Rev. Téc. Ing. Univ. Zulia, Vol. 15, No. 3, 167 - 171, 1992

Teoremas abelianos para la
transformacion indice 2F

N. Hayek, B.J. Gonzalez and E.R. Negrin.

Departamento de Analisis Matematico. Universidad
de La Laguna, Canary Islands, Spain

Resumen.

En este articulo establecemos algunos teoremas Abelianos para la oF)-transformaciéon indice,

1 | ) o
F’(T)=j:ﬂt)2F'1(u+§+tt.p+§*u.p+l.—l)t dt

( o, 4 parametros complejos, T real).
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Abelian theorems for the index
oF1-transform

Abstract.

In this paper we establish some Abelian theorems for the Index gF-transform,

HT):J:ﬁf)zFl(}l+%+it.p+%—it:}l+| s =ty lt

( o. p complex paramelers, treal)
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1. Introduction.

The Index 2F .transformation introduced in
[3] (see also [9],[101) of a real valued function fis
defined by

F(t)=I:.ﬂt)
2F} (p+%+it.p+;—it:p+l i—t)t™dt
(1.1)
where o. p are complex parameters ant 1 real.

J‘l(u+;+lr.p+-%—lt:p+l:—t) represents the

Gauss hypergeomelric function defined for 1t1<

1, which can be defined by analytic continuation
for It] 2 1 (see [2]).

The main classics properties of this trans-
form are summarized as follows (see [3]):

a) If f{t) es locally integrable in (O.e) and
Mm=o01h.per.t=0
M)=0(tY, reR. tls+e

then (1.1) converges absolutely if and only if p +
Rea>-1and A+ Re (o - p)< -% and (see |4]).
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b)iffe Mzy (L)' with 2 sgn ¢ + sgn

y+Re(p—2u))20.Reu>0.%<Re(p—a)<i. Re
1

(5—a)<—§. Re p>0 and F (1) is defined by

(1 l).ﬂlﬁl
B 1. 1
ﬂ)=mf;tshntl"(p+§+('r)!‘(p+§—it)
.Wl(%’rit.%—!‘t: pl: — 1) A7) de (1.2)

c) Parseval's relation: if F(1) and G(z) are the
2F-transforms g(t) respectively, one has:

1

1 1
——= | tshmtl(p+ S +iolp+ 5 —1i1).
nF(p+1)2J: Wrg+ioln+y

A1) G(1) dt:J: t2¢- 1 1) " * o) g(b) dt

The aim of the present paper is to obtain
some Abelian theorems for the index 2F)-trans-
form. For this purpose, we follow the technique
developed in several integral transforms (see [6])
by making use of the asymptotic behavior of the
kernel function.

2. Abelian theorems.

Proposition 1. Let p be a complex parameter
with Re p > O. Then one has:

|2F)(}1+%+ﬁ,p+l—i‘t:p+l:—l)|

2
1 1
scu(¢+1)r§“‘°'§f§'““" (2.1}
as T —oe
Proof:

Starting from the asymptotic estimation (cf.
(7], p. 231, (24); see also [5])

P"’*1/2+u(ch§)"—_1i-p—-
Ve - 1"

1 1 1
(e(?“)g+e“’”?“e‘i'mg}(noo
and taking ch § = 2t + 1, we can write:

| Poigs ix P@E1)1 < Cp [t(t+1)] 72 v %2 R

Therefore from the relation between
2F1(p+%+(‘t.p+%—i‘t:p+l:—l) and
P12 4ix (2t+1) (ef [2]. (7). p 122). it follows

1. 1.
Fl(‘ﬁg HT, pt —iT;u+l;-t) |

1 1
-—ReE- —Rejl

<Clts)] 2 %<

as t— oo

Theorem 1. Let f{t) be a measurable function on
the interval (0.e) such that

M1 I
22 o e

(t+1) & Zp(q)

Re(o
t

is Lebesgue integrable on every interval of the
form (T.«). T>0O. Assume that

1 M Z-,l, (L) is the space of the functions f{x), x € (0,=). which are represen table in the form

=] 6(s)x *ds

$(s)=% Ve "% imal. Fs) g Lio) . where s = s e C: RCS=éla.ndc . ¥ being real numbers

such that 2 sgn ¢ + sgn v 2 0 (see [8]).
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lim t7 1(1) = g

20
(2.2)
where vy, Be C with - Re a < Re y < Re(u—a)
Then
%_1)13 [F(t) - B Gla,p,7.7)] = 0
(2.3,
where
Gle,p,7,T) =

C(p+l )I‘(u+%—a—7+it)I‘(p%—a—y—if)

I‘(p+1—¢x—y)I‘(u+%+i"c)l‘(u+%—ir)

