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.Abstract 

We present a simple lsotoplc generallzation of the ordlnary dlfferential calculus. here called 
isodifferentíal calcllh IS. whlch Is based on an axlom-preserving general lzatio n of the un! t wlth compatible 
generalJzattons of ftelds , vector spaces and manlfolds. The new calculus Is appl1ed to the Isotoplc Ufting 
of Newton's equattons of motlon. We show that the Isotoplc equations possess capabillties whlch are 
absent for the conventional equattons, such as: the representation of the actual nonsphertcal and 
deformable shape of partldes; the admisslon of nonlocal-tntegral forces; and the representatton of 
nonpotenttal (varlationally non-self-adjotntl Interactions vla the un!t of the theory. 

K ey words: Isotoples, IsounJts. Isoftelds, lsospaces. Isodertvatives. 

Levanta m iento isotópico de la m ecánica de 

Newton 

Resumen 

Se presen ta u na generalización Isotópica Slmple del cálculo diferencial ordinario , aquí llamado 
cálculo isodiJerenciaL el cual está basado en la generalización preservadora del axioma de la unidad con 
generalizaciones compatibles de campos , espacios vectortales y variedades. El nuevo cálculo es aplicado 
al levantamiento Isotópico de ¡as ecuaciones newtonJanas de movtmJento. Se d emuestra que las 
ecuaciones Isotópicas poseen capacidades que no están presentes en las ecuaciones convencionales, 
tales como: la representación de la forma no esfértca y deformable real de las partículas, la admisión 
de fuerzas tntegrales no locales. y la representación de Interacciones sin potencia (vartaclonalmente no 
auto-adjuntas) mediante la unidad de la teoría. 

Palabras claves: lsotopías. IsounJdades, Isocampos , Isoespaclos. lsode rtvadas. 

l. Background nolions 00 isotopies. quasigroups and then to Jordan algebras (see, e.g .. 

MeCrimmon [II J). Whlle at the Deparlment of 

The baste nolion of this paper, that of Isotopies. Mathematies of Harvard Untversily In the late 1970's, 

ts rather old. As Bruek. [41 recalls, Ihe notion can be Santi 111 [141 Inizlated eomprehensive studles on lhe 

traced baek. to the early slages of se! Iheory where two isotopies of fle lds. ved ar spaces. Ue's theory and olher 

Latín squares were said to be lsotoplcally re/atoo when methods. An exhauslive lilerature on isolopies up l o 

Ihey can be made lo coincide via permutalions. Sinee 1984 can be found in bibliography [31 while subsequenl 

Latln square can be Interpreted as the mullipllcallon references can be found in the reeent monograph by 

lable of quasigroups, the Isotoples propagated to Lohmus. Paal and Sorgsepp [101 

Rev. Téc. Ing. UnJv. Zulla. Vol. 18, No. 3 , 1995 

mailto:ibnms@p�netaip.org


272 Isotoplc Uftlll$ of Newtontan mechantcs 

Thls paper is wrltten by a physicisl lO slimulale 

rlgorous malhemallcal sludles on the Isotoples of 

dlrrerentlal calculus, here called Isodi((erentlal 

ealeulus. Tllese mathemalicaJ sludles are warranled 

becau e lhe new calculus Implies Imple, yel 

unamblguous and Inlrlgulng Isotopies of conlemporary 

analytic. algebraic and geometric lheories whlch have 

lately seen a varlety of novel appllcallons In nuclear 

phySics, particle physlcs, astrophysics, super­

conductlv i ty and otller flelds [19,201. Moreover, lhe 

recenl advances In lso toples have occurred In the 

phYSlcal 1I1eralure and lhey do nol appear l o have 

propagaled unlil now lo lhe malhemalicai Iileralure. 

