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The prlnclples of conservatlon of matter and energy 
are readily quantified ln the mass and energy balances 
of the First Low of Thermodynamlcs. On the 0th- hand 
formulation of a comparable balance equation for the 
Sccond Law tends to be more abstruse in traditional 
expositions. 

The objective hereln is to  demonstrate the baslc 
Second Law equations--the Gibbs (or comblned law) 
equation and the generalized entropy balann--can be 
obtained a s  a simultaneous result of combining the Flrst 
Law mass and energy balances with correspondlng energy 
transport of degradation functions. In this manner. 
consistency or  reciprocity k t w e m  the Gibbs equation 
and the entropy balance is assured. Another dividend 
from this approach is  that  i t  fac i l i t a ta  a more 
pragmatic interpretation of these relations. 

Los principios de conserwación de materia y energía 
son rápidamente cuantificados en los balances de masa y 
energía en la lera. Ley de la Termodinámica. Por otra 
parte. la formulación de una ecuación de balance 
comparable para la 2da. Ley tiende a ser difícil de 
comprender en exposiciones tradicionales. 

El objetivo de este trabajo es demostrar que las 
ecuaciones básicas de la 2da. Ley (la ecuación de Gibbs 
(o ley combinada) y el balance de entropía generalizado) 
pueden ser  obtenidas como un resultado slmuitheo de 
combinar la lera. Ley de balances de masa y energfa con 
el corrapondiene transporte de energía o funciones de 
degradación. De esta manera. se asegura la consistencia 
o reciprocidad entre la ecuación de Gibbs y el balance 

DEVELOPMENT OF C O N S I m  FORMS FOR 
THE GIBBS EQUATION AND THE ENlROPY BALANCE 

To this end pross slmplifications, lncluding absence or 
y mathematical wphistication--yet without 
comprornlsing the generality of the results--wlll 
constitute the procedure. What lt lacks ln elegante, i t  
compensates in realization. a s  percelved by more than 
four decades of experience with students. Forthwith. 
then. a one-dimensional system composed of a single. 
non-reactlng substance which is free from any effects 
due to  externa1 conservative fields, bulk kinetlc 
energy, vlscous dissipation forces, memory and nuclear 
transformations will be the focus of attentlon. 
Accordingly the basic equations for the First Law are  
the 

Mass balance: dM = bMI - bMo (1) 

and the 

Energy balance: dU = bQ + HldMl - ModMo - bW (2) 

The Cecond Law equations, a s  established by practice. 
are the 

Gibbs equatlons: dU = Tds - PdV + 

and the 

Entropy balance: dS = d 

(4) 

where the symbols have the following identities: M 
(mass), U (interna1 energy), Q (heat), H (enthalpy), W 
(work). T (temperature). S (entropy). P ípressure), V 
(volume). G (chemical potentiai although Gibbs used the - 

de entropía. Otra ventaja de este enfoque es que symbol ,,) and LW (lost work).[ll 
facilita una interpretación mas pragmática de estas 
relaciones. 

The subscripts "1" and "o" repraent  "in" and "out" 
and the subscript "bq" on temperature indicates the 

INTRODUmON temperature a t  the boundary where the heat transfer 
takes place. The bars under the symbols (H and S )  denote 
the property per unit mass. M in equation (1). U in 

The methodology presented herein was orlg~nally equation (2). al1 of the terms in equation (3) and S in 
develoved f0r use in the classroom to add a measure of equation (41 refer to properties within the system a s  
concreteness to  the concept of entropy which, for many contrasted to  properties a t  the boundary which are 
students. sMms hooelessly embedded in abnractlonism, aiwavs subscricted with lower case letters. 
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Equatlons (1) and (2) a r e  simply expressions of the boundarles; such gradients a r e  assumed to  be continous. 

accountability principie: "Accumulation equals input In order t o  apply the concepts of *classical 
minus Output". Note in this  instance that  the algebraic thermodynamics (often equated to  thermostatics) 
sign convention f o r  mass in and mass out is always ~Decificallv relation. eauation the 
positlve. whereas Q i s  positive for heat absorbed by the initially. non-uniform system must be subdivided into 
system from the surroundings and w is wsitive for work small elements o r  subsystems such that  the assignament 
done by the  system on the surroundings. of "average" uniform properties [41 t o  the material 

the  boundaries of the system is representative. 
The properties a t  the boundary, however. retain their 

Equation (3). a s  originally proposed by Gibbs. 
constituted an extension of his equation fo r  a closed 
system undergoing a reversible change of s t a t e  t o  an 
m system by simply adding the  & l M  term. 121. In so 
doing Gibbs s ta ted explicity that  equation (3) served a s  
the defining equation f o r  the  potential,  G. 

