
Rev. Téc. lng. Univ. Zulia. Vol. 15. No. 3. 167 - 171. 1992 

Teoremas abelianos para la 
transformación índice 2Fl 

N. Hayek, B.J. González and E.R. Negrin. 
Departamento de Análisis Matemático. Universidad 

de La Laguna. Canary Islands. Spaln 

ReSUDlen. 


En este a.rtí u10 eslablecemos algunos teoremas Abelianos para la 2Fl-lransformadón indice. 


Ft'r) ~ [.fi.t) 2FI ( f.l. + l + ¡ -r. f.l + l - i"C ; f.l + I : - I ) t {l di 
o 2 2 

( a. f.l parámelros complejos. 1: real). 
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Abelian theorems for fue index 
2F1-transfoITl1 

Abstract. 

In this paperwe estabUsh sorne Abelian Iheorems for lh lndex 2Fl -lransform. 

F(-r) = (.fi./) zFl (f.l. -1- -k + ¡ -r. f.l. + 4- - i -r ; f.l. + 1 : - t) t IX dt 

( a . f.l complex paramelers. 1: reaJ ) 


Key words: Ahelian. TheoreDl6. lndex 2Fl- Transform. 


l. which can b defin d by anaJytiL continuationl. Introduction. 
for Itl ~ 1 (see [2]) . 


'Ole Index 2FI_lransformalion introduced in 

The main c1assics properUes of Ulis lrans­

(31 (see also 191.(JO l) of a real valued funclion f ls 
forro are summarized as foJlows (see [3)):

defined by 
a) If fll) es locaUy inlegrabl In (0.00) and 

Ft1:) == [.fi..l) nl) = O (l ~. [j E R . l ~ O 
O 


.zFl ( f.l +~ + i -r. f.l. + i -i 't : f.l. + 1 ; - t ) 1 IX di 


(l . 1) 

lhen (l . I) converges absolutely jf and onJy iI 13 + 
where a. f.l. are complex paramelers anl 1: real. 

Re a> -1 and A. + Re (a. - f.l.l< - 21 
and (see 141) . 

#. ( J.1 + ~ + ¡ 'r. J.I +~ - (T ; J.1 + 1 : - I ) represenls U, 

Gauss hypergeomelric funclion defined for Itl < 
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bJ lffE M~~(L)l with 2 sgn e + sgn 

'Y + Re(¡.l- 2a» ~ O. Roo> O.! < Re(1i - a) <!. Re 
~ 1 8 4 

( 2 - a) < - 2' Re ~ > O and F (t) is deftned by 

(1.1) . Ihen 
p,-a. [ 1 1 

j{t) = 2 t sh 1t t r(p. + - + i t)rúJ. + - - it)
nr(¡.Ltl) o 2 2 

.#1 ( k+ i • . k-i .: I.t+ 1: - t) 11:.) dt (1 .2) 

e) Parseval's reJalion: lf F(T) and G(T) are lhe 
2Fl -tran5forms gIL) respectlvely. one has: 

] [ 1 1 
2 • sh lt T r(~l + "2 + t t)r(J.I- + 2' - i 't). 

ltr(J.I-+l) o 

Fl't) G(T) dT = [ t 2« -,. (t+ 1) -,. fiO g(t) di 
o 

The aim oC lhe present papee is lo obtain 
sorne AbeUan theorems ror lile index 2F1 -trans­
form o For thJs purpose. we foUow lhe technique 
developed in severa! íntegral lransforms (see 16)) 
by making use of the asymplotlc behavioT of the 
kernel funeaon. 

2. Abelian theorems. 

Proposition 1. Let J.I- be a complex parameter 
w1th R 11 > O. Then one has: 

IzF] ( J1 + 4- + tr. J.1 + i -i .: 11 + 1: - L ) I 

(2. 1 ) 

as.~ 00 

Proof: 

starting froID fue asymptoUc estimaUon (eL 

171. p. 231. (24): see also 15)) 

and taking eh S= 21 + l . we can wrile: 

TherefoTe from lbe relaUon between 

:.!.FI ( f.L + i + l 't. J1 + i-i T : f.L + 1 : - i ) and 

1*1/2 +1 ~ (2t+l) (cf 121. (7) . p 122). It follows 

I F (¡..tt2- +Í1: ,¡..tt2- -iT;¡..t+l; -tl¡z. 1 2 2 

1 ¡..t 1 
-Re- -Z- Re¡..t 

~ e [t(t+1)] 2 2 T 

as't~"" 

Theorem l . Lel f{t) be a measurable function on 
lhe intelVal (0.00) such lhat 

¡..t 1 1 ¡..t
Re(Ct--) -Re­

t 2 2 (t+l) 2 2 f (tJ 

Is L.ebesgue integrable on every inlerval of fue 
form (T.oo). T>O. Assume lhal 

M ~\ (L) Is lhe space of the functlone f{x:) . x E (0.00). whlch are represen lable in the rOJDl 

fl.x) = J ~ (5) x-Seis 1 
«!I (5) = ~ - y e - lt e I 1m si _ F(e) ~ 1.(0) . wh re o = t s E C: Re 5 = 2: I and e . 'Y being real numbers 

sueh lhal ~ sgn e + sgn 'Y ~ O (see [8]). 
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1i m+t -o f( t) :;: (3 

HO oo 


(2.2) 
1( '1nt) - (3 11 F ( j.l+~ +i-r,/l+~

where r. ~ E e with - Re a < Re y< ReÚl-a) fo 2 1 2 2 
(2.6)

Then 	 lX
-i-r;/l+l;-tlt +

r 
1 dt 

and using the Propositlon l. can be WJitten: 

IF(-r ) - ~ G(IX,¡.t,o,·¡;) I ~ SUp 1(0f(t) ­
(2.3.; O<t~o 

where 

J 
o

G(<l,I-!J4;t) = 	 I . 1. a +r I13 1 1 F (¡.L+- +l1:.¡.L+- - l1:;¡.L+l; - t)t 	 dt 
o 2 1 2 2 

(2 

and F('t) belng defined by (1.1). 