hls flrsl paper i devoted l o Ihe pre en ation of 

Ihe Isocalculu , whlch Is done here apparenlly for l he 

rir. l lime, allhough lhe generalized calculus is impllcil 

In ol her sl udie by lhls au l hor [19,201, as we shal l 

Indlcaled laler on. In lhis rl rsl paper we also recall only 

lhose aspects of lhe isotoples wtllch are eS5enlial for 

rende¡-ing lhe sI udy sel fsurncienl. The second paper in 

lhls series Is de oled l O lhe Isoloples of classlcal and 

Quantum mechanics, whlle lhe thlrd paper presenls lhe 

iSOlopies of lhe underlytng geomelries. Due lO lhe 

emphasi on applicalions, our treatrnent 15 local, wlllle 

al) tracl, realizallon - free profiles are merely indlcaled. 
We should menllon for compleleness lllal lhe 

Isolopie are particular cases f lile so- called 

genotoples Introrluced by Sanllll! ( 141. whlch are 

nontinear. nonlocal and nonhamiltonlan maps, lllis lime. 
violatmg lhe original ax ioms in favor or coverl og 
ax loms (Le .• more general axíoms admltling of Ihe 

original ones as particular cases). In turn, Ihe genotoples 

themselves are particular cases of I he st lll broader 
multlvalued hypergeneralizations (see, e.g.. Vouglouklis' 

recen l monog raph [241). These more general 

formulallons are conlemplaled for sludy In ubsequent 

papers. 
The maln Idea of lhe isolopies sludled by Ihis 

anlhor [14.16] ls lhe IIfl1ng of lI)e trivial N- dimensional 

unll 1 =.- dlag (1, l .... , 1) of a conventionallheory Inlo a 

nowhere singular, syrnrnelnc, real-valued, p slltve­

deflnlle and N--dlmensional matrix 1 = (l ~ = (ll~ = 1'- 1= 

(T I~- I = (T1Jj -l. I,J l. 2..... N, whose elemenls have a 

smooth bul otherwlse arbllrary functlonal dependence 

on lhe local coordlnales x. lheir denvatlves x, l<. .. .. wllh 

respecl lo an Independenl varlahle 1 and any needed 

addllional local quanllly. 

(11 ) 

The origina l theory is then reconslructed In sueh a way 

lo admll 1 as lhe new len and right uni!. Thi5 requlres 

for cons i lency lile IIrting of I he tolalll y of the 

malhemallcal slruclure of lhe onglnal lheory, Includlng 

nelds. metric spaces. func lional anal ysis, algebras. 

groups. geomet rles. ele. Slnce lhe new and old 

slruclures are Indfsllngu shable al the abstracto 

reallzaLion- free level by conslruclion. lhe IIftlng 15 a 

particular form of isotopy. 

The fundamental isolople are those of fields. Let 

F = f(a.+.x) be a f le ld (hereon assumed lO have 

characterisLic zero) wllh elernents a. b . .... sum a + b. 

multlplicallon axb :=ab, addiU e UOll 0, mulltpllcalive 

unll l. and fam iliar properlies a + O = °+ a = a, ax l = 
Ixa = a. v a E F. and ol hers. We have In particlJla~ lhe 
field R(n,+.x) of rea l number n. lhe rteld e ( .+.x) of 

complex numbers c. and lhe fle ld Q(q,+.xl of qualemions 

q. 

Definition t [18] 

An "Isofle/d" f.' = t(a.+,xl is a r ing wlllJ elemenls 

a = ax1. ealled "isonum/>ers'; W/lere a E F. a"d 1 15 a 

poslt/ve- deflnlte element generallr oulslde F. 
equlpped \'I/tll f\'lO operalions (+. x). where + Is lIJe 

e Dventlonal sum of F \'Iith convenlional addlllve unll 

0, and x ;s a new mulfiplicatioll 

ax Ó : = ¡¡ x t x Ó, 1 = ¡-I 	 (12l 

called "isomul/lplicalion'; wllleh Is sueh tllal I Is 

Ihe lefl and r lghl unit of f", 

1 xa = ax1 .. a. v a E~, 	 (1.3l 

called "lsounW Under lhese as.sumption.5 F' 1.5 a field. 

