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Abstract

The normal index n(G:M) of a maximal subgroup M of a finite group G is the order of a chief factor
H/K where H is minimal in the set of normal supplements of M in G. This notion Is used to identify the
largest normal solvable subgroup of G as the Intersection of members of certain class of maximal

subgroups of G.
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Indice normal y subgrupos tipo Frattini
de grupos finitos

Resumen

El indice normal n(G:M) de un subgrupo maximal M de un grupo finito G es el orden de un factor
principal H/K donde H es minimal en el conjunto de normal suplimentos de M en G. Esta nocion es
usada para Identificar el mas grande subgrupo normal soluble de G como la Interseccién de miembros

de ciertas clases de subgrupos maximal de G.

Palabras claves: Soluble, supersoluble, p-soluble, p-supersoluble.

Introduction

The class of maximal subgroups of a finite
group together with the subclass of maximal
subgroups with composite Indices and the one
in which the Index of each member Is composite
but not divistble by a fixed prime p have been
studied in detail in recent years [1-4]. Finite
group structure in very much related to the
normal indices of the members of these classes
and the Investigations of these required the con-
sideration of the intersection of the members
belonging to each of thesg classes. The study of
the Frattinl like subgroups thus obtained led to
the sharpening of Huppert's Theorem which
state that a finite group Is supersolvable if and
only if each maximal subgroup Is of prime Index
[5].

In this note the class of maximal subgroups
each of whose Index is divisible by a fixed prime
p and also the subclass consisting of members
with composite fndices are considered. These
classes yleld Frattini like subgroups in a natural
way. Using the notion of normal index the study
of other related Frattini like subgroups Is further
continued and the largest normal solvable sub-
group of a finlte group Is identified as one Frattini
like subgroup. This Is the main result in the
paper. We recall the definition of normal index
from [6].

Definition [4.2.1]

The normal Index of a maximal subgroup
M of a finite group G is defined to be the order of
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a chief factor H/K where H is minimal in the set
of normal supplements of M in G.

Normal Index Is uniquely defined and a
detailed proof Is given In Lemma 1 in [7]. It also
immediately follows from the definition that the
index of a maximal subgroup always divides Its
normal Index.

The following standard notations and ter-
minologies have been used throughout.

M is a maximal subgroup G: M<.G

Normal Index of maximal subgroup
M: n(G:M)
c.  The p-part of normal index: n(G:M)p

d.  The p-part of index of maximal subgroup
M of G: [G:M]

e.  op(G)=nM<.GI[G:M]p=1]

f.  $(G)=nIM<.G}

¢g. A maximal subgroup whose index is a com-

posite number: e-maximal subgroup.

Preliminary results

In this sectlon we shall discuss a few basic
results on the Influences of Indices and normal
indices of maximal subgroups belonging to cer-
tain classes on finite group structures. The fol-
lowing lemmas are given for the sake of com-
pleteness. They have been used extensively
throughout.

Lemma 1: [8 Lemma 3]

If G Is a group with a maximal core free
subgroup then the following are equivalent:

()  There exists a unique minimal normal sub-
group of G and there exists a common
prime divisor of the Indices of all maximal
core free subgroup of G.

() There exists a nontrivial solvable normal
subgroup of G.

(i) The indlces of all maximal core free sub-
groups of G are powers of a unique prime.

Lemma 2: [7, Lemma 2]
IfN AG and NcM then n(G/N:M/N) =n(G:M).
The following generalization of the Frattinl argu-

ment to n-solvable groups will be used. Its proof
Is a direct consequence of P. Hall's extended
Sylow theorems [9)].

Lemma 3
Let G be a rn-solvable group and N A G. If H
Is a Hall n-subgroup of N, then G = Na(H)N.

We begin our discussion by considering a
simple characterization of a p-solvable group

that depends on the normal indices of maximal
subgroups belonging to a certain class.

Proposition 1
A group G Is p-solvable If and only if
N(G:M)p # 1 implies n(G:M) = [G:M] for M<.G.

Proof

Let G be p-solvable and N be a minimal
normal subgroup of G. Suppose M<.G and
n(G:M)p # 1. If M2N then by induction it follows
that n(G:M) = [G:M]. If N§M then G = MN and
N(G:M)p # 1 implies N Is an elementary abelian
p-group. It now follows that n(G:M) = [G:M].