ProoC: 

From ( (1) p. 336) 
Accordlng to (2.2). for given E > O. we can 

choose o > O such that the fust term 00 lhe 
rlght-hand side oC inequality (2 .7) ls less lhan E. 

(2 Therefore.= G(a,¡.L.cr.-r) 

1 
for -Re a < Re o < Re(¡.L-a.) + 2' 

Now. In view of (J. 1) ant r2.5) we have 

(XI 

1 ¡.L 

--Re­1F(1:) - f3 G(a.¡.L,o.1: ) 1 = 1Jo (( O [ ( t ) - (3) - (3 1[ t(t+01 2 2 tReC¡.L+CY>dt 

a oF (¡.L~ +i'r ,¡.L+~ - i1:;¡.L+l;-tlt + dt 1 	 l2.8) 
2 1 2 2 

(XI 	 1 
~ J \t-Of(t) - (3 \ \ F (¡.L+- +i1:.¡.L+o 	 2 l· 2 Since Re 'Y < Re ( 11 - a). in view oC lhe 

hypothesis on fll} lhe last integral 00 (2 .8) Is 
convergeot. Hence as 't ~ oo. the last term on (2.8)Joo 

.~ - h;¡.L+l;-tlta +ol dt :S It-crf(t) 
tends to zero. Thus: 

a - (3 11 F (¡.L~ +i1:,¡.L+~ - i-I:;¡.L+l;-t lt +cr 1 dt + 
2 1 2 2 	 IF( T ) - f3 G(a,¡.L,cr. T ) I < e 

(XI

J I t - crf(t ) - /3 11 F (¡.L+~ +i1: ¡.L+~ o 21 2 ' 2 
and thereCore: 

sup 1t - cr f( t) - /3 1 
o<t~o 

.u~ [F(T) - (3 G(a,¡.L.CY,T)) = Oo l . l. a+cy I 
I F (¡.L+- +l1:.¡.L+- -l1:;¡.L+l;-t)t dt + 

o 2 1 2 2J
Rev. Téc.lng. Univ. ZUlla. Vol 15, No. 3, 1992 



170 Hayek. González and Negrtn 

Theorem 2 . Let f{t) be a measurable fimctlon on 
the IntervaJ (0,00) 8uch that 

J.l. 1 1"
Re(Q:-)- -Re!: 

t 2 2(t+1) 2 2 f(t) 

is Lebesgue Integrable on every intervaJ of the 
fOn:D (0.11. O < T < oo. Assume that there exisls a 
compLex: numbcr fi such that 

1im t-ír [(t) = (:3 
t~co 

(2.9) 

whel"e re e wtili - Re a < Re r < Re ( Il - a l. Re r 

> Re (~- a) - l Then
2 2 ' 

with G(a,ll.r;t)and F('t) defined by (2.4) and (1.1) 
respectlveLy, 

Proof: 

From (1.1) and (2.5) one has: 

00 

\ F(-d - f3 ( ) 1 < JI t -írf(t)G a,j..l,ír,T - O 

a- f31 1 F (j..l~ +iT,j..l~ _iTjj..l+lj-t)t +
ír 1 dt = 

2 I 2 2 

T - 1 1 

I t írf(t) - f31 1F (j..l+- +iT,j..l+­
O 2 1 2 2J

00 ' 1 a
-iTjj..l+l;-th +ír ¡ dt+ JT It-írf(t) - f3 11 / 1(j..l+z 

T 

+iT,j..l+~ -iL'jj..l+l;-tlta+ír l dt ~ Jo It-írf(t) ­

af3 \ \ F (j..l~ +iT.j..l~ -iTi/J.+l;-t)t +ír 1 dt + 
2 1 2 2 

J
OOT l. l . 1 ) a+ír 1 dt 

1 F. (j..l+- +n,j..l+- -1L';j..l+ ;-t t 

2 I 2 2 

Using the Proposition l. We have 

and by (2.9). Cor given E> O, the last lerm 
E 

on rtght-hand side oC (2.10) ls less !han 2' fOI" an 

appmprtate T. Thus. 

e 
+ ­

2 

(2.J 1.) 

Slnce Re r > Re ( i -a) - t . in vtew of the 

hypo!hesls on f{t). the last integral converges 
absolutelyand therefore. as T -+ oo. the firsllerm 
on the r1ghl hand side oC the lnequalltg y (2.11 ,) 

E 
1s less !han 2' and thus: 
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Therefore. 

.u~ [F(t·) - (3 G(cx,Il,r ,-c)] = O 
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