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Abstract 
In the present paper, reguJartty resul ts for linear elllptic equa tions are presented, where a 

coefficJent has cnUcaJ growth. 
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Regularidad para un problema elíptico 

Resumen 

En e te trabajo se presenta un resuJlado de reguJartdad sobre una ecuacIón 11neal eüpttca donde 
un coeficiente tiene un crecimiento crítico. 

Palabras claves: Regularidad , ecuacIón eUpttca. 

Introduction 4wlth g(A,u) = 'u l r u + A, where r = - - and
N -2 

N ~ 3. 
The maln purpose of thls paper Is lo glVe a 

The rnatn result ror problem (1) lsregularlty resuJt for a linear elllpUc equaUon 
where a coefficlent has crtUcal growth. We con­
slder lile bou ndary value problem 

TheoremA 

-f.u(x) - qu = 'V in O Assume q E L-(O) + I?(O) , where 
u(x) = O on dO (1) 

jJ'!. ,if N ~ 3Where f. 18 the Laplaclan operator, O Is P = 2 . ' and p > l . Ú N = 2 . 
sorne open s ubsct oC ¡?l s uch that the Sobolev 1 ,lf N= l 
1mbedding theorem appl.ies , q E L"(O) + LP(O), 

2'V E L2(o) (\ L-(O), and IIqIlC> Al where Al ls the If 'V E L (o ) (\ L- (O) and u E H~(O) Is tbe 
flrsl elgenvalue of -f.. un1que solutlon of (1). then u E 2(\ Lf(O). 

The moUvaUon for provlng Theorern A $P<­

below carne from fue s tudy of the problem Theorem A J8 an extenslon of a theorem of 
Brezls and Kato [21 . The proof ls based on fue 

- f. u(x) = g(A, u(x» , X E B. u E c2(B) Sobolev tmbedding theorem (see Adams 11nand 

u>O , In B use,' sorne Ideas laken from 121. SpeclflcaUy, lf 
1 u= O , on dB U E Ho{O) 18 the unlque soluUon of (1), then we 
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hall prove lhe exlstence of a sequence (Uk) whJch 
I converges weakly to u In Ho(O). The Sobolev 

tmbeddlng theorem Is \hen used lo show that 

Uk E (1 I!(O), Implylng that u E 2(1 I!(O).
2!;p<oo !;p< 

Proof of Theorem A 

Lemma2.1 

Lel u E H~(fl). If for k = 1, 2, ... we let 

Uk = m1n(u.k). \.hen {Uk} converges weakJy ln 

Ho
I 
CD.) to u. 

Proof. Prom the defln lUon of UkWC see that 
{ukl and {Vusd converges polntwlse to u and Vu 

respecUvely. On lhe olher hand Ú (P E Ho
1
(fl), and 

Al< = { X E fl : u(x) ~ k }, !hen 

Thus by the domlnaUng convergence Iheo­

rcm, JVUk . Vtp -) JVu . Vep. Thls completes the 
n n 

proof. 

Lemma 2.2. 

Let q E L- (fl) + If(O) wlth 

p = ¡~ .If N ~ 3. and p> 1. Ú N = 2. 
1 .lf N =l 

Then for every €. > O, \.here exlsts a constant 
Ae such that 

Jql uI2 ~ e ll grad UI~2 + ~ lIul ~2. '\1 u E H~(fl). 
n 

Proof. Wrlte q =q¡ + Cl2 wtth q¡ E L""(O) and 

q2 E If(o) . Then for every k > Owe have 

Jq I U I2~ lIq l IlL- lIul~:d J Q2 l u I2 + k J l ul 2 

n [1'12 1>k) [ 1'12 1~'4 

~ ( lIq¡ 1I -+ k) lI ulr z+ 1iq211 p 1 1 k) lIulr
L

, , 
L L I; ( C/2 > 

1 2where - + - = l.
P t 

In ('.a.se N ~ 3 we ftnd t = 2- where 2- ls the 
2N 

Sobolcv expon ot, !hat IS 2~ N _ 2' 

By !he Sobolev Imbedding theorem w have 

When N = 2 we flnd 2 < t < 00 and It Is k.nown 
that 

Whcn N = 1 wc flnd t = O<> and It Is known 
that 

I
11 ull _ < e C " grad ti 11 2 + 11 ull 2) • '\1 u E HoCO).

L - L L 

Thercfore we reach the concluslon of 
leroma 2 .1 In all \.he cases by choo lng k large 

enough so \.hat c2 1IQ211L!'(I CJ2 1>k) < €. 

Now we come to the proo[ofTheorem A. We 
have only lo conslder thc case N ~ 3 (when 

N ~ 2, u E H~(fl) lmplles u E 2~~ V'(fl» . 

We truncatc q by qk = mJn (q.k) and define 
UI< to be the unlque soluUon of 

Uk E Ho
I 
Cfl) 

- ~Uk - ql<Uk = 'V In O 

We shall prove that for every p E 12,00). 

Uk E 1.P(O) and 

Rev. Téc. lng. Unlv. Zulla. Vol. 17, No. 1. 1994 



45 Regulartty for an elliptlc problem 

(2) U Ing Sobolev's lnequallty w see that 

where Cp Is lndependent of k. but Il depends on 

q through the u e of leroma 2.2 for SlmplJclty we 
drop now the subscrlpt k on Uk and wrtte 

~ Thus Ir uE lj1(0.) then u E L (O.) and 
- 6u - qkU = ljI. (3) 

lIulf~ s; Cp( 11'1'11 p + lI ull p). 
L2 [j LSel Urn ~ m1n(U,ml ruld lel 2 ~ p <. 00: since 

(Um)p- ¡E H~(n) we can multlply (3) by {t1mlp-1and 
lt~rnung the proceB5 fraID pi Zwe obtrun 

obl.aJn f1nallr thal for every pE 12,"") 

Ilull p5C~ IIW ),l1 1t IIWIIL L [;o 

More prec1Sely wc have proved (2).
~l 15 

1. Adams , R.: SoboJev Spaces. Academlc Pres , 
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2. Brezls , 11. and Kató, T.: Remarks on \heBy hooslng e> o small enough (for eXaID-
Schrodlnger operalor w1lh InguJar complex 

2(p - 1)pie ( = 2 )' wc see Ihat potentlals. J . Ma\h. Pure' ctAppl. , 58,1979, 
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J I grad (um)~ 1 2 ~Cp( l hVI~, + lIul~p), R b ido el 16 de Abril de 1993 
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En forma rev isada e l 5 de J unio de 1993 

wcre Cp 1. - lndependenl of k and m. 
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