Now suppose, 1(G:M)p # 1 implies n(G:M) =
[G:M]. M<.G. If G Is simple, n(G:M)p = |Glp # 1 and
1G] = n(G:M) = [G:M] implles M = <e>. G Is
therefore of prime order and Is therefore p-solv-
able. Let N be a minimal normal subgroup of G
and consider G/N. By induction G/N is p-solv-
able and if K # N is another minimal normal
subgroup of G then G/K is also p-solvable and
therefore, G = G/KnN is p-solvable. N may,
therefore, be assume as the unique minimal
normal subgroup of G. If p does not divide |N|
then, evidently G Is p-solvable and one, there-
fore, takes |N| Is divisible by p. Also, if NS¢(G),
then p-solvability of G/N will imply G/¢(G) Is
p-solvable and this means G is p-solvable. How-
ever, If NZ¢(G) then G = MN, M<G and n(G:M)p
= [Nlp # 1. Hence [N| = n(G:M) = [G:M]. It now
follows from Lemma 1 that N is solvable. Conse-
quently, G is p-solvable.

Corollary

G Is solvable iff n(G:M) = [G:M] V M<.G.

Proof

If G Is solvable then the result follows from
proposition 1. The converse follows iImmediately
by induction and Lemma 1.
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Theorem 1

Let G be p-solvable, Tp = (M<.GI[G:M]p = 1}
and H = A[M<.GIMeTy). Then H is p-nilpotent.

Proof

Let N be a minimal normal subgroup of G
in H and consider G/N. By Induction H/N Is

p-nilpotent and let R/N be the normal p-comple-
ment in H/N. Then R is the required normal

p-complement in H If N Is a p’-group. One may

therefore assume N| = p”“ and R = YN, where Y is
a p-complement of N in R. Evidently Y is a

p-complement In H as well,

If X<.G then either [G:X]p # 1 or [G:X]p = 1
and in either case NCX. Thus NC¢(G). Since
R AG, It follows by Lemma 3 and the fact that R
Is p-solvable, G = Ng(Y).N = NG(Y).4(G) = Na(Y).

Hence Y A G and Is the required normal
p-complement in H.

Corollary

NM<.G In(G:M)p # 1} = W}, Is p-nilpotent.

The Intersection S(G) of maximal sub-
groups with composite indices each of which is
also prime to a fixed prime p has been Investi-
gated in detall in [1-4]. Here we will consider the
case when each Index Is composite and Is also
divisible by p. The following proposition will be
helpful in this investigation. Recall that a group
is called p-supersolvable when each of its chief
factor has either order p or has p'-order.

Proposition 2

Let H be a normal solvable subgroup of G.
If p(G)cH then H Is p-supersolvable if and only if
H/$(G) is p-supersolvable,

Proof

One needs only to show that p-supersolv-
ablility of H/$(G) implies H is p-supersolvable. Let
N be a minimal normal subgroup of G contained
in ¢(G). By induction H/N Is p-supersolvable and
note that N is elementary abellan. Since the
formation F of p-supersolvable groups Is satu-
rated [9], It follows by theorem 1.7, pp. 152-153
[10], that H = NT, T Is an F-projector. If geG then
N = H® = NT® and since the F-projectors are
conjugate, It now follows that G = N.Ng(T) =

$(G).N:(D). Consequently, G =Ng(T) l.e. TAG and
H=NxT. Hence H is p-supersolvable,

Corollary
Let G be solvable. Then G/¢(G) is p-super-
solvable implies G Is p-supersolvable.

Let p be a prime and Cp be the class
(M<.GI[G:M], # 1 and [G:M] is composite]. The
Frattini-like subgroup Ly = n{M<.GIMeCp} will
now be considered.

Theorem 2
Let G be solvable: Then Ly = ~{M<.G| (G:M]p
# 1, [G:M] Is composite} is p-supersolvable.
Proof

Let N be a minimal normal subgroup of G
contained In Lp. By induction Ly/N is p-super-
solvable. If N©¢(G) then by proposition 2, Ly Is
p-supersolvable. It may therefore be assumed
NZX<.G so that G = XN. Without any loss of
generality N may be assumed to be a p-group
(and therefore is elementary abellan) for if N is a
p'-group then clearly Ly is p-supersolvable. Now
[G:X] cannot be composite as otherwise NCX.
Therefore [G:X] = |N| = p, a prime. This however
implies that Ly Is p-supersolvable.

Corollary
Let G be solvable. Then L = " llzibp Is su-

persolvable.

Remarks
1.  Let Sp =n{M<.GI[G:M]p = 1. [G:M] Is com-

posite}. Then SpnLy = L(G) Is supersolvable

[11].

2. If the set Cp = M<.GH{IG:M]p = 1, [G:M] Is
composite] = ¢ then Ly = G which implies
that if every maximal subgroup of .G is
either of Index p or p’ then G Is p-supersol-
vable.

