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Abstract

In this paper we define the “aleph” partial derivative through an adequate generalization of the
usual concept of finite increment. The main properties of this operator are also established. This

derlvative extends the classical par'tial derivative in the same way that the “aleph” derivative (Aldanondo
[1]) generalizes the familiar derivative of an arbitrary function.
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La derivada parcial aleph

Resumen

En este trabajo se define la derivada parcial “aleph” con el uso de una adecuada generalizacion del
concepto usual de incremento finito. Se establecen las propiedades mas importantes de este operadory
se comprueba como esta nueva derivada extiende la derivada parcial clasica, de igual manera que la
derivada “aleph” (Aldanondo [1]) generaliza la derivada familiar de una funcion arbitraria.

Palabras claves: Derivada parcial, aleph.

Introduction

The aleph derivative of y(t) is written aly(t)]
and is a generalization of the familiar derivative
dy/dt. It was introduced by 1. Aldanondo [1] and
defined as follows:

oy (V)] = [Dy(®)/g )y OIA) (1

where y(t), fit) and g(t) are real-valued conti-
nuosly differentiable functions on an interval
[ =[to,al, flt) =0 (ot e I) and D = d/dt.

The expression (1) is said to be the “aleph
derivative” of y(t) with respect to f(t) and g(t), and
f and g are called generating functions of the
operator o = (D - g)/f.

In the present paper we define the “aleph
partial derivative” which generalizes the classical
partial derivative, in the same way as that used

by I. Aldanondo [1], here considering another
adequate extension of the usual concept of finite
increment. Furthermore, the main properties of
this aleph partial derivative are established.

The “aleph” partial derivative

Let z = z(x) be a continuosly differentiable
function in a domain DcR". Let also f,(x,h) and

g1(x,h) be two functions of the class C! in the set
D x 1, I being an interval of R and h e I. Define

the following functions:

fi(x.h) -1 )y —1
fg(x)zlim% gg(x)=limg—1()%— (2
h—0 h—0

i.e., when the parameter is small enough (<3,
5>0), one has for all x = (xy, X3, .... Xp) iIn I
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hOun) =1+ hp(x),  gg(xh) =1 + hga(x).

The expression:

8q () = 26y ith) - GiXN 200 (9

is said the generalized “aleph” increment of the
function z(x) with respect to x; e R (i = 1,2,...,n)
corresponding to g,(x). Same denomination is
valid for the expression which corresponds to
f(x).

Now, we define the “aleph increment quo-

tient” of z(x) with respect the variable x;, by
means of the following expression:

AafZ(X) _ Z(X1 ,Xz'...,X;_ j.xl +h|x['+ 1----.xn) - g1 (x'h) Z(X)
AgXi B Xi+ h— fi(xh) x;

(4)

Definition 1
The limit, if it exists:

1]
Ag LX) e 20X, Xp oo Xith,o Xp) — 200) — P @ () 2(0) B
- X+ h=h(x) X

lim
hs0 BaXi  hao

R Z(X), X <oy Xt . Xp) = 2(X)
h>0 h{1 - xif(x)]
02/0X; - Go(X) Z(X)
1 = Xifa(X)

- X)AX)———=
Go(X) Z( )1_"',2()()

which will be denoted by aa‘_(z), is said to be the
“aleph partial derivative" of z(x) with respect to
the variable x;. Putting 1 - x,f5(x) = fij(x), we can
write:;

02/0X; — Go(X) 2(X)

o (5)

aa J(Z) =

whenever fi(x) # 0, Vx e D.

The functions [; and g; are denominated
generating functions of d,. This operator 9, is
fully determined by those functions [ and g, and
we will write:

aa, = [ fhg2] (6)

Remark 1

Clearly, when in (5) it happens that
&K =0, fiix) = 1 (Vx € D), it is obtained that
da(2) coincides with d24x; i.e., the aleph partial
derivative represents an operator more general
that the usual partial derivative operator.

