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The present paper attempts at exploring 80ale 
propertles for a q-analogue of Hermlte polynomials. 
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El presente trabajo trata de explorar algunas 
propIedades para una q-análoga de los pollnomios de In what follows. the other notalions and 
Hermlte. deflnltlons carry their usual meaning. 

Consider a q - analogue of HermJte polynomials: 

Innl 
INTRODUCTION n-2J

H (x) = L (01 X . (1.2) 
n.q J~O 

It 15 nOl dlfficult to see 

for Iq I < 1, the q-shlrted factorial s are deflned 


by 


11m 
l. if n" O ~I 


(~q~ - ~~ 
{ (l-a) (l-aq 1.. . (I- aq ). Ir n=I.2..... where H (xl denotes the usual set of classical Hermite 
n 

polynomlal5. 
O) 

wlth (a;q). = l( (I_aqn). It Is falrly easy to verlfy arter revertlng the 
nzQ order of summatlon in (1.2) for eYen and odd integer s 

that 
For conyenlence. we . shall write lal to mean 

n 

la;q)n ' 
H (x)

let "" be the q-derlvatlve defined by Zn.q 

1
"/(x) ,. x ( f(x) - r(xq) }. (1.1) (1.4) 

For brevlty. we shall write " for 8 . 
x 

H (x) = 
2n ... S,q 

The generallzed basic hypergeomelric series (see 
13. p.3471J 
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( 1+0\ q-fI ,q,xq1'(1+n ) 	 '" n 
where L (al (x Iq) - q " • r nln-Un t 2 ~ (3.2)

n~ --rqr-II 	 1.. q H (xl T<ir '" [-xtq\ / (-t ;q I 
n [ q 

1«< 	 0=0 h,q q n O! O! 

0 .6) 
In (3.2) repladng x by xy and in lile dght hand 

are the q-Laguerre polynomlals of Habo 11\ satisfylng slde of resultlng ' ldentlty expanding the term 
the orthogonallty condltlon (see Moak \2)) 2 ~ 2 Z ~ 

(-y t ;q )O!/C-t ;q)O! by q-blnomlal theorem and tllen 

equatlng lhe CQefficlents of t" on both sides, we get a 
multlplicatlon formula 

H (xy)r (J +« lrt -«11 q 1+« \ 	 n,q
n -n l+« m 

(1.7)r ( -a llq 1 q (l-q) ,\ 
'1 n 

wllere a > - 1 and 15m ls the familiar Kronecker delta. ID 
n 

n r (_Un n(n-l)/2 XSlnce Ix\.. '" 1.. q rqr- ' 
n-O n 

2. 	ORTHOCONALlTY from (3.2), by routlne method, we have expansion of xn 

In the form 

Uslng (1 .7), in virtue of (1.4) and (1.5), one 
readUy obtains tlle follow!ng orthogonallty eondltion In/21 

(q\nfor the polynomlals H 
n.q 

(x): x
n 

' '" L -'~::--=2---- qr(3r- Zn-ll H (x). 
• (J n-~.q

r~O (q ; q Jr q n-2r 

"galn, from the generatlng functlon (3.2) 

... l - xtq 2( 
~ L n(n.ll1'2 H (t '" 

O 

"q x) r=T" = tq ---::-- (3.3) 
n,q LQ'n 2 2 ' 

n-O 	 (-t ;q J", 

3. SOME PROPERTIES 	 so that· 

..
F':,om the explieit representation (1.21. 	 we can n 

r qn(n.Un eS H (x) t =obtaio by usual series techniques; ln vlew 	 of q- blnomial 
n~o n,q ~ theorem 13, p.348, eq.(274JI and the elementary identity 

'" t
n 

tq r o(n+tln H ( )
1.. q n,q xq rqT ' 

n;O 	 n 

the followlng geoerating f unet ion: 

which yields eS HO,q(xl '" O, and for n ~ 1, 


a H (x l 	 (3.4) 
n,q... (el 1ext I 2 2 

O, c,cq;q ,-l/X ]
H (x)tn = '" q,[rqf-- n,q ~J2 [ 	 0 1', more generally ,n=O n 	 q/xt, q /xt 

In (3.IJ replaciog l by t/e and tak ing !lmit as c_ 

and ehanging agalo l by -tq, we gel l he geoeral ing 


Alternatively, we mal' write (3.3) asfunctioo 
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Followlng Moalc [2,p.341, on account of (3.8), it is 
Dot hard to establish 

... 	 u(xq) = O,.. n 
\' n(n+WZ H (x) t q , 

= tq ¿ q ",q ÍqÍ 
n:Q 	 n 

wblcb readlly yields, 

where u(x)" H (x)/( _x2q4;q") 
n.q co 

Lettlng b-+O in the q-extension of Euler's 
transfonnation /3,p.348, eq.(28IJI. we obtain 

It is easy to ver lfy that 
[ :,a:q.z ] (3 .9) 

whlch is a q- extens10n of Kummer's first formula 
/3,p.322.eq. (183)) . 

whlch, in conjuntlon with (3.2), gives 

... 
" Since ¡x}-- = L W' we have 

Q) n~O n 

(3.5) 

Using (3.4) in (3.5) , we have ( _1)'q<' 
___ 

2r­ ' ­
X ~') 2r-:ln.I) 

2 2
(q ;q ) 

q 2n' 

q"H (x) - xqH (xq) 
n.q n-l,c¡, 

+ ql-"U_qn-l lH (xq)
n- 2,q 

= O. r 

(3.6) whlch on replacing r by n+r and dolng some 
stralghtforward manipula tions reduce to 

From (3.4 ), in vlew of definltion (U), we get 

1 }2 2 < ­
(3 .7 ) 	 ( - xq;q)... 

Notice, however. that by el minating the term q"H 	 (x) 
n.q 	 (3.10) 

between (3.6) and (3.7), and then changing X to x./q. we 
at once obtain the pure recurrence reiation 

H (x) - xH (x) + ql-2n(l _qn-I)H (x ) = o. 
n.q 	 n- I ,q n-2,q Now, by applylng (3 .9) to (3. 10) and then using 

0 .4) and (1.6), we f ind that 

Further. In (3 .5 ) replacing x by xq and appea ling to 
(3.4 ), we get a q-dlfference equat ion for q- Hermite 
polynomials in t he formo 

(3. 11) 

SIm11arly, we can obtain 
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H (x) = 
2n.l.q 

Zn.l -2-5n-Zn2( Z Z 2) 6Zn.1 { I }(-1l q -x q ;q ID 	 --2-2-2 

(-x q :q J... 


(3.12J 

Comblnlng (3.11) and (3.12), we gel a Rodrígues 
type representatloo for the polyoomials H (xl as 

n,q 

_ l)n -n(n+3)/Z ( _ 2 2. 2) 8n { 1 }H (x) ( q x q ,q ID Z 2 2n,q 
(-x q ¡q )m 

More generally, ooe can obtain 

H (xl }6k n,q ~ 

{ 222
(-x q ;q )'" 

H (xl
Hlk qnk.(l/2lk(3.kl _ _n ::-+k.;.;,~q--;;-_ 

2 2 2' . 
(- x q :q lID 
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which, for k-l, reduces to a recurreoce rellltion 

Ooe notes that all the properties for the 
polynomials H [x) reduce, lo Ylew of 11.3), to 

n.q 
correspondlng properties for the Hennlte polynomials 

H (xl. 
n 
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