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ABSTRACT 

Uniform asymptotic expansions a r e  derived for  the 
solutions to the differential equation 

for  large positive values of u. The real variable x 
ranges over the (possibly unbounded) interval 1 and a 

is a bounded real parameter. In Ix the function f(x.a)  

has a simple zero and a double pole. each depending 
continuously on a,which coincide for  some value of a. 
The expansions a r e  in terms of Bessel functions and a r e  
uniform with respect t o  x and a. Str ict  error  bounds 
a re  provided for  these expansions. 

RESUMEN 

Se deriva desarrollos asint6ticos para las 
soluciones de la ecuación diferencial 

para valores positivos grandes de u. La variable r e a l  
x recorre sobre el intervalo Ix (posiblemente 

no-acotado) y a e s  un parAmetro real acotado. En 1 la 

funci6n f(x,a)  tiene un cero simple y un polo doble, 
cada uno depende continuamente sobre a. los cuales 
coinciden para algunos valores de a. Las expansiones 
estan dadas en términos de la funcián de Bessel y son 
uniformes, con respecto a x y a. Se provee acotaciones 
estrictas para estas expansiones. 

In this paper we investigate the differential 
equation 

where u is  a large positive parameter and a is a 
bounded real parameter which ranger over the interval 
[ A  .A l .  The independent variable x ranges over the 

1 2  
finite or infinite interval 1 . The function f(x.a) is 

X 

to  have only one turning point (zerol in 1 a t  x = x 

and one double pole a tx  = x0, which a r e  both 

continous functions of a. A s  a tends to a critical 
value a. in [A A 1, the turning point coincides with 

1' 2 

the double pole. The function g(x.a) is assumed t o  be 
small in absolute value compared to u2 f(x.a)l  except 
near xl where i t  ir small compared to / f ( x . a ~ l ( x - x l ) ~ .  

Furthermore, we assume that  (x-x )2g(x,a) is analitic 

in 1 
x' 

We shall construct asymptotic expansions for  the 
solutions of (1.1) that  a r e  uniform with respect to x 
in I and a in IAI.A21 Str ict  error  bounds will be 

provided for  these expansions. This problem is one on 
the list of open questions which appeared in the 
survey [II by Olver. Although the method we use 
applies a s  well to complex variables, werestr ict  the 
analysis t o  the real case since this coven most of the 
physical applications and sharper e r ror  bounds can be 
derived. 

To our knowledge, the only problem dealing with 
coalescing turning points o r  singularities that  has 
been treated successfully is  the case of two 
coalescing simple turning points discussed by Olver 
(21. The asymptotic theory f o r  a differential equation 
with one turning point and one regular singular point 
has been worked out by Thorne 131. but the present 
calculation differs  from his in two respects. First, 
the asymptotic expansions a r e  uniform with respect t o  
a in [A .A 1. including the critical value ao. whereas 

1 2  

Thorne's expansions a r e  valid for  fixed a t ao. 

Secondly. e r ror  bounds a r e  provided in our case. 

Application of the present theory include the 
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associatcd Legenore quation. Whittaker's equation. =,,,j is a ~ ~ n ~ t a n t  t o  be determinded. B 
and the hypergeometrlc equation. iñe necessity of such 
rerult arires in physical problems dealing with the 

the term ~ ( < . . 1  is smail compared to  

~o lu t lon r0 rhe wavc cauetion i n  orolate roheroidai 
F 

cmrdinatcs for iarge wave numbe~ 141. Several o f  
these applications wi l l  be discusied in  a iubsequent 
par-. 

then by ncgiecting it we reduce 12.7) to Bersel's 

2. PRELIMINARY TRANSFORMATIONS equation 

We begin by appiying the Llouviiie transformation 

W = l d ~ / d e ) - " ~ w  (2.11 

to equation 11.11. where the relation between x and E, with the solutions 15 ~ " 2 ~ y l ~ u b ~ F ) 1 ' z l ,  where C,, 
ií tobe specified.Then 1 i . i )  becorncs denotes any cyiinder functions of order v. and 

where the dot denotes differcntiation with respect to 
F. lñe properties of f1x.a) given in wction 1 leed 
us t o  define E by the firít ordrr  differential 
e.uatinn 

with the contidions that 

x = x eorresponds to 5 = a 12.4) 