Glbbs did not utilize, however. an entropy balance 
comparable t o  equation (4) which is simply: 
"Accumulation equals Input minus Output plus 
Production." In fact.  th is  general form [31 --or i t s  
equivalent-- really did not become "popular" until a 
half century a f t e r  Gibbs. Note tha t  equation (4) i s  
"analogous in structure" to  the energy balance. equation 
(2), a t  least t o  the extent tha t  i t  contains explicit 
terms f o r  heat and mass transfers. However, the entropy 
balance corresponding t o  equation ( 4 )  cannot be 
postulated simply by analogy to  the  Firs t  Law energy 
balance, equation (21, with an a priori assurance tha t  
i t  will be consistent with equation (3) a s  originally 
proposed by Gibbs. For this  reason the customary 
approach been t o  accept equation (3) a s  the 
"defining equation f o r  entropy" ínot strictly in accord 
with the  original development by Gibbs, a s  noted in the 
previous paragraph. since he used this equation t o  
define chemical potential a f t e r  having accepted 
Clausius' definition of entropy). Then. by substituting 
this  equation f o r  dU in the energy balance. equation 
(21,. and carrying out essential algebraic manipulations 
(similar t o  those employed la ter  in this presentation) a 
relationship corresponding t o  the entropy balance in 
equation (4) can be obtained. In this presentation, 
however. the  objective i s  t o  obtain the Gibbs equation 
and the  entropy balance simultaneously such that  a 
variety of reciprocai forms can be examined. In so 
doing the content of the entropy production concept is 
expased. 

SIMJLATION OF IRREVERSIBLE PROCESSES 

The energy balance of equation (2)  requires tha t  
the  boundary of a system be conceptualized a s  three 
discrete sections: (1) a rigid, diathermal. impermeable 
wall which only allows heat t ransfer ;  (2)  an adiabatic, 
impermeable wall o r  iinkage which only allows work 
t ransfer ;  and (3) an adiabatic and anergistic wall that  
1s permeable only t o  mass but not to  heat o r  work 
transfers. (Notwithstanding. ambiguities continue t o  
ar ise  a t  boundaries where mechanical work is dissipated 
a s  frictional heat or  viscous dissipation and/or where 
simultaneous heat and mass a r e  exchanged.! 

For finite r a t e s  of heat,  work. and mass t ransfers ,  
gradients in the  corresponding potentials (driving 
forces) o r  properties must exist,  a t  least a t  the 

~ ~ 

original values. The net result is an element o r  
subsystem having uniform properties throughout with 
discontinuities (or  "jumps") in the corresponding 
properties a t  the boundaries. Accordingly. the 
conventional methods of thermostatics fo r  the analysis 
of "discontinuous systems" apply by treating the 
boundary a s  one pa r t  with uniform properties and the 
system a s  the other par t  with a different se t  of uniform 
properties. Note tha t  the requirement of uniformity does 
not impose constancy with time; i.e. properties can be 
time vairant,  but a t  every instant of time they must be 
uniform throughout the element; this condition must be 
fulfilied in order t o  apply the Gibbs relation. equation 
(31, which expresses dU in terms of properties of the 
system. On the other hand the energy balance, equation 
(2). expresses dU in terms of transitory quantities 
which a r e  defined, and exist. only a t  the boundary 
during the  actual t ransfer  process. 

