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2n-O (20-1) (2n+2m+l)2 n-O (n+m+ I) 
donde m= 0,1,2, ... , - l~x~l . Se menciona algunos ca
sos particul ares. Se da n demos t raciones sencill8B 
a la fórmula de Shafe r-Knuth... (_1)0 6 

nr 
n-O (2n+2m+l)2 1. IN"nIOOUcnON 

wbere • 0,1,2, ... , -1<x<1. Some particular c ases An expository art1cle d ealing wlth the result 
are meotioned. - -

Simpler proota of the Shafer-Knuth formula are gt
 6 
ven. 1: ..!1. In 4 (1)

n 

'-'88 given by Ro ss r9]. The same result vas obtain
ee! in connec t l on wit"h a probabUity probl em by Cal
lan [2 ] . The t wo formulae mentloned at the eod oí 
Callan'8 paper are equivaleot to 

El objeto del pruente trabajo es evaluar laa 
siguieotes series infinitas: 

0-1r o x ( O~<l) , (2)o 
1 l-x+,If:i" 

.. 6 
o o lo _2__r - x- 2 (-l~x~l) . (3) 
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The proof of (2) fo11o w9 d i rec tly from the g en erat 

ing fune t ion L x -m -1 [_1_ _ 

m 
¿ 
 (9)

0=1 	 ¡¡-:;z 0=0 

'" _1_ = ¿ Ó x
n (6

0 
= l , - l~x<l) (4) 

lf=X n=O 
n Setting x= 1_t

2 
in the right s ide of (9) we fi nd 

that i t t akes the f orm 

while O) 15 o btained by int egrati!':.: both sides ot 
(2) fr om O to x. 

(10) 
The ex tension 

m 
¿ On-+1n = ó [ln4+ ¿ ( 5) The expression between the square brac kets i n (10) 

n= l n m n
n=1 	 i~ a polynom1al of d gree 2m+l in t. By mat hema t i 

ca l i odue t i o n i t e a n be pro v ed t ha t thi s polyoomial 
is divisibl e by (1-t }m+l a nd (la) ma y be writt e n 

of (1) was sugg ested by Sha fer [101 a nd (lrov ed by as 
Knu th [7 ]. In a recen t paper by Lehmer [8J, sev a l 
int erest ing inf i nl t e serie s oi tbe type s 

m n-l -m-l m(IH) -111-1 l: cx 	 ([-x) (n-l)/2t U 1: o. 
n=O n n

¡; a a nd ¡; a / ó 3~e summed, r he 	 n=O 
n 	 n n

n=O n=O (II) 

where the cx ' s a r e r ea l eonsta nt s t hat satlsf y t he 

a ' s being ver y s imp l e f une tions oi n. fo 110"'Lng rllcu r r enc relati.o ns : 
n 

In th:ls pa per variou s generalisat 10n s of the 
for egoing resu lt s are establ lshed ~nd sim pler 
proofs of (5) a r e given. OZa ) 

2. EXTENSlONS OF CALLAN'S FORMULAE a = 
2n+l 

In thi s see t i on we prov t h e following gener a 
lisati.ons of (2 ). (3 ) a nd (5): 

(J 2b) 

m 	 2n -1 k m+l-111- 1 
u L CX (1 -x ) (n - 1)/2 (_ l <x<1), (6) Ct = r (-1 ) +1 (2n-k) Ct _ +m-Z o 	 m kn=O n -	 k= O 

n 
( -1 ) n l: (! Ja) 

00 tS m 13 	 k =O r n +m n 	 m-o 
l.--X ~ 2 r lB 1n -2 + ¡; (u-n_2-n)]( _1~~1) , 

1 o 
 m u n 

n=l 
(7) 2 n k m+l 

ex = 1: (- 1 ) ( 2 n+ 1 _ k) ( 1 3 b ) 
m- 2n - l k= O 

where m 1s a pos1tive int ger. 
Equa t i oos (l Za.b ) exp¡; ess Uk in t er ms of cx = 1, ~,