DETERMINATION OF t. a AND b 

NOW we wrlre the Fui>cfion f l x . i l  in th¿ Form 

f1x.a) = ~ x , - x ~ ~ x - x ~ ~ ~ ~ ~ x . ~ ~  12.10) 

and assume that plx,ul satirfies thc foliowing 
conditionr: 

( i l  plx.orl is positive. analytic. and has no reror 
in  i . 

a aZ liil -plx,<rl and -plx.<r) are continuous Functions 
a~ ax2 

of x and  a in Ix and IA,.Aal, rerpectiveiy. 

( . .  a3  iiil - p1x.o) is baunded near the polnt >< : Xo 
a x 3  

Withont IDSS OF gencrallty wc can assume that x < x . 
o -  I 

x = xo mrrespondr l o  5 = O 12.5) We determine the relation between x and 5 by 
inregrating 12.3): 

where a and b are funcfions of a l o  be determined. 
x, l ~ , - t l " ~  l l Z  

112 

JX t - X  
P 1t)dt = b 

O 
dr (X ( X,). 

With the relation 12.31. eq. 12.21 can be 
reexpressed 

(2.11) 
dZw 

1 u b - + - + (t.')} W. 12.61 
de e' e' 
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Wi..h this choice 01 the limite of lntegratlon E ir an 
under the given asrumptionr (i1x.a) ir continu&us in 

incrcasing function al x. W e  denote the image of ix by 
the interval 

1 - 18,rI for al! vaiues d a in IA,.AIl. 
1 = t8.r). C: 

The unknowns a and b can now be determlned. From 3. CONTlNUlTY OF Y l E , =  1 
12.111 we have 

The function *le,%) can be written as 

where the Schwarzian derivative i s  given by 

In view of the candition 12.51 the integrands in 
12.131 can be expanded about the points x = xo and = 

0. respectevely: we find 

By maklng use af the relat ims (2.31 and 13.21 we 
obtaln 

P 55 I 
b 2 ~ a - e ~ ~ x - x o ) '  

On the order hand. because of conditions lil and liiil + - - - +  
on plx.ml we can appiy Taylor8s theorem to  expand 

= - - + 

p"'ltl in powers of lt-x"). After integrating these 
5 16la-elZ 41a-El F lx , -x lp lx l  

cxr7ressions term by term we have 

5 ~ ' ~ l x l  D"(x) 1 D ' Ix)  1 2 

I 5 i 
- - 

+ - } (3.31 
P p . 2 1 ~ o ~  p.(XO1 1 41x,- xllx-xol 1 6 1 ~ ~ - x 1 2  4lx-xol 

+ 
4plxOl 8pz1x01 4plxollx,-xol --] 8 1 ~ , - ~ ~ 1 ~  

me constant p must be ddlned as 

p - l i m  ~ x - x ~ I '  81xiali 
~ x - x ~ ) ~  12.141 

13.41 
X+ X 

e E 
+ O ((x-x013} ] = bd< [ In - - - - + O~E'I] which can be reen from 13.31 and the requirementhhat 

2a  saz *(<.a) be continous at f. - O. merdore we shail. 
pravc the mntinuity of the Schwarzian derivative 
13.21. For this pu rmc . .  we con$ider separtely the 
three 5 - a regions: 

Ncte that  when x + ro . both sldes of 12.141 have 
5 - 0 , a i i  a r a  

io,~arithmic ringuiarl t le~ a t  the orlein; these 
siugularltles cancel if 

C l a , a l l  a t a  

ba'" = lx, - x0l1" p'Rl~ol. 12.151 < t a . a i i  a t a  
O l1111 

nis is OUP f i r s t  equatian reiatlng a and b A semnd 
equation ¡S fowld by evaiuating (2.131 a t  x = x, and The remainlng portion of the <-a domainwiil not be 

e = a. discussed. since contlnuity there can be proven by 
foilowing the steps for the analogouí case of two 

m e  next step in thls anaiysis is t a  prove that turning points 121. 
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Consider the case whcre 4 approscher O from thc 
right. Determinlng the relation betwun x and 5 near 
thc points x - xo and E - O by u>lving 12.141 
IterativelJ givez 