Gibbs f i r s t  "derived" the closed system form of 
equation (3) 

from the energy balance f o r  a simple, closed system (SM 

= O = &M ) by considering only a reversible process in 
O 

which case ali  that  was required was to  substitute (TdS) 
and (PdV) f o r  6Q and 8W. respectively, in the closed 
system energy balance. In the  present development. the  
open system form of the Gibbs relation, equation (3). 
and the  entropy balance. equation (4),  will be obtained 
simultaneously from the energy balance. equation (2). 
without imposing the  restriction of a reversible 
process. To do so. will require the definition of an 
energy transport o r  degradation function which remains 
valid even f o r  irreversible ( real)  processes. 

Whenever a gradient of discontinuity ( a s  explained 
above) in the  potential or  thermodynamic force  
exists--such a s  pressure. temperature. chemicai 
potential o r  electromotive force --a t ransfer  o r  
displacement of a conjugate quantity-- such a s  voiume, 
"entrops" íheat energy per unit of absolute 
temperature),  mass, electric charge, e t c . - - a  occur, 
subject of course to  the  conditions of constraint. The 
net energetic effect  associated with each t ransfer  can - 
be expressed in general by 

where (8n) designates the quantity transported or  
displaced a t  the boundary; Jib and Ji designate the 

- 28 - 
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thermodynamic potentials a t  the  boundary and within the  [ , T; 8 A O 

A ;&A 

iniform system (or subsystem) respectively and (&A) -- d U = T b  - + T 
' O  ] -pdv + ,M 

cesignates the  peJ o r  residual energy associated with 
the  t ransfer .  For the  time being i t  is better t o  regard 
equation (6) a s  a mathematical definition; la ter  i t s  

hysical significance will become evident. Equat ion (6) 
(13) 

can be specialized f o r  heat, mass and work t r ans fe r s  a s  
f ollows: 

Since U i s  a s t a t e  function i t  is permissible t o  replace 
the  bracketed term by the  derivative of a s t a t e  
function; therefore, le t  

(7 )  

( g )  equatlon (13) becomes 

dU = T& - PdV + HdM (15) 
(10) 

Although equations (14) and (15) a r e  "uncommon". they t o  
consitute a compatible pair which could be used. 
pmumably.  in place of the  conventional entroov 
balance. equation (4). and the  conventional ~1b'b;r 

'lote In quation (lo) that Only the pressure'volume relation. equatlon (3). I t  is also obvious in equation 
trpnsport will be considered here. f o r  simplicity. 151 (14) that if all the are balanced. i.e. all 
I~ t roduc ing  definitions (7 )  through (10) into the eneríw aAps are zero, the a function ls identical to the 
talance. equatlon (2). In accordance with the  principie function for a cloKd system. (In lt can 
a f  equiponderatlon. be shown tha t  du + SdM = dS.) 

Note tha t  the  second and third terms within 
e;ich bracket a re  equivalents because of equations (7) 
t t rough (10). Also. fo r  th is  simple system, 

Ey combining equations (11, (11) and (12). simplifying 
and regrouping terms. 

CONVENTIONAL ENTROPY BALANCE 

Since entropy i s  a - f u n c t i o n  of s t a t e  i t  can be 
considered t o  be a property of mat ter  in the  same sense 
a s  interna1 energy. Thus. i t  follows tha t  in an  exchange 
of mass between the  system and surroundings, a 
corresponding quantity of entropy - is transferred. 
Inspection of equation (15) indicates tha t  since (-M) 
is the  only term explicit in (dM), i t  must account fo r  
al1 energetic effects  associated with t ransfer  of mass. 
Intuitively then, enthalpy (H) must contain implicitly 
and identifiable pa r t  related t o  entropy., Furthermore by 
analogy with the  energy balance. equation (2), and in 
anticipation f o  the  desired form of the  entropy balance 
a s  given by equation (4). i t  is evident that  explicit 
terms fo r  entropy flux associated with mass t ransfers  
will have t o  be introduced in equation (13). Accordingly 
S6MI and So6Mo a r e  added and subracted within the  
1 

brackets of the  right side of equation (13). Now, in 
keeping with the  f ac t  t ha t  al1 of the  A terms a re  
expressed a s  differences in properties between the 
boundary and system, a s  shown in equation (111, -M is 
subtracted and i t s  equivalent S(6MI - &Mn) i s  added 

within the brackets. Collecting and grouping terms leads 
to  
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DefinIw and recalling equations (7) through (10) 

