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Resumen 

En el presente trabajo se considera el Dujo de Stokes actuando sobre un cuerpo S que se mueve 

en presencia de una supeTfide acotada L cuando el deslizamiento tiene lugar sobre L . El estudio ha 
sido efectuado con la ayuda del tensor de Green el cual provee una ecuación Integral de la formulación 
del problema. La fuerza de arrastre sobre el cuerpo ha sido obtenida cuando el cuerp es de dimensione 
UrleaJes pequeñas y la distancia mínima entre un punto de S y un punto de L. es grande. Se obtuvo que 
el correclor sobre la aproximación de primer orden de la fuerza de arrastre no es afectada por la presencia 
d la superficie acolada. Como una iluslradón se encuenlra la fuerza de arrastre sobre una espera que 
se mueve paralela al plano de la pared. 

Slow motion of a small body in a half-space 
with slip at fue wall 

Abstract 

In lhe present pap r lhe Slokes f)ow on accounl of a body S movíng In lhe presence of a boundary 
surface L has been considered when sUpplng takes place on L .The sludy has been effeeted by lhe help 
of Green's tensor which provtdes an Integral equation formuJaUon of the problem. The drag force on tbe 
body has been obtained when the body ls of smalJ linear dimensiona and the mirúmum dislance betw en 

a poinl of S and a point of L is large. lt Is found lhal correet upto lhe tirsl order approxtmaUon Ole drag 
force remains unaffeeled by the preseoce of lhe boundary wiace. As an Uluslration the drag force on 
a sphere moving parallel to aplane waJl has been found. 

IntrOdUCtiOD The slow moUon is delermined by lile well 
known Slokes equatlons [1] 

The sludy ofwall effects on the slow motion 
of a sphere was inItlated by Lorentz 17\ . He used 
lhe melhod oC reOection which has been extended 
by several aulhors and lB admJrably described ln 

(4J. O'NeUJ [8J gave the solutlon to this problem 
in lhe form of an infinUe series. The Stokes flow 

f.I.V2 
Uj - fE- = O. 

uXj 

(1. 1) 

~ a-'9 = O. 

00 accounl of a body S movtng lo lhe presence of 1bese equaUon are to be supplemented by 
a boundary surface L may also be studied by the the boundary conditions. no slip 00 fue surtace 
help of Green's lensor [31 and lile results for an S of the body. and lile sUp condiUon namely. the 
infin1te region extended lo a bounded region I 5. veloclty oC the boundary surlace L 15 proportional
9] . 
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to the stress (orce there [2J . Such slow flow 
problems are of considerable phystcaJ and mat­
hematlcaJ interest [4,6J. 

Integral Representation 

Let us introduce Ute Green's tensor GJk(X;Y) 
which satisfies Slokes equation every where in 

the space bOW1ded by L except Cor x =y, and also 
the condUion 

GJk(X:Y} lTangenUaI= O' fTangential component of 
fue corresponding viscous stress} 00 L 

(2.1 ) 

where x = ( Xl. X2,X3). Y = (Y].Y2.Y3) and a ls lhe 
slip coefficient. 

In unbounded fluid the Gr en's tensor ts 
the fundamental solutioo of the Stoke equations 
letmed Stokeslet [l) and is given by 

(2.2) 

2}.l ( -9 - !lJ )
Pi (x. y) = 3 • (2.3)

Ix-yl 

where ~k ls Kronecker's delta. 

The associated stress tensor 18 

6}.l ( XI - yl ) ( -9 - Y.J ) (-Xk - Yk ) 
(2.4)

Ix - yls 

Now we can sput GJ¡.{x:y) in two parla 

GJk (x : y) = UJk(X . y) + g,k{X : y). (2.5) 

where g,k{x:Y) satisfies Stokes equations and ls 
regular everywhert: wllhJn L. Also, [or lhe cor­
respondlng stress. we wrtle 

GJkI{X ; y) =tJklex , y) + g,kI(.x : y). (2.6) 

Now, In a manner sf.mllar to the deIivation 
o( generallzed Green's integral formula (4,5,61, 
uslng (2.1) ant the no sUp condition Utat uJ has 
a constant value UJ on S, we gel 

Uk (x) =- -8 1 J Gjk (x ; y ) ~d y ) ~ ( y ) dS 
It ¡.t S 

+ ~sI ~ki (x . y)m ( y ) d.Su 
It}.l S 

+ sl1 f 9J1ct (x : y) ni ( y ) dS 
7t}.l S 

+ _ 1_ f C9/d uJ ( y) nI( y)dS (2.7) 
87t}.l L 

where x ls a point of lhe region D bounded by ¿ 
and S. y ls a surface poinl and n¡(y) represenls 
unlt normal drawn in D. The second lolegralln 
(2.7) vanishes slnce It represents a doubJe layer 
polentiaJ wilh constant density [10) ando exploH­
lng fue regular1ty of g,k(X ; y). the lhird integral 
can be shown to have the zero value. Next. 
suppose that the characterisUc length "a" of fue 

body Is small and fue minlmum distance "h" 

between a polnt of S and a polnt of L 18 large. 
Now. we know fuat Lhe slow molton of a body is 
delermined by a dJstribution of Slokeslets and 
hlgher order singula.riltes (1) . Furtber. since the 
veloclly field due lo a Stokeslet Is of order 1 / 
(dJstance) and due lo the other singularities al 
tbe most of order 1 / (djstance)2. II Is apparent 
that. when h 15 large. Ule moUon is prlmariJy 
determined by Lhe Stokeslels and Uleir lmage 
dJ8tr1bulton . Explolting lhis together wtth lhe 
sUp boundary condJtion on ¿ . an order analysis 
reveal8 lhat when a Is small and h Jarge lhe ¡ast 
integralls of 0(1 / h 2) and so may be omJUed . 
Thus. (2.7) simplifies lo 