The n c n  r t m  1s t o  rhow that the O-term In 13.5) 
hoids unlforrnly for  

or equlvalentiy 0 < x-x I d < x,- xo.where 8 and dx 
D I  C 

are small non-zero numbers. We firnt determlnc the  
behaviw of c, and c. near the critica1 value. ¡.e. as - or x - x . m e  behasior o1 a as x x can be 

0 1 0  I D  

found from 12.131 by cxpandlng p"21x) a b a t  xo and 

~ t t l n g  the u p p r  iimlts on the integralr to x - x 

and E - a. The result la 

These expanslonr show that the mdf lc ient r  arr 
continaur as a a . Considcr agaln 12.131. whlch wc 

rcwrltc In the form 

x-x o 1x , o  -x  -t)"' 

d r  
t 

Denote thc errar tcrm in 13.51 by D and Iet 

Therefore ve can expresr 13.5) In the form 

x14.a) - xO = ? + n . 13.141 

and 13.121 as 

1, + l2 - J, , 

wherc 

ihen by substltuting 13.91 lnto 13.61 and 13.11 wc 
find tha t  al1 the t m s  wlth negatlve p o w m  d a 
cancel leavlng and 
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In lhe Integral IZ we rnake the sutntitution t - v*c rz 

+ V ,  50 thmt t-O, t i  ~ ~ m ( l p ~ n d  tO ~RO. 4, 
resyectlvely. 1f 6 is rufflclnitly mal l .  t h m  dt/& e 
= l*2clv + 3c$ 1s positse. whlch m-r that the 

cwrnpondena between t m d  v lo oncto-one. 
Expinding the lntegrand about riO we flnd 

The rnnaindcr t-s in 13.201 and 13.211 boid 
unlformly in the in tenals  13.81. The m b i n a t l o n  of 
13.151, 13.201 and 13.211 leads to  the estlrnite 

On the other hand 1, can be ertimated by appiying the 

mean value theorem to  the integral 13.161. which 
gives. 

where O < is 6 ,  The iogarithrnic t e m  can be 

sirnplified by uslng thc inquallty 

Inlx/yl a 2 lx-yl/lxryl 10 < y a x) 13.241 

iñus. 3 = ol<'l uniformly in the intervals 13.81. 
which means that the remainder terrns in the expansion 

Similarly. expanding thc integrand of J, abaut r = O 

yleitls x1e.c~) - x0 = e + c FZ + c F3 + ol<') 13.271 

z K and 
By uslng formulas 13.61 and 13.71 for c, and cz. we Therefore. in 
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find that 13.141 reduces to  E 
l l z  

1 1  1 z KIX -xo-?) pIn 1: + xg) 1115 . 13-25) 

I2 = plnl~o)l~,-xol"Z 

But. from 13.221 we have 

F + n  - 



hois uniformy fo r  O < 5 < a < a . o r To find the < 2 
expansions of the dcrlvatles as 5 + O*. we use the 
relation Z P I X , )  x -x dod, 

1 O 

b21x,-xlla-<l 
z x = (3 .B)  

<z lx -xo~2p lx l  p ' i x , l  

substitute (3.211 for  x and nolve for *.Thlr glves. Z ~ ~ X , ~ ~ X , - X ~ I  (x,-xo1 

Ali the O-terms abqo hald pnironnly in the lntervals 
(3.81; henm x. f. x. and x are cantlnuoua in thcre 
interralr. vhich irnplies the continuity of the 
Xhwarzlan derivative und& thcse circu-tancu. A 
similar analysis works Por the case <Y) . a L ao. 

Thlr mmplctcs thc prmf  that  +(S.al is cantlnuour for 
E - o a n d a t o r .  