O 
~., ..• a _ while (l 3a .b) g i ve ~ in t erms oE 

u= 1+ lf=X 	 (8 ) k 1 
~+l ' ~+2 ' ... , ama 0m' It i s eas y ~een t ha t 

a nd the a 's a nd B 's a r e constanc s to be deterDlin 
n n 	 m med. el = l. ~=m - L 6>- , 0. = (m+l) [ t m - l: 6 ] O 	 2 n1

Proo f . From (4) we se e t hat 
(1 4a) 

- 54 -

Rev. Tec . lng .• Univ. Zulia, Vol. 11 , No. 1, 1988 



(l a _ = <5m' = (m+L ) <5 .a _ = Ta ble 2 conta1ns valu es oi a (n= O,1 . 2 •••••m) c orm m 1 1Il m Z 
respondiog to m= 1 . 2 , ••.• 6 . o 

2 
(m + m + 2) 6 - .. . (14 b)°m _1 •Z m 

m m 

L a = Zm+l . 1: (-1) n a = 2- m (l4c) 

O n 6m+l 

O 
n 

Values of CIn (n= 0 .L,2 •. . . ,m) con:es pondi n g to 
m= 1.2, ... ,6 are presented in Table l . 

• 
1 

2 

3 

4 

s 

6 

Fo r m = 

Table 1 

" 
( tI - O, 1 , 2~ . .. ,111) 

1 

1 

1 

1 

1 

1 
2 
9 
B 
29 
16 
J25 
rn 
S43 
256 
4L67 
'iOi'4 

) 

1j 
S 
;¡ 
H 5 
m 
<;09 

L2a 
7651 
tor.r 

S 
lO 
115 
l28 
469 
TiB 
39Q9 m

35 
m 
189 rn 
2415 
TI2 

63 
m 
L617 
i02i 

231 
102" 

ID 

1 

2 

3 

4 

5 

6 

Table 2 

an (n = 0 , 1 , 2, .. " , m) 

1 1 
;; ;; 

1 3 3 
4 8 , 8 
1 1 5 5 
8 . "4 16 16 

1 5 15 35 35 
16 , 32 64 128 m 

1 3 21 7 63 
)2 )2 1"28 )2 256 

1 , 7 7 21 105 
64 12.8 64 128 512 

6 
256 

231 
'I024 

231 
1024 

i ng bo th sides of ( 6) by dx a od integratiog from O n "4 2 4 
to x we get ( 7) in which the Sn ' S a r e defioed by 

(_I)n-1Ó 

L 0+3 1 (5 lo 12+1 + !:2. _ 1312 1 (1 9c) 
1 

o ="8 2 4 3 •m 

B 1: a (t_ l ) o (1 S)
o 

o- O n 

3, PROOFS OF THE SHAFER-KNUTH FORMULA 

so t ha t 
The f o rmula 4. 38 7 , 6. p . S88 of [ 3] may be writ 

ten as 

m 
(_I) \)- na = L ( v) (0= 0. 1,2 ••.••m), (1 6) Tf /2 m 

o o O'v 2m 11 
V=n f cos x In s i n x d.x= - "4 0m (1 n 4 + L -'-) . 

O n=1 o 

m (20) 
B = 2-m . S = O L zOa E (17)Zm+1 

r:'>m _1 = Iim+l'O m m n 
o~O 

Settiog cos x t io the 1 s ide gives the d e f i 
nit e in t eg t'a l 

Se t cing x = 1 io (7) a od compa r ing the re9ulc wirn 
(S ) we o b t ain 

1 2m 2 
e ln ( I-t ) dt1= l f m - 0 m 21_2 oí: S 13 L (l8 ) 

n m-n 2 m ~ 
n=l 0=1 o 
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O the formula (6) r ed uces to ( 2). Mul t iply 60+2 1L lo 12+1 + ?.[ 3 - 12 l. (l9b) 

