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ABSTRACT

The object of the present paper is to prove the
fallowing functional relation
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Re(A) > Re(v) > 0, |arg 2| <=

by means of the Riemann-Liouville operator of frac-
tional calculus. Some particular cases are mention-
ed. The results given earlier by Ross and Kalla
follow as special cases of our main result. Some
results are numerically tabulated for illustration
and verification.

RESUMEN

El objeto del presente trabajo es demostrar la
siguiente relacién funcional
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A FUNCTIONAL RELATION INVOLVING w FUNCTION

Re(A) > Re(v)> 0, |arg i‘i <

por medio del operador de Riemann- Liouville del
caleulo fraccional. Se mencionan algunos casos par-
Liculares. Los resultados dados anteriormente  por
Ross y Kalla-Ross resultan casos particulares del

resultado principal. Se dan algunas tablas numéri-
cas para ilustracidn y verificacién,

1. INTRODUCTION

In a recent paper [lli Ross has
following result

proved the
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by means of fractional calculus. In a follow-up
work Kalla to Ress [6] have given the functional
relation

V) = pO-y) = Ty [lvtn)
hi5

Tk aroom @

Re()) > Re(v) 2 0

In this paper we prove the following more ge-
neral functional relation

I (v+n) iy, B
aflm) 2T10wAimHs- )

Q) s
T nzl

=31 =

Rev. Téc. Ing., Univ. Zulia Vol. 8, No. Z, 1985



S )
= ] =t 5 1o - o] 3)

k=g

Re()) > Re(v) 3 0, |ug§ % =

by means of Riemann-Liouville operator of fractional
caleulus. [9,10]

oFy(a,B;r;z) is the Gauss'hypergeometric func-
tion and ¢(z) = M (z)/r(z) is the di-Camma function
[4,7]. We observe that for u=0,(3) reduces to (2).

The integral

X
F(lu—) fo -0’ £(0)dr, Re(v) >0 (%)

is called the Riemann-Liouville operator of fraec-
tional calculus. The operator (4) is denmoted by 1,f
[12] or DZVE(x) [2]. We shall follow the second
notation.

Same particular cases fof gpeial values of

the parameters are mentioned, For illustration and
verification some numerical results are tabulated,

2. THE FUNCTIONAL RELATTION

We start with the integral (8]
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The integral on the left above 1is di__fferen-—
tiated with respect to the parameter according to
Leibnitz's rule, The right hand side is also  dif-
ferentiated with respect to A.pgetting
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For abbreviation, we denote the ““i ﬁlﬂﬂ

a0ove By 6L 10,0 homan 0hd vesulk () can e

written as
0210 £ 7 (et = 6ex,h,v,m,0) m

Because of the analyticity and continuity at
v = 0, we can interchange the roles of - v and V.,
Bence, for differentiation of la t'tA~} (t:+a)u to an

msﬂ!rary order v we haye

D) [1n ¢ 7 er)*] = Glxor,=v,,8) (8)

Now we consider the following integral equa-
tion of the Volterra type
L = v=1 A=1 u
[ x-£)""" £(t) dt = x"7" 1n x (x+a)
riv) o
nem>ae(v);o.|ug§|<w (9)

The Riemann-Liouville inregral (9), «can be
solved by Laplace transform because of its convolu-
tion type. However, we proceed tc solve it by the
use of the operators of fractiomal calculus, The
use of the operators of fractional integratiom to
obtain nev functional relation shows its great pow-
#r to obtain result in an elegant form by the sys~
tematic uge of simple notations.
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In the notation of the fractional calculus (9)
can be written as

A-1

oDy £(x) = x' ' In x (x+a)" (10)

Operating on both sides with aD; gives

(0 2 00 0 1n eleke)l) (1)

Using (8) we can write the solution of the integral
equation (9) as
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Now to verify this result we substitute (12)in

where the interval of convergence is 0 <t < 2x .
Evaluating the corresponding integrals we get the
result (3) after little simplification.

3. SPECTAL CASES

(i) For 4 = 0 our main result (3) reduces to
(2), a result recently given by [6], which  itself
is a generalization of (1).

(ii) For y = n, (s a positive integer), (3)
aduses to
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Here ,F| represents a polynomial of degree m. For
m=l , (16) becomes

(9) in terms of the argument t. ) ) I'(vin) A(a+x)+an |
T(}) ol (An) a(n) |
We write a series expansion for ln t as fol- a=1
lows
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t=z+t-x-x(1+£:—x-) (13)
Further for A=1 and v = % (17) becomes
where x and t are real and x>0. Then
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For X < 1, we can expand la(l+ —) into and for A=l , v=3 , by using (3] we get
a Taylor's series expansion. Thus,
v i 1y TOFD e |
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For x=a (20) takes the following form
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(iii) v = =] (j is a positive integer)
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The result (3) becomes
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In (23) if we set A=l , v -% we have,
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4. NUMERICAL COMPUTATION

In_:he tables | and 2, equations (2) and a7),
respectively, are computed by using a VAX/VMS elec—

tfonic computing machine, The results are given in
single precision,

We shall denote, for the sake of ﬂimpli[l[
)

i dafi-tond aide of (1) g ()] byl and ehe

right-hand sides of the same equations by R2,

In Rl, we took n = 500; this is due to slow
convergence of the series,

A subroutine called GAMNA [5] vag uged = to
compute the éama funchiony wiere 105 argument X is
given by 107 Cx € 36.5. Fory) 36.5, wa ued

the first two terms of the Stirling formula from
[1] given by

1
rx) v x e x) - @ +$)

In R2 , we computed the psi-function ¢(x) by
usign [1] the following equation

p(x) = In x - f3(x) ,

where f3(n), (n = 1,2,3,...) are tezhulated in [ll.
The linear-interpolation method is wsed in computing

£3(x).

=34 -

Ing., Univ. Zulia Vol, 8, No. 2, 1985



Table 1

Table 2

We took x=a =1
A v Rl R2
1.0 0.5 1.335862 1.386294
1.0 | 0.333333 | 0.732136 0.741018 ! N & R2
3.0 1.5 0.886199 0.941109
3.0 | 2.0 1.496010 1.500000 ‘
11| 1t 0.622827 0.62 L0 | 03 1797678 {97258
. . . 627459
3.1 2.1 1.536640 1537735 1.0 0.333333 [ 0.974873 0.982037
34 | 1.8 0. 943421 o SHesia 2.3 | 1.1 1,379751 1.450310
4.0 | 3.0 1.830340 1.833333 a:d ;g ;'gggﬂ; ;i;’gg‘l'g
5.1 241 0.605174 0.604904 6.5 1.1 0.372500 .
: 3 . 0.373197
10.0 1.5 0.286364 0.326109
2.0 0.333333 | 0.382075 0.469211
In Table 1, for the case A =1 , v.= L and v= 4.5 3.5 3.156024 3.151312
1, ve computed’ R2 by using (1) - N% . e 2.2 | 1.2 1.696832 1.682981
W) - 9 - - B34,
6 2 4
1 In Table 2, for the case A =1, v =7 and v=
= , we use equations (18) and (19), respéctively,
The first equation from the known relations of D compute R2.
the psi-function while the second from {2].
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