Substituting the ex~anslon (3.91 lar a as a + a into 

(3.311 we find that  al1 the tenns mntainlng negatire 
powers d [ x - x )  cancel. which meanr that the 

1 O 

coefficients do, d,, d a2e continous as a + To 

prove the unifamity of the term in 13.291 in the 
lntyvals 13.301 we denote the error terms in (3.29) 
by nand 
let 

ln the case that 5 approachu a fmm the leR. we Hence 
expand the intcgrands ln i2.Il) amund the polnts 5 = 
a and x = x,. integrate t e m  by term and rolve by x , - ~ - i + S .  
lteration t o  qet 

x,-x(<,al - dola<) + d,la-51' + dp(a-51' + O((=-51' ) 
Now. equation (2.111 can be w i t t e n  as 

13.29) 
where x -X l l z  a-E ;i,z 

J,' ,, pln (x,-tl d i  = b lo d~ 13.311 
o < s - . $ s d  ' a . a f a , ,  E 1 O 

or in the form 
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' 6  1 

i: ,,* ~ ~ ~ a n d i n g  the integrand in JZ abaut r = O yields 

d ~ .  13.381 
a - i  

In I we Introduce the new variable i by t = d ; + 
0 

d iZ + d t3. The corrcswndence between t and v i r  

ono --10 - one since dt/& > O cor rufficlently 
small 6. Expanding the integrand about v = O gives 

By combining 13.401 and (3.411 we havc thc ertimatc 

The O-terms in (3.401. (3.411, andl3.421 hold 
uniformiy in the intervals (3.301. By appiying the 
mean value theorern t o  the integral I we get 

- 
then ñ/S c (-i,-l. 

But in this range the inquality 

- 
II II =n 

l i / { U + i l  - 1 )  1 S C t s v a I i d ,  

By substituting the values for dn. d,. d7 from (3.311 - . -  
int3 13.39) this reduces to where C is an asrignable pos~itivc constant. Thus. 

(3.401 But. from 13.2) uie have 
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1 1 ~ 1  = W ~ I O  { (a-<)"' } 4. ASYMPTOTIC EXPANSIONS 

. 

Since e = Oía-<) we obtain thc estimate The equation 

G = O { (a-<14 } 
uniforrnly In the intcrvals (3.30). 

REGION 11111 

In the case that E approaches a from the rlght we 
s tar t  with q. (2.12) and through the same analyrir as 
in thc prevlous case we obtain the expansion 

where do. d, and dz are  defined in 13.31).The O-terms 

holds uniformly in thc intervalr 

O S < -a ad for aii (or O S x - X, S <). (3.46) 
5 

In particular. for the mitical value 

u - %,¡.e X, - 5 

1 p'(xo) 
x(<,u) - x, = 5 + - - + O(<). 13.47) 

3 p(x0) 

in cases In) and 1111) the dervativn of xíe..) 
near < - a a r e  obtnlned by rubstltutlng (3.291 or 
(3.45) into (3.28). The rerults a re  

which an unlfof.mly valid for ail m. T h m f o n .  the 
Schwarzlan derivative ia mntinous a t  4 - a. This 
compietes the prmf  of the mntinuitg oi N<.=) 
ror  e I and c IA,.A~I. 5 

has a regular singular point in 

i = (6.7) a t  5 = O E 

Since aur concern is in constructing only real 
salutiona. we conrider the lntervalr (0.7) and (6.0) 
separately. For (0.7) we take as two llnearly 
indepndent soiutions for the comparison quat lon  
(2.8). the Bessel functions 

e"' ~ ~ ( 2 ~ ~ ~ ~ 1  and S"" ~ , , 1 2 ~ ~ " ~ 1 .  

where 

vP = 1 + 4p r 4abz u' . 