If a group G is supersolvable then from
corollary to propesition 1 it follows that n(G:M) =
[G:M] = a prime and therefore Is square free. Set
S = {M<.GIn(G:M) Is not square free}.

Theorem 3
W =n{M<.G | MeS} Is supersolvable.
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Proof

Observe that W is characterlstic in G and
let N be a minimal normal subgroup of G con-

tained in W, By Induction % Is supersolvable. If

Wo(G)
G
able and this implies that W¢(G) Is supersolvable
[6, theorem 9]. Consequently, W Is supersolv-
able. On the other hand, if NZ¢(G) then for some
M<.G,NZM and G = MN. Evidently, n(G:M) = IN|
Is square free and this implies N s of prime order.
Therefore W s supersolvable,

NC¢(G) then it follows that Is supersolv-

Corollary

. HKS- b le. n(ﬂ:M] Is square free YM<.¢s then

G Is supersolvable.

2. Let U be a normal supersolvable subgroup

of G. Then W.U. is supersolvable.

Proof

If WAU = e then clearly the assertion fol-
lows. Assume therefore, WnU # e and let N be a
minimal normal subgroup of G contalned in
WnU. If NZ¢(G) then G = MN M<.G and n(G:M)
Is square free. This Implles N Is of prime order
and by Induction EN-U Is supersolvable. Hence
WU Is supersolvable. On the other hand, If

U Wi(G)
Nco(G) then
c¢(@) the oG

follows, again from theorem 9 in [6], that UW$(G)
Is supersolvable f.e. UW Is supersolvable.

3. Wcn{{Xl X Is a maximal normal supersol-
vable subgroup of G}.

We have seen that a group G is solvable
implles n(G:M) = [G:M] for each M<.G and con-
versely solvabllity of G follows If n(G:M) = [G:M]
for each M<.G. It turns out that the equality of
these indices Is essential for core free maximal
subgroups to guarantee solvabllity of G. It does
not happen In general that for a core free maxi-
mal subgroup n(G:M) and [G:M] are equal. This
Is precisely why the condition of p-solvability
was required in Proposition 1.

is supersolvable. It now

Largest normal solvable subgroup

The observation made in above leads to the
consideration of the classes of maximal sub-
groups in each of which there [s a mismatch of
the normal Index and the index of each one of its
members and this ylelds a simple description of
the largest normal solvable subgroup of a group
G.

Let Ci={M<GI[G:M]p = 1, [G:M] Is composite
and n(G:M) # [G:M], p Is the largest prime
divisor of |G]}.

Cy = (MG I[G:M] is composite and 1(C:M)
# [G:M]}.

83 = M<.G In(G:M) = [G:M]).

and W, | = 1,2,3 respectively be the Intersection
of the members of Ci, C2 and Ca.

Then Wy, 1 = 1,2,3 Is a characteristic sub-
group of G and W1=2W2=2W3 and If any of the
classes Cy, 1 = 1,2,3 Is empty then one puts G =
Wi.

The theorem proved below Is used to Iden-
tify the largest normal solvable subgroup.

Theorem 4
The subgroup T = n{M<.GIMeCy} Is solv-
able

Proof

Let N be a minimal normal subgroup of G
in T and by Induction it follows that T/N is
solvable and N Is the only minimal subgroup of
G contained InT. If K Is another minimal normal

X G (GX\ [GX]  [GX
subgroup of G, KK n(x.’g)t [K'K] and [K' K]

Is composite then e Cy. Set
w X GIGX

K-"1KKIKER Is composite and

GX) [GX 2 4
n[K’K]*[KK] } . Then W=2T and K Is solvable
by Induction and contains —-. Consequently,

K
TK
K= T s solvable. One may therefore assume N
to be the unique minimal normal subgroup of G.
Let p be the largest prime divisor of |G|. If NS¢p(G)
then T Is solvable since ¢p(G) Is solvable [6]. Now
suppose NZ¢p(G). Then G = YN, Y<.G, [G:Y]p = 1.
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Claimn(G:Y) = [G:Y]. Suppose it Is not true. Then
[C:Y] s not composite as otherwise N = Y. Thus
[G:Y] = q, a prime, q # p. By representing G on
the cosets of Y it follows that core Y # | as
otherwise |G| will have to divide q! which Is
impossible. Hence, n(G:Y) # [G:Y] is false and
n(G:Y) = [G:Y] = [N| = a p-number. If W Is any
other core free maximal subgroup of G then G =
WN and [G:W]p = !.‘ By similar arguments as
before, one conclfjdesﬂn(G:W) =[C:W] = |N|. It now
follows from Lemma 1 than N Is solvable. Con-

sequently. T is solvable.
Corollary '

I, W3=niM<.GIn(G:M) # [G:M]} Is solvable. If
Ca=¢, Wa=Gand n(G:M) =[G:M] ¥ maximal
subgroup M of G Implles G is solvable.