Fo r m~ 0(7) redu es to (3) . Po r m= 1 .2 ,3 a n d x= -1 
we g et 

(_1)0-1 

° n+l 12+ 1 3
¿ lo - 2- + "2 - 12 (1 9a ) o 


(_1)0-1 




ExpaD<!ing the logarltbrlc functlon in poverB of t Thia formula agr e es vit h t he series (1009), p. 186 
and potting [- Bine ve flnd of [4]. Equations (1) and (23) shov that 

'fI/2
! 81n2n+2me de 11m [ Iñ r (m) 1 - 1 1 = In 4 • (24)

mo m->O rem + 2) 

Applying the formu la ve al so llave 

11/2 Ii+ii2k¡ sin e de = 21: Ó (k* O,I,2, ... ) • 2 m-l o 2 k s (-x)- ...1. (t -1) dts 
m m 

x J 1 

ve obtaln (5). lt 18 t o be noted that the fo rm u la 
-1(,((5) 1s a special case of che general funeclooa l tan x 2111 - 1

retation = ...1. f Can e sec e dCJ • (25) 
x 

m 
O 

f O.) r(v+n)
~(~) - ~(~-v)~ f(v) E n r( A+ n) (Re A>Rev ~ O), 

n=1 If ro 18 a positive integer then 

glven byllCalla aD<! Roas [5J. S e ttiog ). '" m+l, m-l,'z m + '2 and notiog chat S (x) = ...1. E 
m xm v=0 

m -1
6.= r(m + t)/lñr (m+l), ~(m+l)- - y+ E n 

(26) 

0-1 
..-1 ( - 1) V ro-l 2 1 (27)S (1)- 2 E 2v +l ( V )- (2m-l) 6 iñ& 

m v-O m-l m 

(28)vbere y 1.s Euler' s eonstaRt ve obtain (5). A more 
general functioaal relatlon 1s establiahed by ICalla 
and Bader Al-Saqabi [6]. 

SI(-I)- 2/2 - 2, S2(-I)= i (2 - I2),S3(-I)

4. SUM OFTHE 1NFJNm; SERIES • ...1. (7 If - 8). (29)n 

... n From (3) and (26) ve get 

s (x)- [ _x_ Ii (m>O , -l~x~l). (21)


nia n 
• O 

E 
If O<.x<l ve llave 1 

m-I V v+ 1/2
_1 E i=!l (111-1) fl-(l_) }, (30) 

• v-O 2\1+1 \1 

-1 ~ vbere u b delined by (7). For 111-1 this reduces cosin t'x 2 1 . L ! siD m- e de , (22) 
m 

X O 1
'" xn+ ó 
t n(n+l)·2xln~+x-2+2...r:x(lxl~l) 
I 

(23) (31) 
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(38)Vhfb do•• not .,~ee with equatioo (7), p. 4S1 of 
la due to m1apr1Dt*. 

1
2
(&)- __1-2 (l - If:%) [12 + 13z + 64z2 _ 

U m- k + 2"1 • vhere k 18 a posit1ve loteger then 120 % 

-

(32) 
l -tr::E [ 2 3(13 z) - - - -3 40 + 381: + 47z + 256z -

Pr_ t Ma ve bave 560 z 

- (40+58&+81%2) ...r:z] , 

(12+19z) ;l-Z J, 

(39) 

(40) 

(33) l. SUUS OF TltE INRNrTESEIIES 

• !! 12 - 2 lo (12+1) .24 8 
} 

.. <5 
n

J - l: 
m n-O 

L SUN OF1ltE INANTE SERIES 

(m- 0 ,1,2, ••• ) 


(41) 

00 <5 
1: ni1ll Cons1der the definite iotegralz o 1 (z) (m- 0,1,2, ••• , Iz I ~ 1). (34)

• 1 
20-1 

1 t 2m+1 1 t 
Polloving a procedure similar t o that adopted in L - f o dt (42) 
Sectioo 2 ve f ind m O -{;T 