For (6.0) we take the modified Besrel functians 

and 

As a 101~tion to  equation (4.11 for porjltive 5 we try 
the series 

where C,, denotes J,, or Yy By d i f r m t l a t l n g  14.2) 

twice and maklng use d Besrei runetion properties 
151, then mbstituting the result in 14.1) and 
quat lng  like poweri of u. we flnd that As(<) and 

BsI<) oa t iñy  the eq~ot ions  
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Withciut 1- d generallty, the constant ln  14.3) can 
be taken to be unlty. lntegratlon of (4.41 and 14.51 
yleldi 

and 

As+,IE) - vBsl<) - €B.&<) ,+ *(€,a) BJOdS. (4.7) 

mese relatlons ' determine As(<) and BsI<) 

I 

sumslvely. apwt from m arbitrar>, constant d 
ln tc lp t ion In 14.71. The lower l lmlt In 14.6) 1s 
chosen to be < - O ro that B 16) 1% contlnuous at thln 

polnt. The cantlnulty and dlff-ntlablllty of the 
m f f l c l m t r  Asle) and BslE) ln  the lnterval 1s and 

lmmcdlate mnwgunice of Olver's lcmma 16. p.4101. For 
6 r 1a.o) v e  have the ~ g e , m l e s  .olutlon.where C 
nowienotu elther l,, or e Kv and E 1s replaced by 

-6. These mfflclents natlsfy relatlons 14.4) and 
14.51 wlth 

Aoymptotlc e~pansions for the solutlons of 14.1) 
are obtalned by truncatlng the KriU 1 4 2  so we 
have 

The functlon c 1E.u) represents the error as-iated 

wlth the r u p c t l v e  asymptotlc expanslonr. From 
Bnalytl~aI and computatlonal stsndpolnts I t  1s 
necrsrary to  hase realletlc boundr for the 
fun~:tlonrcl<.u). Most frequently, the prDfedure "sed 

to iierlve them 1s to flnd a dlffcrentlsl equatlon thcy 
satlsfy. Then by uslng thc method of varlatlon of 
pariimetera thls quatlon 1s eonverted Into an lnttgral 
equlitlon to whlch onc can apply Olver's thmrem to 
bu i id  thc solutlons 12,61. Thc contlnulty of #l<.el Ir 
a nccessary requlrement In the ermr anelysls and thlo 
prolrrrty has been verlfled in wctlon 3. Because of 
the slmllarlty of the compwlmn quatlon 12.81 and 
that In the theory far a simple pole 161. ln the Benre 
that. b t h  lead to iknel expanelons, the error 
analysls 1s nlmllar In these two cases. We ttherefore 
omlt the detalls snd summarlze the rcsults In thc 
followlng sectlon. 

5. MAlN THEOREMS 

For E E 1O.r) the dlfferentlal quatlon 

wherr 8.b. p snd I1E.a) ye deflned In wctlon 2. has 
rolutlonn dven by 
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me cocfficlents A and 6, are given in (4.61 and 

14.71. The functims E" and M" are the auxlliary 

functlons fo r  Bersei functions and are discussed in 
161: 

whcre X,,denates the smallert poritive r m t  of the 

equation 

J,,[X) + Yvlx1 O 15.91 

and 

The functional V (f(xl1 is the total variation d f .  
..b 

A,(v 1 ¡.e. 

E" E ~ ( ~ U ~ E ~ I Y ~ I Z " X ~ I V  (T"% (TI). 
(2ub.l ' ' E.7 P 

Va,b(fl = 1 lf'(x1ldx. 

l"ngo(rll } ile factors Az. A,. A, are defined by 161 
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ror x c 10.d. u+ 1 
+ - c l<,")l , I z< P.' 

THEOREM 2. 15.151 

For e c (8.0) thc dlfrercntial cquatlon (5.1) has 
SOIU.:~O"P a,(") 

W 1C.u) and W (F,ul siven by lep.,t€.ubl S - 
p.3 PL 12ub)'~" I < I n  K,l2ubl<I "'1 

ly(2ubl<I'"1 ~ ~ , ~ i l r l ' ~  BI(T1I. 
(5.14) 

where 
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8. UNIFORMITV OF THE EXPANSIONS 

ihe unlformlty of our asymptotlc npandons  for 
W (<,u) will be provcn by ihowlng that r (<.u) le 

