

& [1000000] t + 


Ii (0010000] t 


M [0100000]t + 


Q [OOOlOOOJ t 


Let X= [Xl • ...•X7]t be soy vector field on V7, 

PX= (X2,Xl,X4'~3,-XS, -X5 , -X6,X7J t 

p2x= X 

i. e. F
2 

= 1, Le.: V7 admic s sn almos t produet s 
structur e . 

Example 2. 

Coosider the Euelidean spnce Vs on wbie h 

2
f 3 

[10000J 

[01000J la [O l OO OJ t 

[0 01 00] [001 00] t la U 
a 


b­f U O , a,b= 1, Z,3, and raok f = 2, 

V 15 a globally framed para f -struc t ure ma nifold.s 

Consider 

2i 21-1 
F- f + u & U III ' i = 1Zi- 1 + u UZi 

F= f+ [OIOOOJ [ I OOOO]t + [IOOOOJ la rOl OOOr 

-
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---

Define 

Zi 2i-1
F= f + u ti U21_ + u ' i- 1,2

1 
~ U21 

- [000 x 00] f + [01 0000] Il [100000] t +J 

+ [100000] Il [01 0000 Jt 

This means t hat Vs admits a para -c ontact f- struc­
t ure. FX= [0 , 0 , -xS,x6 , -x3 .x4] + [xZ, oooao) + 

+ [O,x1 ,0000] = [x2·xl , - xS,x6· - x).xJ 
Note 2: -

Examples ( 1) and ( 2) an be easil y genera l i zed 
to any Euclidean spac e on whichVn 

Hence. V admits on almost product struc ture.6 

Exampl e 3. 

Consider che Euclidean space V6 on which Example 4 . 

o O O O O O 

o O O O O O 

O O O O - 1 O
f = 

O O O O O 

O O -1 O O O 

O O O O O 

1 ­
6 

rank f = 4 , fU = O , a,j = l,Z .
j 

Let M be any globally framed f - structure mani ­
f ol d given by t he characteristic equat10 n 

as 1,2, ... , n - r • 

Put then 

S 
f + 1 = U e u 

a 

Post mul tiply by we have 

8 a 2 
~f2 + f = u . 9 fU ti ti F U O 

a a 

Sf2 + f- O = f2 + u fl U - 1 = O 
a 

which 16 a gl obal ly framcd para f-structure. 
Hence V6 18 a globally frsmed para f - structure 

manifold. The same result we get if we put f = _F2 
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