Usiog the generat ing function (4) and a pplying tbe 
fo rmula 

1 kf t In t dt ~ _( k+l)-2 (k > -1) 
O 

(36) 

ve see that L • - !. J SetUng t - s:1n e 1n (42)
Dl 4 m

yields 
vhere che 8n 's correspond1ng t o values o f m are 
given in Table 2. Thus ve get the fo l loviug re TT/2
sulta: L - f 

m O 
211.+1 k 

1 [lo 2 + 1: 1::!.L 1. (43)
(2m+l) 0.. k-l k 

~ (z)- 6; (l - rt=Z) (l + 42: - ...r:::) on using the formula 4.387, 5.p.sa8 of [31. Wr1ting 
(42) in tbe fom 

m
(1 .....) ln(l ..... )du* the term + x(1n 4 - 1) 10 chis equation must be 

repaced by -x(ln 4-1}. ru 
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expandíng the l ogari t hmic function as a pover se  It is wort hy of men t l oning 'here cha t 
~ies i n u a nd int eg r ating t erm by term ve arrive at 
the eJ<:pression 

'" .s 1 
l: ~ ~ J (1- _ 1_ ) ~ dx _

21 n O ¡¡:x x 
m- 1 , (2n-1) !! 

- 2 m. 
n (2n+2m+l ) !! 

TT /2 6 
-4 r tan "2 1n sin :, d G (48) 

O 
Collecting these results we have 

Applying the t wo fo nnul ae 4.241, 3, 4 ,. p.535 u,' [3] 
TT/2 and using the expa ns i on 2m+leJ ~ -4 r sin In s in e de 

m O 

l: 
2m+! k O 

i ~ n 2 + 1: (-~) ]-4 
TZru+l) 0m k=1 

we obtain 

m+1 , (2n-l)! !
2 m. (44)

n(2n+2m+I)!! 
l: " n 

2n= O (2n-l) (n-+1"+1) 

Similar consideratíons lead to 

2m+!4 
[ 1: ( _ l) k __l _+ln J 

1 2m rr/2 (2m+! ( 2m+3) <5 k 2m+3 2,t In t 2m m 1J' r dt r sin e In sin e de 
m O O{:T 

(498) 

2m k <5TT n 
~ "2 <5 [In 2 + l: ( ~l ) 1= l: 


m pi n=O (2n-l) ( 20+2m+1) 
2 


(n-1) ! <5 
Ti (2m - l) ! ! n 1ro 2ml: ( 45) (_I)k-I 

2rn- 2 (n-tm) ! m 
[ 1: 1 

- In 2) (49b)n=l 4(m+l) k 2m+2 

where t he fo rmula 4 . 38 7. 4. p .588 of [3J ls used. 

FrOID (44) and (45) ve get 
 7. SUMS OF THE INFINITE SERIES 

= 4(1-10 2) • J 1 = %(5-6 In 2),J O 

(_l)no
1: ___ n" 

J ~ __8__ (47 - 60 In 2) K = K' l: 

2 225 ' ID 

O (n-tm+I) L 
m 

O (2n+2m+l) 2 


16 
J 3 = 3675 (319 - 420 In 2) • (m= 0 ,1.2 •. . . ) (50) 

lt 1s eas1ly shown t hat 

J = ~ (1879 - 2,70 In 2' (46)
4 99225 - . 

1 2m+ lt In tK = -4 f dt 
m

J ó= I In 2. J{= *(2 In 2 - 1), Ji = 6: (12 lo 2-7). O {;::2 

J)= 3~4 (60 In 2 - 37). J¿= 61~ 4 (840 In 2 - 533). rr /4 

tan2m+.L e
-4 f sec e l o 'c an e de 

(47) o 
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11 /4 (_1) n6 1 

4(_1) 1l1+1 1 1m f In tan 8 d K' = ¿ n In t dt 


t -+{) O O (2 n+l)2 = - ~ ¡u;z = 


rr /4 
- f sec 8 In t an e de = 0.9552 02 ( 56) 

