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ABSTRACT

The present paper attempts at exploring some
properties for a q-analogue of Hermite polynomials.

RESUMEN

El presente trabajo trata de explorar algunas
propledades para una g-andloga de los polinomios de
Hermite.

INTRODUCTION

For |q| < 1, the g-shifted factorials are defined

1, if n=0
(ajq) =

(1-a)(1-aq)...(1-aq™™), if n=1,2,...,

with (a;q)' = n (1-ag™.
n=0
For convenience, we shall write [aln to mean
(a;q)u.
Let 6' be the q-derivative defined by
1
le‘(x) o { f(x) - fixq) ). (1.1

For brevity, we shall write & for ax.

The generalized basic hypergeometric series (see
(3, p.347])

ON A gq-ANALOGUE OF HERMITE POLYNOMIALS

Blieanl Aq2
¢ 1 pet _
ptl per [ | (PO 1 | ]

1 prr

o n
(-n™ qrn(n—l)/z (al]n'“[apolln =
n=0 hl n bpor n q n
In what follows, the other notations and

definitions carry their usual meaning.

Consider a g-analogue of Hermite polynomials:

Ins2] [-n
H (x)= Y =2l 3 H. ()
o JZO : (qz:qz)J

It is not difficult to see

lim_ 2%0-¢"* H_ (/1-q" ) = H (x), (L3)
Led) !

where H“(x) denotes the usual set of classical Hermite
polynomials.
It is fairly easy to verify after reverting the

order of summation in (1.2) for even and odd integers
that

Hzﬂ‘q(x) =
1" (qz:qz)n ) L:;VZ) (x2q2|qz); (1.4)

l—lzh’hq(x) =

(*l)n (qz;qz)n q-n(GOZn)xL:l/l) (xzqziqz)’ (1.5)
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where Ln ‘(qu) = 'Ta—— l¢l 1t

L q

(1.6)

are the g-Laguerre polynomials of Hahn [l] satisfying
the orthogonality condition (see Moak [2])

(14
() (3} X
Ly &la L™ (x|e) 5y dx
'[0 x .

m n
l‘(ha)l"(-a]lqlml
n_-n 1+ .m
Eman_—q - 8" (7

where « > -1 and a': is the familiar Kronecker deita.

2. ORTHOGONALITY

Using (L.7), in virtue of (1.4) and (1.5), one
readily obtains the following orthogonality condition
for the polynomials Hn q(x):

[ H GOH (%
o, 3

m,q

dx

2.2 2
(-x"q":q )_

2
= n V1-q* lq]_ g a7 /T, (/).

3. SOME PROPERTIES

From the explicit representation (1.2), we can
obtain by usual series techniques; in view of g-binomial
theorem [3, p.348, eq.(274)] and the elementary identity

-nln+1)/2

N, _ . 400
[aq lw =(-1) a q [q/alnlatw 5
the following generating function:
® el [ext] 0,¢,cq;q°, ~1/%"
X I ln H, G0t = xt . 362 2
- i © q/xt, q /xt

(3.1)

In (3.1) replacing t by t/c and taking limit as c-w
and changing again t by -tg, we get the generating
function

nin+1)/2 - " 2. 2
q Hn.q(x) ﬁ]; = [-xtq)w / ["t 3q lm (3.2)'

n=0

In (3.2) replacing x by xy and in the right hand
side of resulting ‘identity expanding the term
(-y't%q") /(-t%q") by g-binomial theorem and then
equating the coefficients of t" on both sides, we get a
multiplication formula

Ins2]) q-n
it 2] n2) 2 2
l-lm(xy) = ,Zo (-1) (qz;qz)’ y (y"iq ), Hn_ZM(x!.
£ n
n _nin-1)/2 X
Since [Kl. = "Zo (-1)" q mn— W

from (3.2), by routine method, we have expansion of x"
in the form

Ins21 (q]

X" = z opai W S (x).

r=0 (‘qz;qz)'lql‘_‘_2r bt

Again, from the generating function (3.2)

- n [-xtq®]
(n+1)/2 t @
8 q“ H (x) £ i tq ———— , (3.3)
nZa s L (*tziqzlo
so that-
®
nin+1)/2 §H (x) ln
nz:o F o : {qln )
= (n+11/2 tn
t nin+ !
: ngo . Hn‘q(xq} rq—]:

-

which yields & HD q(x) =0, and for n = |,

fn, i-n
3 HM(X) =(l-q)qg H . (xq) (3.4)

n-1,

or, more generally,

6m Hn q"(] - lq|'A-m—lI qm(m—n) H

(xq"), nzmz0.
m n-m,q

Alternatively, we may write (3.3) as
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nlns1)/2 2, t"
8 q Hn.q(x)(ht ) -En:

n=0

RN
nin+1)/2 t
= tgq nga q Hn’q(xl Iﬁ; »

which readily yields,

1-2n n-1 n
-8 qu(x) +q (I-q" ) (1-q) & Hn_z'q(xl -

(l-qn)Hn (x).

-l,q

It is easy to verify that

{-xtq) [-xtq]
x-Sl Dl {2 te0,
q (-t*;94%) (-t*;4%)
-
which, in conjuntion with (3.2), gives

1+n 1+n n n
xq 6Hn.q(x) =q (l-q )Hn.q(x) + (1-q) 6Hn_ (x)

Lq
(3.5)
Using (3.4) in (3.5), we have
n. I-n n-1 o
q qu(x) - quﬂ_l.q(xq) +4q (l-q )Hn_z'q(xq) = 0.
(3.6)
From (3.4), in view of definition (1.1), we get
q"H (x) = q"H (xq) + xqll-q") H _ (xq). (3.7)
ng nq n-l.q

Notice, however, that by eliminating the term q“Hn q(x)

between (3.6) and (3.7), and then changing x to x/q, we
at once obtain the pure recurrence relation

1-2n n-1 =
Hn.q(x) - an_['q(x) +q “(l-q )Hn—z,q(X) =0,

Further, in (3.5) replacing x by xq and appealing to
(3.4), we get a q-difference equation for gq-Hermite
polynomials in the form:

3 3 n - ;
62Hn.q(x) xQ'8H_ (xq) + ¢’(1-q"H_ (xq)'= 0. (3.8)

Following Moak [2,p.34], on account of (3.8), it is
not hard to establish

2 4+n

- 1+q (l+gq+x"q
dulx) + { — -

x xz[_z¢_ 4)
q qx (-x'q;q )

2.6 &
-x"q :q )u

} ulxq) = 0,

where u(x) = H (x)/(-x’q":q")
ng L

Letting b0 in the gq-extension of
transformation [3,p.348, eq.(281)], we obtain

0,a;q,z 1 c/a; q, -az
2 == 4 v 29
c @

Euler's

c

which is a g-extension of Kummer's first formula
[3,p.322,eq.(183)].

@
1 x"
Sl =
nce m:- .,Zo IET: ,» we have

(_nrqzr

©
2n 1 2r-2n ; 2r-2nel
3 — = — x lq I..s
{-(-xzqz;qzi. } rzn (qzzqz)r >

which on replacing r by ner
straightforward manipulations reduce to

NI
(-x"q%;q )u

y 4
0, qnzn;q X q
n2n 2 -
(-1)°q" (q:q )n 2’1[ 5 (3.10)

and doing some

Now, by applying (3.9) to (3.10) and then using
(1.4) and (1.6), we find that

2
= (Ly?® O, 22 2, .20 1
Hh.q(xJ (-1 q (-x°q"iq )wé s
(-x"q%;q")

(3.11)

Similarly, we can obtain
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Hzmm(x) =

2
(_uznoxq-z—m-m [_xzqz;qz) el 1
@ 22 2
(-x"q%q7)

(3.12)

Combining (3.11) and (3.12), we get a Rodrigues
type representation for the polynomials Hn q(x) as

H (0 = (0" &2 (gl 8" { ———
" (-x"g3q7)

More generally, one can obtain

% Hn q{xl
o (-x%q%:a%) =
xq:q7),

: X
K nk+{(1/2)k(3+k) Hnol .q( )
] 22 2;

-1 .
(=x"q%q7)

which, for k=1, reduces to a recurrence relation

xq"'sz.q(x) +H_(x) - (l+xzqz)Hn'q(xq) = 0,

One notes that all the properties for the
polynomials H“[x) reduce, In view of (L3), to

corresponding properties for the Hermite polynomials
Hn(x).
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