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A8$TRACT 

I n thia paper, an applicat i on of the fract io­
nal calculua to a di f ferenci al equat i on 

z'¡'o, v i s 	 discussed, where f=f(z), <pc<Hz) , 4>2=4>"( z) , 
<p124> '(z), zE.C andv is arb i trary. 

A particul ar solut ion of the aboye equation ia gi­
ven BS 

f z-v) 1)
( l-v ' z -1 . (z_v)2 v- 2 

if fv exists and fv + o . where fv= fv (z) means the 
differintegra tion of arbitrary order v of t he f unc ­
tion f( z) 

RfSUMEN 

En este trabaj o se aplica el metodo del ca l culo 
fra cc i onal par r esolver l a ecuación dif erenc ia l 

<P
2

(z 2 
- \lz) 	+ 4>1 (2vz- v 2 +v) + <p.v (v-l ) f. 

z;o,v, donde [=f(z ) , <p~ (z ), 4> 1=4>' (z) <P2: .~4>" (z) , 

z ( c y v e s rbitrario. Se da un so l uc.1.on par ­

ticula r de esta ecuación 


z- v _ 1 _ )<ji = (f	 . - ) 1( 	 2l -v z ­ (z - v) v- 2 

si fV exl.ste y f v lO , f v= fv (z) sig n ' f ica el 

differint egr 1 de orden arb itrario v , de la funci6n 

f ez ) 
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APPLICATION OF FRACTIONAL CALCULUS TO ORDINARV 
DIFFERENTIAL EQUATIONS OF FUCHS TYPE 

1. INTROOUC'TION 

The concept of di fferintegral (fracc i onal cal ­
culua) of c~plex order v , vhi h i s a generaliza ­
tion of che ord i nary n-th deriva t i ve and n-t imes 
i ntegral for Ven (a posi t ive int eger) and V - -n 
(a negative inte~er) respect i vely.can be introduced 
in several ways L7,81. 

Niahimoto [5,6] defines the di f fer-integral as 
follows : Let fez) i s an analytic f unc t ion and it 
has no branch poi nts inside and on C(C a {C- , C+J. 
C- i 5 ao integral curve along the cut j oini ng tvo 
points z(x,y ) and ~iy , and C+ is ao i ntegral cur ­
ve a long tbe cut joi ning two points z and «+i~ ) . 

: f(v+l) 

v 


f cfv( z) J f ( ~2d~ ,v f. Z and 
2ni c 	 (s_~ )v+l 

f lim fv(n~ Z
+
),
-n \)+-n 


where ~1 z, - 7f< a rg ( ~-z ) <~ for C- and r, <a r g (~-z ) <27f 
for C+, then f~ (v>O) is the fr ct iona l deriv tive 
of ar der v nd fv (v<O) 15 the fractional in tegT 1 
oi order -v, if fv exista. 

Recenc l y, tbere has been a considerab l e i nt e­
r st in eh a plicati~ns oE fractional calcu l us. 
Ol dham and Spanier [7J have treated several appli ­
cations t o t he problems of Chemistry . Y.a l l and 
Ross [J 1, have obtained functional relations 8n,1 
summation o f series by invoking operator. of frac­
rional in t egration. Ka lla and A - Saqabi [2( have 
I so rreated Su h probl ems . Al-Sassam l J and 

Lowndes [4J have used differ 'integrals i or o eaini ng 
solutiona oE different i al equat ion_ . 

Jn the presen t papel: , we i nvoke diE ferinte ­
gra ls t o solve a non- ho',lOgeneo us linear o rd i na ry 
differe.ntial equation of Fuchs type. Co r respon­
di ng hcmogeneous case i s I so cons i der ed . 
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2. HOH~OMOOeHEOUS OIFFEAENT'AL 
EOOATIOH 

Theo rem l . If fv exis t s and fvl O, t:he.n the. and 
different ia l equat ion of Fuchs type 

1 
~2'(z - vz) + ~1 . (2vz-v +v) + ~.v (v-l) f (zIO,v ) 1: 

2 • 2 

n::::::o 
(1) 

(9) 

has a par ticul ar solut ion of the form 

Maki ng a dif f e r i ntegration of order (l-V) 
the equation (7) , \ole ha ve then 

z-v 
)-1 . _1_ ) (2) 

z 2
(z-v) v-2 

( la) 

for arbitrary v , \oIhere ~ =~(z), z Ee and f f (z) 
i a known . hence 

Proof. Putting 

2 1
f . - 2-- (11 ) 1

_
Z-\J v

(3) z -vz 

? 
:';ulciplying (11) by (z- '-')-, '1¿ 'J(.c,Jin 

z - -\)
(4) f . (12)l-v 

and that ís 

(5 ) 
2 

("'l' (z-v) ) 1 f 
1

_ 
v ( 13) 

\oIhere \01 = \oI(z) . 