Combining equations (16) and (17) 

dU = Tds - PdV + (3) 

where 8 H - 'Q (18) ~ H ~ - H ) - T ( S ~ - S ]  aM0 ~ L W ~  

Equation (18) can be used t o  eliminate H in equation O =- 
T T (24) (17) t o  obtaln another version of the entropy balance, M ~ V  

Each of the terms within the braces of equation (17) can 
now be identified with the Sccond Law Generaiization 

Introducfng equations (21) through (24) into equation 
(17). 

where subscipts "univ", "sys" and "sur" refer  
respectiveiy t o  the universe. system and surroundings 
(same a s  boundary in the above). Applying equation (20) 
individuaily t o  the processes of heat, work and mass Comparing quat ions (21) through (24) with (7) through 

transfer: 
(101, 
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Comblnlng equations (32) and (33) and substituting the  

(28) result lnto equation (17) and recalling equations (8). 
(9) and (10) 

*%e physical significance of the  energy t ransport  
l'unction, &A, should now be evident. (The difference in 
:tlgebraic signs ar ises  because A  was defined in a 
t:onsistent manner whereas Q. W. &Ml and aMO a re  defined 

by convention. ) 

In view of equations (21) throdgh (24) the  entropy 
'yalance equation (17). (25)  o r  (4) can also be wri t ten 

which is essentially a statement tha t  

Increase decrease In entmpy of 
Increaac In entropy 
Of the pI#m P ~ Y B  1 - 1 the g x r m d i n m d u e  1 + 1 thP UKEPYPo!m dW 

t o  heat and m a a  transfer ~ ~ ~ , ! ~ : ~ : ~  and - 
131) 

4 A w + 6 A u  - 6 A  

or  with use of equations (271, (28) and (291 

Obiously. dlntS of equation (32) i s  an  incomplete 

statement of the  entropy production concept l a s  in 
clearly evident by equations (34) and (35) since i t  does 
not take into account irreversibilities due t o  heat 
t ransfer  and a portion of the  irreversibilites due t o  
rnass t ransfer .  Equation (32) can be written, by virtue 
of equation (8). (9) and (10) a s  

which is the  equivalent of equation (32) and represents 

where d S i s  the  entropy change of the  systmn due t o  
The principal difference between the  entropy balances. 

ext equations (31) and (37) i s  t ha t  the  former focuses on 
entropy t r ans fe r s  from the surroundings and d S i s  due changes in the  entropy of the  system and the  

1nt 

to entropy changes within - stem, By this surroundings whereas the  le t ter  i s  expressed entirely in 

definition, equation (32) can now be e;pressed ln 
terms of changes in the  system. Although equation (25)  

of i t s  implicit variables o r  (4) i s  the  common form fo r  the  entropy balance, the  
interpretation given in equation (31) is generally 
overlooked. The most significant difference between the  
entropy balances of equations (25) and (36) i s  t ha t  in 

(33) the  former  the  las t  term, LW. i s  always equai to  o r  
greater  than zero becausr of equation (20) whereas in 
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increamc In entropy of 
the due t o  the 
'reversible' p u t s  of 
he-tnndrnasstransfer 

exts + 

change In entropy of 
the systern duc t o  al1 
of the I r r e v e r s t b l l l t l e s  
arls ing f rom work 
t r a s f e r .  a R5!fiipDof 
the I r r e v e r s i b i l l t l e s  
@.& t o  mass transfer but 

of t h e  1 rrever- 

- Clearly, equation (31) is--as pointed out earlier in 
fwtno te  (3)--both conceptually and fundamentally 
different from Clausius' equation 

dS = d (32) 

t n i r e i w  
In 

mtropy 
o f t h e  
system 

r i b l l l t l e s  due  t o  heat 
thansfer (3) 



equation (36) t he  las t  bracketed t e rm can be negative 
since there  1s not any therrnodynamic requlrernent t h a t  
the  enthalpy difference terms contained therein be 
p s i t i v e  even though the (P - P,,)SV -terrn is always equal 

t o  o r  greater  than zero. Nevertheless, the compatible 
forrn of the  Gibbs equation tha t  goes with equation (36) 
i s  stll l .  

dU = TdS - PdV +Wm (3) 

Equation (4) o r  (25) has been the preferred forrn of 
the  entropy balance in practice. Aside from conforming 
in s t ructure  t o  the  energy balance. i t s  other salient 
features  include: 

(1) I t  i s  a direct result of introducing energy 
t ransport  o r  degradation functions (irreversible 
concepts) such a s  equations (7) through (10) into the  
energy balance. 

