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Abs{racl

In this paper we develop an operational calculus for the operator Ky o= D" "D with p>1 and
@> -1 according to the ideas of J. Mikusinski. Here D”! represents the Riemann-Liouville fractional

derivative of (p-1)-th order.

Key words: Mikusinski calculus, fractional derivative, Riemann-Liouville integral.

Calculo operacional de Mikusinski para un
operador que contiene una derivada fraccionaria

Resumen

En este trabajo desarrollamos un calculo operactonal para el operador Kpe= t“D” 't“D cuando
p>1 y o> -1 sigulendo las Ideas de J. Mikusinski. pf! representa aqui la derivada fraccionaria de

Riemann-Liouville de orden p-1.
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Introduction

The foundations of the operational calculus
were developed by J. Mikusinskt [1]. V.A. Ditkin
and A.P. Proudnikov [2] constructed an opera-
tional calculus for the operator DtD. N.A. Meller
[3] and [4] considered the operator By= (™"
D*'D with -1 < < 1. She developed the corres-
ponding calculus through the convolution ope-
ration

1 d

t
* R ey (M) _"I'
(49 (9) = T de LD

dedf ¥ o
Foa) T a-otsom sta-nE-miaxand

forfge €2 (0,%<). This calculus reduces to Ditkin's
calculus for DtD when p= 0. Recently E.L. Koh
5], I6] and [7] has tmproved the results of N.A.
Meller removing the restriction p<l and
obtaining an operational calculus for By when
pu>-1. The study of the operator By has been
completed by J. Rodriguez [8] who extended the
operational calculus to values of p<-1. LLH.
Dimovski, In a series of papers (see [9], [10],
[11] and [12]), investigated operational
calculus for the generalized Bessel-type operator
*opt* 1. . .Dt* along the lines of J. Mikusinski.
The works of V.S. Kiryakova [13], LH.
Dimovskl and V.S. Kiryakova [14], [15] and I.H.
Dimovskl [16] are Important in this area,
providing further development and new points of
view.
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In this paper we develop an operational
calculus for the operator Kp.o=t™D" '{*D when
p>1 and o>-1. Here D" is - understood as the
Riemann-Liouville fractional derivaflve (see B.
Ross [17]) of (p - 1)-th order. The operator Kp q for
pe N, appears of Investigations of E. Kraltzel [18]
on a generalization of the Laplace integral
iransform. Recently , J. Rodriguez [19] consiruc-
ted an operational calculus for Koou.1 with
pe R, through the field extension of a com-

mutative ring without divisors of zero.

An operational calculus for
=t pP-lg
Kp, o=t t'D.
Further, p>1 and o>-1. We introduce the
set of functions

e

n=0 =0

lim|ay|™ =0
r—jee

By defining on A, the usual operatlons
ol addition and multiplication by complex num-
bers, Ap 1s a Unear space over C.

In order to develop an operational calculus
for Kp, we define a convolution operation * on
/iy as follows

f*g = T ' (Tf#Tg), for f,g € Ap
where:
(£#g) (&) =

T((%p)1) 1-p, p-o o1 ! o - Yo
oT(a+1) £ Ppef 4 p® Jo Jou (t—=u) f(uv™)

a((t-u)(1-v) ?)dvdu

for f,g € Ayp;

v 1 . pn
w0 - X
-

for £(t) = Yant ™ € By

=0

and D™! denotes the Riemann-Liouville
fractional derivative of (x+1)-th order.

It is not dificult to prove that

tpk * P

[(%pr1) Tpktot+ )T pmat+D)Ik+1)
[(o+1)N(p(k+mpo+ 1) T (k+mi1)

T(m+ )T (Jetmt 1 H%p)) )
T 1 HY) TN (M1 +(%))

for every m.k € N. Hence, In virtue of the Stirling
formula, * Is a closed operation in A,.

Moreover, from (1) we can easily derive
the following properties for *.
Proposition 1:Letf, gand hbe in Ay and ae C.
Then,

1) *(g*h) = (f*g)*h,

1) f*g = g*h,

1) a*f = af,

v) f*(g+h) = f*g+*h,

v) f*g=0 if, and only if, f=0 or g=0.

In virtue of Proposition 1, Ay endowed with
the operations + and * is a domain of Inte-
grity. Therefore, we can define the quotient
fleld Mp=Apx(Ap-(0))/~, where ~ denotes as usual
the equivalence relation

(E.9)~ (F,G) & f*G=g*F, for f,FeR
and g,G € Ap-(0).

In the sequel, for simplicity's sake we shall
denote by f/g the member of M, corresponding
to (f,g) € Apx(Ap-{0)). If fe Ay, we will write {also
to denote the element f/1 of M,. Moreover, if
aand B e M;, then o/f will represent o*f” !, where
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¥ {g now understood as the multiplication in
M. Finally, if « € Mp and ke N, we wil
denote o¥=a*.X *q.

On the other hand, we have

E 0 Afn=0
Kp/a ”:

tp( n-1) r(EM)Ef‘

yfneN-{0]
[(p(n—1)}+a+1)

(2)

Then Ky« Is an homomorphism from A, onto
itself.