Subst ituting (3), (4) "nd (5) i nco (1), ,,,,, ob- Consequen t ly we obtíl i. n 
tain 

2 
"'l' (z-v) (14) 

(6) 
hence 

that .i~ · 

(7) '" = ((f l-v' ~ Z ) -1 . 1 )--­2 -1 
(z-v) 

(15) 

since [5] 
f rorn (13). 

Subst í tuting (15) into (3), we have then 
2­
1:n;:o 

t ~) (l6)
( l- v' z -1(8) 
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as a particular solution to the di f f e rential equa­ Z-v 
- --2 z2 + (fl_v' :?-v)tio ·, (11 for arbitrary v , if f v exist s and fv -1 o. z z -1 .(z-v) 


1nversely , substituting (16) into the left 

v -2hand side of the equation (1) , yields ---3 / + (El_v' .z -:-~) 1 . 2z 
(z-v) 

~ - 1 (z_v)2 

z-v 1 Z-v 
vz - - )- El_v ' z (f l-v ' z -1= wV+l . (z 2 - vz) + W . (2vz - i+v) + "v_l' v (v- 1) v (z-v) 2 

(17) 
-2 

- -3 vz) (21 ) 
v- 1

(z-v)(l8) 

(22 )
(19) (fl_V> V_l 

E , (23) 

2 
= ("'2'z + . 2z - . z)v_l (us i ng (15)) (20)wl vw2 .¡,if f exists and f O v v 

3. HOMOGENEOUS D IF FERENTlA L EQUATION 

Theorem 2. Diffe rential equation of Fuchs 

type 
 O (28) 

2 2 
~2 '(z - vz) + ~l . (2vz-v +v) + ~ . v(v-l) O (z .¡, O, \! ) 

hence 

(24) 
O. (29) 

has a solution 

~ ; -k (z-V) -1) (25) Consequentl y we obtain 

v- l 


2 
"'2 . 7. + " .1. 2z - w . vz O (JO)

2where k i s a n a rbitrar constant of the intc.g r ,':'1 ­
tion, ~;$( z) and z fC. 

Proof. Put ting from (29), hcnc e 

~ w _ (26)
v 1 

2 
and substituting this into (24), we have the n "'2 . (z -vz) + "'1 . 2z O , (31) 

O (27) t hat i5. we have 

-2 
(32)

that is, 7,- J 

- 45 -


Rev. Téc . 1nll . , Univ. Zulia , Vol. 12, No . 1, 1989 




Integr a t i ng both side of (32) with r espcct t o 
~2'(z 

2 
- V2) + 9 , (2v z - v 

2 
+v ) + $ . v ( v-l)z, 	we obt ain 1

(2 ) + w ,(2\)z-i+v ) + w . \) (v- l)-2 _l- dz + l og k (k;tO) "'v+ l . z - Vz \) v-I 
z - v J	

(36) 

that i8, 
(37) 

1
k. 	---2 (33) 


(z - v) 

(1,' 	 ,z2 + W 2z - w ,vz)" _1 (38). 2 l' v2 

where k is an a rbitrary COll s t ant nf the in t egra­
t i on. 1 2 1

-2k ---3 . z +k , ---2 . 2z + 2k 
(z-v) (z-v)

( 

There f ore "e obtain 
__I_J- \)2) v-I. (39) 
(z-v ) 

-1,, =k (_1 ) k , (34)_ - (z-v)
2 	 -1

( z-v) 
(40) 

fi nally. 
o 	 (41) 

Substi t u ting (34) into (26), "e have t hen th arem 3, If fv (1 O) ex i sts, then the fra c ­
tional di [ [ e r-int egroce d fun ction 

-1 
w _ = -k«z-v) )\J-l 	 (35) z- v ) 1) k (_ 1_ )v 1 <1> ~ ( ( f 1-\) -1 . ---2 - z - \) v-I (42) 

z (z-\) v-2 

as 	the solution of the di ff e re o ·ial equation (24). sati sf i es aquat i on (1), whe r a k i8 a n arbi t rary 
consta nt o [he in t egra tian, <I>-. (z) and z ~ C , 

lnve r s ely, subs t itu t ing (35) into the Id t 

hand side of (24), yie lds Proaf . It is el a r by the Theor ms 1 and 2 . 
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