(2) The heat t ransfer  term, Q, in equation (4) i s  
divided by the  local temperature a t  the  boundary where 
the  heat t ransfer  takes place, whereas the lost work 
term, LW. i s  divided by the  uniform (representative 
average) temperature of the  system which .might be 
substantially different from the boundary temperature. 

OTHER FORMS 

Many other "valid" forrns of the entropy balance 
along with the  mrresponding reciprocal forms of the 
Gibbs equation can be obtained by the  methods 
illustrated herein since al1 tha t  i s  involved is 
selective t r ansps i t ion  of terms constituting LW a s  
identified by equations (26) through (29). For example: 

dU = Tds - PdV + SdM (39) 

Note that  the  denominator f o r  the f i r s t  term on the  
right of equation (36) i s  T rather  than Thn; 6(Q/T) -. 
represents the  entropy change of the system due t o  heat 
t ransfer .  I t  i s  a result of combining 6(Q/TL-) with ". 
6I-W m COnsequently the LW group within the braces of 

(3) The lost work term accounts f o r  al1 of the  
,-nnqrni,onces of irreversible t ransfers  of heat. work and equation (38) no longer includes a term fo r  irreversible 

~ - - -  -~ 

mass. Obviously f o r  multicomponent systems undergoing heat transfer.  Nevertheless the Gibbs relation is 
,-hemical, electrical, magnetic. surface. etc. effects  identical to  the conventional equation (3). 
additional terms of the general f0rm (Fbw- FMD, similar 

BY similar extraction and transposition of the  
to (pbW-p)bv, wiil have t o  be included. terms contained in the LW group, two more compatible 

Sets are: 
The Gibbs relation, equation (3 ) .  likewise has 

distintive featurec: 

(1) It  can only be applied to  a system having uniform 
propertles throughout a t  any particular instante of 
time; however the  properties can vary with time. 

(2) As is evident from the foregoing derivations, i t  is 
"applicable" t o  irreversible a s  well a s  reversible 
processes (frequently a point of confusion in the  
literature).  

(3) Although the term W M  a s  discussed herein was 
restricted t o  mass t ransfer  across the  boundary, a 
similar, additional, term which accounts fo r  
"interna1 t ransfers  o r  exchanges" due to chemical or  
diffusional effects  within the  system would be needed. 
The fac t  that  these two types of mass t ransfer  (externa1 
and internal) a r e  universally lumped within one GdM is a 
source of confusion. Notwithstanding, equation (3) can 
be generalized fo r  systems undergoing electrical. 
magnetic. surface, etc. effects  by adding appropriate 
"reversible work" terms similar to  PdV. 

(4) The only useful form of the  Gibbs equation i s  t he  
one wri t ten f o r  a unit mass of material a s  explained in 
footnote (2).  

In this case the  W M  term due t o  mass t ransfer  across 
the  boundaries disappears, but the corresponding term 
due to  "chemical work" would not. 

and 

.. 
dU = TdS - PdV (43) 

(The asterisks on S a r e  used here simply to  distinguish 
their definitions from equation (4) although numerically 
dS = dS* = dSg*.1 Note in equation (40) tha t  any 
irreversibilities o r  lost work due t o  heat and mass 
t ransfer  a r e  "embedded" in the f i r s t  two terms on the 
right; whereas in equation (42) only the lost work due 
to  mass tansfer  i s  embedded in the second term. 
Nevertheless, the Gibbs equation f o r  both cases has the  
same form. The inference here is t ha t  the Gibbs equation 
of itself does not give a comprehensive definition f o r  
entropy except for  reversible processes in closed 
system. 
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CLOSURE 

The methodology presented herein may appear on the  
s l r f a c e  t o  be hardly more than a tedious exercise in 
f ~ t i l i t y .  In reality the  techniques a r e  a s  wholesome a s  
t ~ e  more conventional practice of forcing the  
"-eversible" Gibbs equation into the  energy balance, and 
again via the  process of equiponderation, arriving a t  a 
~reconceived form f o r  the  entropy balance. However, the  
rrocedure illustrated in this  paper. wherein the  Gibbs 
equation and entropy balance "fall out" simultaneously. 
inmasks potential pitfalls inherent in simply 
berbalizing the  entropy balance. Whatever the  final 
terdic t ,  many students and teachers exposed to  this  
treatment over the  past four  decades a t t e s t  i t s  virtue. 