Uk (x) = - _ 1_ f GJk (x; y) ~¡ (y) ni (y)dS (2.8) 
87tJ..l s 

The ahove represenlation Is of the same 
type as the single layer fonnulation [IOJ. The 
integral Is seen lo be a continuous funcUon and 

Rev. Téc. lng. Untv. Zulla, Vol. 15. No. 3. 1992 

http:Y].Y2.Y3


149 Movimiento lento de un cuerpo pequeño en un semi-espacio 

so applytng lhe boundary conditlon uk(xl = Uk on 
S, we get fue integral equation 

Uk = - -al f C~1e (x : y).ú (y)dS (2.9)
JtJ.l s 

where now x, y E S, and 

f J (y) =tJI (y) n, (y) (2.10) 

detennines lhe stress vector. 

Drag Force 

'Ilte drag force on the body Is glven by 

FK == J tkt (y) nI (y)dS = f 1k (y)dS (3. 1) 
s s 

In lhe case of fn6nlte fluid lhe correspon­

ding drag force F k may be expressed ln terms of 

fue rt"sistance tensor <l>1d: lhus 

(3.2) 

Now, using (2.5). equation (2. 9) may be 
WJiUen as 

Uk = - - f UJk (x, y).Ji (y)dSal 
1t"1l s 

- -al f 9.Jk (x: y) Ji (y)dS. (3 .3) 
1t"1l s 

lf yo locales lhe centroid of lhe body lhen. 
stnce llls of smaU llnear dimensiona. we have lhe 
approx:imation 

9.Jk (x;¡) ~9.Jk (Yo. Yo) = gJk (say) (3.4) 

Substitul:mg lhis in (3.3). we obl.ain 

~ 1 fUk + 8 == - -8 ~k (x. y) Ji (y)dS (3.5)
1tJ.L 1t"1l S 

Remembering that in unbounded fluid 
GJklx:y) reduces lo UJk{X.Y) . we see [5.10Ilhallhe 
equation (3.5) represents the molíon of fue body 
lo unbounded fluid but wilh modified velocity 

UIe + 8% 91\ . Since ~(y) is Ihe stress vector for 

the case of bounded fluid. we may wrtle by the 

help of 

Ft = IUIe + 8Fj g/kl cJ>kt (3.6)
rql 

First order approximation may be obtained 

by replactng FJ by fj on lhe ri~ht hand slde of 
(3.6 ); lhus 

(3.7) 

Ills seen here lhal Q/k is Indt"p nd nt of the 

form of the surface S . The principal axes of lhe 
resistance of Ule body are deflned so that. when 
the body moves paraUel lo one of lhem In un­

bounded !luid . the force Is in the direcUon ofthe 
moUon. If 1 represents a prin Ipal direction. then 
we can derive from (3.71 the force In thal dlrection 
as 

.,.", Fj"
FJ = r ti 1 + -a u gl J 1 (3.8)

ltll I 

lliustratlon 

A sphere moving parallel lo aplane waU. 
For a sphere of radlus o. movlng in an Infinlle 
mass ofOuid paraUello Xl dlrecUon wiili unUorm 
veloclty U. we known lhat lhe force is given by 

Fj = - 61T¡.L Uex (4. 1) 

In Ulls case formula (3.8) gives 

Fl = - 6ltllUa ( 1 - ¡3 
ex gil). (4.2) 
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when the wall Is taken along the x-axis. 

Now the Green's functlon for the problem Is 
given by fue lmage system ofa Stokeslet. in a wall 
with slip 12).Thus. we have 

6Y3 (Xl - YI) 
2 

(X3 +Y3) 

If 

+4Ú{3(Xl-Y 1l (X3+Y3l +3 3 ~ (XI-YI)2 (X3¡'Y3 
rf> y ay3 rf> 

_.-L (X3 + Y3 +!J3 (_1 _ 3(XI - !JI)2 (4.3) 
aY3 W W f('i 

where R= 1(x I - n) 2 + ( X2 - Y2) 2 + (lí3 + Y3) 2 ) 

and (J Is lhe sUp coeffident. 

Neglecting terms of lhe o (~) lhe cenlroid 
h 

may be taken at (O.O.h) and then we find that 

o 3 
gll:- 4h (4.4) 

Substiluting the aboye value In (4.2). we g 1 

9 a
F¡ =- 6n:~Ua (1 + - - ) (4.5)

16 h 

TIms. we see thal wlth the neglect of terms 
of 0(1 / h 2). lhe sUp has no eITecl on the drago It 

may also be noled that since gY 1 Is independ n1 
of the shape lhe resull (3.8) may be employed to 

wrtle down the drag on any particle provided lhe 
vaJue of the drag foc lts moHon in unbounded 

filÚd Is known. 
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