O 

It ls s hown by Bassa l i [1 ] that any of the t hree 
followi ng i nt egrals have t he same val u e: 

1 - 1 iT/2 -1 2f sinh x dx J sin s i n e de = 
O 

x 
O 

./2 cos-1 v'C'OSSde (57) 
o 

+ 	cosec oJ de} 
These a e', to b , 'oompared with 

m ( . ' v 2 1 
4(_I)m liro ¿ -~ (m) {sec 1i+ t In tan t-ln

2\>-'-1 V
t->Ü v=0 	 1 - 1 TI /2 e (-1) nf t an x dx = l f - 1--8 de ¿ - --,TI/4 v 

t 11 O x 2 O s n o (2n+L)~tan '2 + In tan 8 + f ¿ 

O /..=0 


Catalan 's constan t G= 0 .91 5966 ( 58) 

See series (990), p. l 82 and ser ies (99 5) , p . 184 of 

the closed expr ess ton [4] . 
Apply ing t he comb i na t orial 1dentity ( 27) we obtain 

From (41 ) and (50) we deduce that 

K. 4 ( _1) m [ ln(212- 2) + 
111 (2m+l ) 5 °2n 1m 	 p = ¿ U + K ) (59)= '2ID 	 m m

n=O (2n-l1n+l) 2 

¡J. (51) O.,,-n-- ·.r 
1 

l U - K ) (60)~= 2 m m 
n= l (2n+n¡) 2 

Thus we Mv e Applying (4 6) aud (52) -(54) " " ¡-""',, 

(52)K .4(1[-1) +4 In (2 12-2) ,
O

K ~ i [5 - 412 - 6 I n (212 - 2)] (53) ~ [5 - 212 - 3 In (412 - 4) 1 , 
1 9 

( 61)p = _4_ [4312 + 60 ln(I2.1)] ;
(54) 2 225 

Q .~ 4 - 212 - 2 In (412--L,) , 
O

,;:Ü(l:.. larly we héve 

1 2m TI /4 2 

K': f t I n t dt f t a n me sec eln tan ede, 


ro 	 OO ..¡-;:T 
(62)Q = _4_ [94 _ 4312 - 60 In (412 - 4 )]

(55) 2 225 

but no closed express10n 18 ava ilabl e for this in

tegral. For ro z O We hav e 
 Corresponding to (48) we have 
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m 
¿ 

v=O 

m 

+ ¿ 
v=0 



.. (_I)D6 1 ___ D. 1 
__1_) ID x dx ve .ee that l •• 4' T • Sub.tltutÚa for Rm lt8 valuer /U IIl2 glven by tbe forlllula 4.261, 16 . p.541 of [3] ve1 n O Ir+i( x 

ge t 

TT/ 4 
·4 f sece tan 2"e 

ID tane de (6]) 4 211+1 { 1)1t 2 
o T · (211+1)6 ([ 1: ~ + In 2] m .. 1 

(67).. SUUS OF THEINFHTESalES 

6 Ó Siml1arly dealing with the integral 
T - 1: n ,T'- 1: n (IIl-O, I ,2, .. ) 
.. n- O (n..,..l) 3 0-0 (2n+2m+l)3m 


R' · 
 (68)
m(64) 

Consider the integral 
ve f ind that R~- 2T~. Substltuting tor R' lt8 va

1 2m+1 ln2 lue furnlshed bv the formual 4 .261, mIS. p. 540 
R· f t t 

dt • of [ 3} we obtatn-
DI (65) 


O 
 {;7 
2111 ( l)1t 2 2n <_I)k i 

T'· ~ Ó { [ 1: - -- + In 2J + 1: 2 + 12 }. (69)
Uaing (4) aOO applying the formula m 4m 1 k lit 

1 lt 2 2 The summa tion of infinit e series i nvolving po 
f t ln t dt (k>-I) (66) ;~~~. O f Ó vill be cons idered in a future comuniea-O - (k+1)3 n 
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