We now introduce the operator Wp, o defined
by

Wpa E(E) = J‘\u"’x P u"fu)du, for
f e By,
where I?"! denotes the Rlemann-Liouville integral

of (p-1)-th order (see B. Ross [17]). Il is easy to
see that

[(pn+o+1)
Mp(n+1)+o) p(n+1)’

wp.u tpn = tp(ru'll

for every ne N. (3)

Hence Wy« Is one to one homomorphism
from A, Into ltself. Moreover from (2) and (3)
one deduces

Wpa Kpe £(t)=£(t)-£(0) 4)

and Ky «Wp of(t) = f{t), for every f e A,.
In virtue of (1) and (3) we can obtain that'

Woa fit) =

(AH%p) T (0+1) tPe i (LH%))T(0+1) P
T(p+o+1) " T(ptotl)

f(e)*>

(5)
for every fe Apand k € N.
By combining (4) and (5) we get

Ky, of(t) = Up,ad(£(E)=£(0)), for £ € Ap, (6)
T(p+o+1)

where Vpg= ———————
v (1+(Wp)T(a+1) P

Also, for every fe Ay and k € N one has

k=1
kaaf{t) = Vp!(a‘f(t) £ EVgT&Kp.Juf(t)lc:O‘
1=0

The above results can be summarized in the
following

Proposition 2 : Let fe Ap. Then, foreveryke N

AHEIIOAD) o, AHBN(@H) o
T(pt+o+1) T T(ptutl)

W a E(E)=£(E)*

and
k=1
Kplaf(t) = Vpla*£(E) =3, V p.aKp af(£)] t=0

1=f)
We now conslider the differential equation
Kpo £(L) = af(t) (7)

with a € R. Il 1s not difficult to see that the
function

= n

_ e TeU=1)t0s1) o,
wo.a® = X T rozimp; ¢
4=l

n=0

0
where H Is understood as 1, 1s a solution of
¥
(7) on Ap, as a special case of the hyper-Bessel
functions of Delerue (see [14]). Moreover, If
fe Ap solves (7), then f(t)=£(0)ep, o, 2(E) .

Therefore by Invoking (6) it follows

aep,a,alt) = Vp,a¥(ep, «, a(t)-1)
and
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_Ypa 8)

ep u, o) =
Vp,u—d

By proceeding as In [5], p.296, we can
obtain new operational rules invoving €pa.a and
Voo

Applications

In this section we analyze some applica-
HOHS ()[ U’\C op(‘ra“()na] (‘alcu]us (]CVCIO[)C(I ll‘l
the previous paragraph. We solve some func-

tional equations involving the operator Kpo via
the above operational caleulus.

Let P(s) = ag(s-a)™... (s-ap)™,  where
a,#0,ar#aj, for,j=12,... . kandi#j, and mie
N-{0], for i=1.,2.....k. We wish fo find functions
y in Ap such that

P(K,O.u)y = f ’ (9]

where e Ap Is given and P(Kp o) 1s understood as
usual by

ai (Kp,u —a;)m % ow (Kp,a - a.;)' "

According Lo (6) we can wrile

=i« (Kp,a iy )M,

£(t) + Hi 2V, ao

a(Vp, o —ai)*(Kp,u —a1)™

(Kp,a —an)"y(E) =

where Hi,; = ao(kpua-a '

(Kp,a —a ')mz' k% '(Kp,u—a;;)m“y( E)I t=0.

By repeating the argument we get

an n (Vp, o — a)"y(t) =

k -1

£E) + z n(Vp o al) hz Hy, Vo, a*Vp, a-ay)'”

=1 e=1

with
Hi,; = aolKp,a=a)" " (Kp,a—aw1)"

;Kp,(z—ak)mky(t) [ =0

0
for =1, ..., my and J=1, 2, ... k. .Here [] s

understood as 1.

Therefore

kK my
. H, V.o
2:: 'gl o —1+1 . g
) (Vp.a— @) *H(Vp,(r‘ )
8: f+1
k
tlere n 1s also understood as 1.
L=k+ 1

We can find suitable constants Cw 2 for

w=l,..mp and &=1..k and Cwji for
w=1....mj-I+1. I=l.....m; and j=1.....k, such thal
l —
(Vp‘uf‘ a;)""‘ l_l(L N e d’)
k me -  — 1+
2 Z :-.-', + z =
teer e (ooom @™ o (Vn o -')
k
Now » 1s understood as 0.
£=k+|

Hence the general solution of (9) on Ay Is

1+(% ))I“(n.+l)
y(t)-—f(t)*z Zc [ €, 1 ()
e (p+o+1)
+2 ZBN i [ep o,y (t)]
where By, for w=1,....m; and j=1,...k, are

arbitrary constants.
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We can employ a similar procedure to

solve the systems of equations

P(Kpa) v = £

where n € N, P(Kpod=(Pij(Kp.o))i=1 and Py
I,j=1.....n, denote

/i

polynomials, f= b with given fi € Ay, 1=1....0,

£

with unknown Y€ AP 0 e

Yn
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