2. IfCy=¢then T=G and n(G:M) = [G:M] for
each c-maximal subgroup M of G Implles
G Is solvable.

Theorem 5
W) Is solvable

Proof

Consider the class Jj, = [M<.GI[G:M];, = 1
and [G:M] Is composlte and, p is the largest
prime divisor of |G|)] and let Sp(G) =
~{M<.GIMedpl. By theorem 8 In [1] Sp(G) is
solvable. If Jp = ¢ then G = Sp(G) is solvable and
therefore W) Is solvable. One may therefore as-
sume Jp # ¢. If the class C| = ¢ then it implies
that for each member M In Jp, n(G:M) = [G:M].
Then by theorem 3.1 In [4] G Is solvable and
consequently Wy = G Is solvable. Thus one may
assume C # 6.

Let N be a minimal normal subgroup of G

%%
in Wi and conslder G/N. By induction —Vl Is
solvable. If K is another minimal normal sub-

W
group of G contained in Wi then —’?' Is solvable

and therefore = W) is solvable.

1
KN
One may therefore treat N as the only
minimal normal subgroup of G contained in Wj.
Suppose V # N is any other minimal normal
subgroup of G. Consider G/V = G and let X/V =
X <.G.

Set A = [X<.GI[GiXJp = 1, X Is c-maximal
and n(G:X) # [G:X]}
and

B = (X<.GIX Is c-maximal and nG:X) #
[G:X]h

If p divides |G| then for% =X e A It follows

that X € C) and if %=T= AX<.GIX e A} then

by induction it follows that T/V is solvable and
Wiy
TQWL Hence —‘l/ is solvable and therefore
wiv. W
—=——=W i lvable.
v =Wy 1 Is solvable

On the other hand If p does not divide |64

then for any X/V = X & B, It follows that X € C1.

Let % =R =n(X<.GIX ¢ B}. By theorem 5,

R Is solvable and note R=2W]. As before it follows
that W Is solvable and N may be treated as the
unique minimal normal subgroup of G. Two
cases need to be distinguished. Case I p||N|.
Case II: p*lNl.

Casel: p |INI. One may assume that NZ¢(G)
and therefore there exists core free maximal
subgroup X tn G so that G = XN. If Y Is any core
free maximal subgroup then G = YN and [G:Y]p=
1 or [G:Y]p #1. In case [G:Y]p = 1 then [G:Y] Is a
composite number. For If [G:Y] = q, a prime then
by representing G on the cosets of Y if follows
that |G| divides q!, a contradiction since q is not
the Iargest' prime divisor of |Gl. Therefore, [G:Y]
Is composite and it follows that n(G:Y) = [G:Y] as
otherwise N will be Included in Y. Thus |N|=n(G:Y)
= |G:Y], ard p|[G:Y], a contradiction. One may
therefore conclude ‘p divides the index of every
core free maximal subgroup of G and by lemma
1. N Is solvable and therefore W) is solvable.

Case II. phIN]. Agaln one may assume
NZ¢(G) as otherwise the result follows Immedi-
ately. If R Is any maximal subgroup G, NCR then
G =NRand [G:R]p = 1. As In case |, [G:R] cannot
be a prime and [G:R] Is composite implies that
N(G:R) = [G:R]. Thus [N| =n(G:R) = [G:R] and there
exists a common prime divisor of the indices of
all core free maximal subgroups. Therefore N is
solvable which Implies Wi Is solvable.
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Theorem 6

In any group G, W3 is the largest normal
solvable subgroup.

Proof

From theorem 5 it follows that W3 is solv-
able. Let K be the largest normal solvable sub-
group of G and V be a minimal normal subgroup
of G contained in K. Evidently, V Is elementary
abelian. If M e C3and VZM then G = MV and It
follows that n(G:M) = [G:M], a contradiction.

Hence VEM V M e C3 and therefore YCW3.

Consider G/V = Gandif X= —)5<% =G such that

WG/V:X/V) # [G/V:X/V] then n(G:X) # [G:X] and
therefore X e C3. Since K/V Is the largest normal

solvable subgroup of G/V it follows by Induction
Wa

that —}—é = m{)_(<.5 | n(az)_() £[G:Xl} = —V
Therefore K = W3 and the assertion Is
proved.
Corollary
Wi =Wy =Ws.
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