Proposition 1
“The aleph partial derivative is a linear

operator from the space C' (D) into itself”

Proof: For zw e C' (D), and o,p € R we can
easily to prove that:

dg (02 + W] = [0 92/0x; + B IW/AX; — Ga(X) (aZ+ Pw)] / fix) =
= aaaf (2)+ ﬂagi (W)

Remark 2

Observe that, in general, the "aleph” partial
derivative of a constant function is not zero,
since:

It is important to know when two given

functions fy(x) and go(x) in C' (D) can be used to
define generating functions for the operator d,.

Hence we must study the kernel of d,.

Let V(x) be a function of C' (D). If V(x)
belongs to Ker d,, we can write:

IW/x, - W
r—'_.M =0V xe D ie.
f(x)

VXX — ga(x)V(x) =0

which is a linear partial differential equation of
the first order, which admits as general solution:

fg,m dx,
V(X) = a(Xy Xa,... X1, X 1-- X) € (7)
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o being a function in R™! not depending of the
variable x;,

Conversely, it is easily obtained that any
function V(x) given by means of (7), belongs to
Ker d,. Hence the following theorem holds.

Theorem 1
“The kernel of the aleph operator dg, is:

Ker aa! ={ i) ¢ / xe D}

aand G being C'-functions, with  depending to
the variable x = (X1,X3,-..,Xi1,%,1.....Xp) and G to the
variable x, and such that dG/x;= gy, where g is
the generating function".

On the other hand, and following with our
research of the structure of the operator d,,

consider the set F = {z(x) e (v (D) / there exists:
da(2)]. Let zg be a fixed function of F. We say that

two functions u and v of F are equivalent with
respect to zg, if and only if, there exists a function

m ¢ F such that:
U=v+mzy

We will denote this relation by = [l can
proved without difficulty that = is an equivalence
relation. {z] will be the equivalence class of z and

F/zg the quotient set. In this set define the
following operator:

daf (2} 1 ={0a(2) }

Now, we need prove that d, satisfies the

uniform property, i.e. the class of this operator
does not depend of the chosen function zg.

Let z.u e F with z,u € {z). Then there exists
a function m € F such that u = z + mz,. For
applying d, one has:

dz({u}) ={da(u) }. i.e.

Ja(2) + Mdya(Z0) = da2) + Nzg, forneF

and consequently:
Mag(z0) = 29
or:

(020(X)/0X) — Go(X) Zo(X)  (x)
) ~mix 2%

Thus, by virtue of the theorem 1, Zg(x) must
be of the form:

zg(x) = a(;) J |G + AR dx;

where: x e R™ !, ae C'(R*!), 2eC'(D), Gand F e
C!(D), with:

dG(x)/0x; = ga(x) and dF (x)/0x; = fi(x), Vx e D

Hence, the uniform property will be verified
in a quotient set of the form F/(G+AF). In the
particular case in which Alx) = 0, V x € D, the
operator d,, satisfies this property in the space

F/Ker d,, .

Properties of the aleph partial
derivative

In this section we prove some basic proper-
ties of the “aleph” partial operator 9, (i = 1,2,
..., n). Henceforth, we shall denote for each i =
1.2, ... n, fiand g as the generating functions of
the operator d,.

1. Firstly, we define the second order aleph
operator by means of the following repre-
sentation: :

aav(z) =dg, [aa/(z)l (8)

z being a function of the class C*in D, and i,j =
1.2, sy I

The next result is fundamental for many of
the applications of the operator d, ,
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Formerly, it is necessary to give the condi-
tions that must verify the generating functions of
the operators according to the equality

0,(2) = 3, (2) )

be valid for any function z | F, provided that da(2)
and d,(z) also belongs to F. By applying (8) two

consecutive times and taking into account the
definition of the operator d,, , we get:

JZ/ox;— g; z
nﬁu%MI%;—jiL
_1[0 [02ox-g7) | [92%-g;z)]_
" g | ¢ f ¥

[Pz oz [ oz [dg g3 | ]
f,[ax,ax Iiax, [axf g} '[ 9i9; ZJ

and in the same way for d, :

0x,

[ 2 of 2z [2 af,
k) (Z):llt < Q[—’l gl)z [-—% i g/-g,}z

f)xpx, ‘ax, ax; fi ax  foxy

Now, the equality of both expressions allow to
conclude that:

af; 1
()Xj f,

= Ay

i.e. f; must be a function of the variable

X = (X9.X2y oo 1 Xj1 Xty oo 1 Xn)

i.e. fy must be a function of

— (X1,X2, coo 1 XA Xje s oo ,xn)‘

Furthermore, it is necessary thal:

ag/ 9gi
o ox;

Hence, we can state the following theorem:

Theorem 2
“If zis a function in C4(D) such that z, 3/2)

and 9,(z) belong to the set F. the following rela-

tion

d5,[04(2)] = 94 [94(2)]

holds, if and only if, the generating functions f;,
g of 3, and the f, g ones of 3, belong to C*(D)
and also satisfy:

fifx) = f(x), fi(x) = f (%)

Moreover, there exists a function G belonging to
C!(D) for which:

gi(x) = (VG)i(x) and gj(x) = (VG)(x)"

2. The aleph partial derivative of a product
of functions.

If z and w are two functions which belong

to F. we can obtain three different expressions
for d,(z.w), namely

HZ.W)/OX; — §.Z.W az/ax, g,z zaw
f; f fi 3x;

!

i) 3g,(Z.w) =

z ow
= W.BEI(Z) + — —87

Now, by using the following another form to
operate, it results:

i) 35, (Z.W) = ZDa(W) + %’ %2
! i ax,

Finally, it can also be found:
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ili) dg(2.w) = [02/0X; - g2]. wh; + [ow/ox; - gw] .2/ +
+2Z.W.0;/li= 2.0,(W) + W.0,(2) + ZW.g; /f;.

3. The aleph partial derivative of a quotient
of two functions.

In the same way, for z, w € F, w(x) # 0,
V x € D it can be inferred that:

z1aw

a(z/w) aa (2w - w2 T 5

Furthermore:

3a(ZW) = [W.92/0X; ~ ZIWRX; — G; Z. WYW- ;=
= [w.(020x; - g)/f] ~ [2.QW/RX; — gW/f] — gz WAl =
=[w.d,(2) - znaé,l(w)]/w2 - (z.gfw.f.

4. The aleph partial derivative of the power

of a function.

Applying the result on the section 2 two,
three or more times, we get, for z e F:

a,,,(zz) =2.2.0,(2) + 2.ag
851(13) = z.aal(zz) + zz.a,,(z) + za.g,/l,z 3.22.8,’(2) +2.2°.g; /

and from an inductive argument it can be proved
that:

3.2 = nZ" 0a(2) +(n-1).2".g;/f, YV neN,
5. Let us define the operators:

35,=[1aGAX], =12, .. n

where G e C%(D) and f;e C'(D), Vi= 1,2, ... ,n

We can work with two operators of the
previous type as follows:

[0, +38)(2) = 35(2) + 35(2) .
Thus, if we have:

3,,= [,06/x], 3, = [£,3G/ox]

it holds:
9, (z] +a ) = [02/0x; - 0GAX;.2)/f; + [02/0x; - BGEX,.Z]/f,=
/ + f
T . [02/0x; — 2.0G/ox]],

i.e. 0, + 0, defines a new operator of the same

type a’a',, which depends of the generatig func-
tions:

fi=1.5/[f;+ fland g; = 3G/ARx;

Moreover, it can be proven without diffi-
culty that the addition defines a structure of
abelian group into the class of the aleph partial
operators of the form [f,dG/dx].
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