(2
and F(t) being defined by (1.1).
Proof:
From ( [1] p. 336)
o0
LA R
Jo 2Fl(m2 +11:,p+z iT;p+l;-t)t dt
= G(“;H:'J"T) (2

1
for -Re a < Re 7 < Re(p-a) + 3

Now, in view of (1.1) ant (2.5) we have
(ee]
|F(x) - B Glow2,0)| = |J°(t_7f(t) - B)
; D ey Y
2F1(“+E T, ittt dt|

00 1 .
< J’o\t"f(t) - B|| F (pt7 HiT

) XY P
= —impsl -t de = Io |t

: o+
= B| IZFX(;H; +11:,p+§ —iT;u+l;-t)t 7' dt +

00

-7 1 . 1
t - =
'[8 |t 7f(t) - B Ian(“+2 +HT,

Tt g <

sup |t71(t) - B
0<t=8

d F ( +£ 4t < ity +1~—t)ta+7| dt +
jo|21M21-P2 SR

(03]
e(t) - Y e
L |tf(t) - B| |2F1(“+2 Hr,

(2.6)
-it;p+l;-t)ta*7 ' dt

and using the Proposition 1, can be written:

|F(t) - B Gla,p,2,7)|= sup |t—?{f(t) -
0<t=4

’ F (ut +i FLIg T +1'—t)ta+7|dt
BIJ-O|2 (s HiT,pts —iTpl;
_L_Rep il
2

+CT
8

e% Rel )
+
R g @27

B R
|t75(t) - 8[lt(t+1)] ?

According to (2.2), for given & > O, we can
choose & > O such that the first term on the

right-hand side of inequality (2.7) is less than &.
Therefore,

00

-—Reld
2
|F(z) - B Glo,p,7,t)| =€ +CT ]‘5

1
Rek
2

_34 _—
[tOf(t) - B|lt(t+1)] 2 tRe) 0

(2.8)

Since Re v < Re ( pu - ), in view of the
hypothesis on f{t) the last integral on (2.8) is
convergent. Hence as 1— o, the last term on (2.8)
tends to zero. Thus:

|F(r) - B Gle,p,7,7)| < €

and therefore:

11:_i)r°rg [F(t) - B Gle,u,7,T)] = O
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Theorem 2. Let f{t) be a measurable function on
the interval (O,e) such that

Re(ocﬁ)-l ...L-Reﬂ

t 2% %

is Lebesgue integrable on every interval of the
form (O.T), O < T < o. Assume that there exists a
complex number § such that

; =7
lim t 7 f(t) = g (2.9)

where ye Cwith- Rea<Rey<Re(p-a), Rey
E_g-1
>Re(2 a) 2.'Ihen

%_i)rg [F(r) - B Gla,p,737)] = 0

with G(a,p.y,sJand F(1) defined by (2.4) and (1.1)
respectively.

Proof:
From (1.1) and (2.5) one has:

00

-
(F(o) - B Glapa)| = [, |E710
1 . LR oy _
- BI |2Fl(p+5 +l1.',p.+5 _lriﬂ"'l;"t)t l dt =
" -y . l
Io lt f(t) - Bl |2Fl(“+i +[T’“+§

00 = . 1
it -0t 7| dt + [T |£70) - Bl|F (u;

T
HT, s —impel -t | de = Jo |t75) -

) S | TS )4 Y
B| |2F1(p+§ HT, s T it | dt +

_7 ==
?g? |t 7 f(t) B|

(s}
B ol i e s BN
.[T IZFl(p-i»E Hr,pes Tl tit | dt

Using the Proposition 1, We have
IF(T) - B G(Q,FJ.T)I =

oM

—Re— T

T [ e -

.
ZFI(}“E +1T.u+% -l‘c;uﬂ;-—t)taql dt +
=d
SR £ - B|

(o)
F ([.1+i +iT +i s S e )4 &Y
T | M 1T pu+l-t)t dt
“3e 2 | 4t 10
and by (2.9), for given £ > 0, the last term
on right-hand side of (2.10) is less than % for an
appropriate T. Thus,

|F(r) - B Gla,m,2,7)| <

Lot

2 B Ye(t)
2 B -
o - Io i

A 1. Oy e
B| |2F1(“+E T, —iTpul-t)t | dt o+ 5

(2.11.)

SlnceRe'y>Re(52£—a)—% , in view of the

hypothesis on ft). the last integral converges
absolutely and therefore, as T — o, the first term
on the right hand side of the inequalitg y (2.11.)

is less than -g. and thus:

|F(t) - B Gloup,7,7)| < €
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Therefore,
_lr_i)go\ [F(t) - B Gle,p,7,T)] = 0
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