FOOTNOTES 

1. The quantity ( 6 L W f l )  i s  frequently designated by 
other symbols; f o r  example, S = entropy production. 

:!. I t  i s  imperative t o  realize tha t  Gibbs equation was 
originally restricted t o  a one component system of 
.rariable mass. Nevertheless. equation (3) a s  written i s  
,neaningless when applied t o  an open system undergoing a 
:hange in mass. In this event. the  lef t  hand s i d ~  of the  
:quation, upon integration becomes 

Zlearly the  magnitude of the  difference in the  total 
tnergy (U -U ) is completely arbi t rary and i s  dependent 

2 1 

energy (U -U i s  completely arbi t rary and is dependent 
2 1 

on the reference s t a t e  selected because of the  presence 
of the  last term (M2-M1)IJz. (As Bridgman somewhat 

ironically commented: "It rneans nothing to ask what is 
the difference of the  energy between one and tw» grarns 
of iron.") The salvation is t o  res t r ic t  use of the  Gibbs 
equation t o  systems of constant (preferably unit) mass: 

dU = TdS - Pdy 

where U = UM. .S = S M  and V = !M 

Combining these two equations for  a system of variable 
mass leads irnmediately to 

dU = TdS - PdV + (IJ- TS + Py)dM 

Defining. (IJ--+Py) = C, results in equation (3)  

3. As will be shown later this forrn of th, .  entropy 
balance is both conceptually and fundarnentally tlifferent 
from the Clausius equation 

where the  terms on the  r ight  discriminate between the  
entropy change of the  system due t o  entropy t r a n s f e n  
from the surroundings (dadS) and t o  entropy generated 

within the  system (dlntS). 

4. Average uniform properties should nbt be confused 
with the  concept of 'local equilibrium"; the  la t ter  1s 
hardly more than an  equivoca1 assertion. On the other 
hand, i t  should be understood tha t  an  obvious 
alternative t o  the  non-uniformity complication i s  t o  
integrate over the  volume of the  system and over the  
surface of the  boundary. Although these integrals a r e  
copiously displayed in the  l i tera tur t ,  they a r e  
rarely--if ever--formally solved simply because the  
required functional relationships among the variables. 
particularly in multicomponent systems. a r e  
non-existent. Consequently. "engineering" approximations 
a r e  the  ,salvation. Furtherrnore, there seems t o  be a 
redeeming virtue in associating the  entropy production 
concept with jump discontinuities in the  properties. 

5. Had i t  not been fo r  al1 of the  simplifications 
introduced a t  the  onset. the  more general expression fo r  
aX would have been 

where the  right side of the  equation is symbolic f o r  
other forms of work such a s  surface. chemical. 
electrical, magnetic and elastic strain. 

5. Equation (19) clearly shows tha t  AG is the  "driving 
'orce" fo r  rnass t ransfer  onlv when A T  = 0. 

PREFACE 

In the Fa11 of 1974 when 1 returned t o  the  formal 
classroom to  teach the  required graduate course in 
chernical engineering thermodynarnics, a f t e r  an 
intermission of several years. 1 was fortunate to  find a 
student of the  caliber of Oladis Marici Troconis Rincón 
in rny class. Her dedication and resolve were not 
surprising. however. because over the  years my 
colleagues and 1 have observed that  graduate students in 
chemical and petroleurn engineering from Venezuela have a 
profound interest in thermodynamics. Accordingly. when 
Professor Rincón invited me to participate in this 
centennial publication, it  seerned befitting fo r  me to  
select a topic on therrnodyfiarnics. 

Recibido el 09  de Noviembre de 1991 
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