P.) P.1 
uniformly boundcd ror < E ( ~ . J )  as U becomes Inflnltc. 
11 has been shown 161 that the factor. A,lv) are 

bounded. All thc total vulatlons appe i r l n~  In the 
baundr of c (<.u) are bounded duc 10 the  contlnulty 

P-1 
snd dlffamtiabll i ty of tha functions Be1r) m d  B.(<) 

for  E e (6.r). ln tha case a - -i or r - a n-suy 
mntldlon for  the ralldlty of the t h e y n n  1s the 
mnvergence o f l ~ l ' % ~ ( < )  and 1 ~ 1 '  a .(E) a t  

lnfinity. Consequently, f w  large u we have unlfamly 
from (5.4) that  

H-. ror S 10.-1. IU,,(Y)I m d  IS,(YII M bomdcd. 

Therefore, the rlght hand pide ol 14.2) 4 t h  C,, - I,, 

provlde a unlform asgmptotfc expandoni d W 1F.u) 
P.1 

t o  Z p l  terms. Slrnllarly, fmm 15.6) r e  hare 

- 
E,,(Y)~,,~Y) - Ü,,(J)Y,,(Y) + g ~ l y ) ~ ~ * ( y )  , (6.5) 

w h m  

writin. mw'" - y and rnaklng use af the deflnltlons 
of the functlons E and M. we wrlte I - - J y y  (Y S X"1 

and 
1 

U,,(Y) ' 

- 
wc note that  IÜ,,(Y)I and Is,,(y)I are bounded on (0.4: 

the6efon the rlght hand side of (4.2) wlth Cv - Y,, 

provides a mlform asymptotlc c x p ~ s l o n  d Wm,lE.u) -.- 
t o  Zp+l terms. Conslder now the error funetion~ 
c (<.u) and r 1E.u) for  E ct8.o) and u i p v o c h ~ n ~  

P.3 v.. 
lnrinlty. me f r t o r  Ajv) 1s flnlte 161. Hence. 

For y large, we h o w  that  151 

un~rormly as u + . Therdore the rlght hand slde Of 
JyIyl 1 7 , ' ~ ~ ) ' ~  (-(y-nin-r/4) r O(13)I (4.2) wlth C,, - l,, and Cv = Y,, m v l d n  a 

Y,,(y) - t~ny)'"isin(y-nv/z-r/~) + O ( I / ~ I I .  
uniform isymptotlc expanslons for W (E.u) and 

Pa 

(6.4) 
W (<,u), respeetively. t o  ZVl terms. 

P.* 

- 5 6  - 
Rcv' T k .  Ing. Univ. zulla. Vol. i3. NO. L. 1990 



REFERENCES 

111 OLVER, F W :  Unsoled pmblcms In the 
asynlptotlc estlmitlon of s p c l i l  functlms. In: 
íhni ry  and Applicstlon or Spc la l  Functlons 1R.A. 
Ashy, d.). Acidernlec Reos. Lmdm P. 
99-142.119i5) 

[Zl OLVER, F.W.1. semnd order linear 
diff,?rrntiil quatlonn wl th  two turnlng polnts. 
Phll Thrans. Roy. Coc. ILmdon) Ser. A, 278. 
137-174.11975) 

s l w l a r l t y .  Phll. Tranr. Roy. Soc llmdon) 
Ser.A. 249. 585-596. 11975) 

141 JOHN. M Arymptotic app-oxlmntlons for 
prolate spheroldal wave functionn. S tudln  in 
Appl. Math. Vol. LN. No. 4. 315-348. 

151 WATSON, C.N. A trcatlw on thc Theory of 
Bese1 Functloni 2nd ed. Cambrldge Unir. Res*. 
London and New York.1944. 

161 OLVER, F.W.J. Asymptotln uid Spc la l  
Functloni. Academlc Reos. London. 1974. 

Reclbldo el  8 de E m r o  de LWO 

- 5 7  - 
Rev. TCc. Ing. Unlv. Zulla. Vol. 13, No. 1, 15% 



- 5 8  - 

Rev. TCc. Ing. Unls. Zulla. Vol. 13. No. 1. 1990 