I.e .• 11 saflsfies all properties or f In lhelr IsotoplC 

form ror all á. 6. eE f": 

/. The set F Is clG.'>ed under addlllon. a+ ó E f'. 

2. TllE addlfion is eommufatlve. a+ ó =ó + a. 

3 The addlllOn 1,.; assoclative. a+ (() + el = (a + tJ + e, 

4. 	 Tllere is 8n e/ement O. Cdlled I'addlllve unif'; ue/J 

fhat a+ o= O+ a= a, 
5.Far mch element aE 1='. there Is an elemenl - aE I!". 

eal/ecJ lile "oppOSife or aH. whleh is sueh Ihaf a+ 

(- iJ) = o; 
6. The sel F is c10sed under isomultiplicatinn, axl) E I!". 
7. 	 rile mu/fiplication /.<; generally flon - /socommuliVe, 

axl) ;>' f¡xa. bllf 'j.r;oa.';;'~OClall\le':ax(f;(cl = (¡¡x[¡lí«:. 

Rev. Téc. rng. Unlv. Zulta. Vol. 18. No. 3, 1995 

http:Q(q,+.xl


273 Santllli 

8. 	The quanlily 1 in lIJe fael orizalion a= axl I s lhe 

"mulliplieal lve isounil " of ~ as per Eq.s (1.3) 

9. For eaeh elemenl á ( p, /!lere is an elernenl a-1 ( P, 
called l!le "isoinverse'; w!lie!l is sue!l t!lar ax(a -1) 

(a-l )xá = 1. 

I Q.The sel f' is elosed under }oinl isomulllplieation 

and addllion, 

I/. 	A11 elements a, D, eE F verify /he rig/ll and left 

'isodis/ rtblltive laws" 

á x ( ó + e) = á x b + á xe, (á + D ) xe= a xe+ Dx e , 
(¡ 5) 

When Ihere exists a leasl posilive isom/eger p sueh 

l!lal ti/e equat ion pxa = O admils solution f or al! 

elemenls a E 1='. lhen t is said lo have 

"isocharaeleris ttc p". Olherwise, F' is said lo have 

"isocharaclerisl ie zem". 

We lherefore have the isofield tHñ.+.x) 01' isoreal 

nu mbers n; the iso field t(c,+.><) 0 1' isoeomplex 

/50nu mber s e; and the iso field Q(<'1.+.><) of 

isoqualernions q(see (181 f or lhe isooclonionsl. Since f' 
preser es by conslruction all axioms 01' F. il is called an 

isolope 0 1' F and the lifting F ..... t is ca l led an 

isolopy.A II conventional operations dependent on the 

multi pllcation on F are generalized on f'(a.+.x). lh us 

yielrlmg isol opies 01' powers. quotients, square rools. etc. 

These isotopic operations are however slIch th al 1 
preser es all the original ax iomatic properlies 01' l. i.e.. 

1" =H-.-1 (n-times) =1. 1 =1. 1f1 = 1. ele (see [181 for 

delai Isl. 

Nole that the isotopy is rest r icted lO di;: sum, as 

indicatec ily the sym l1ü1f'(a,+.x). because lhe Iirting or a 

rielel into lhe rorm f'(a,+.x) inclusive (); the lif ting 01' the 

sumo such as + --? :¡. = + K + wilh corresponding lifting 

or lile addili ve unit O --? O= - K. K > O, K E r , generally 

Implies the loss or the or iginal axioms. such as the IOS5 

or c lusure (14) . Thererore, the lirting ar the sum is not 

an iso topy More over. quantities w hich are 

conventionally fillite on F(a, +.x) as well as on ¡:Ü.+,x). 

5uch a~ ¡he exponentiation on F. ea = 1 + a/U + a2/21 + ... . 

or thal 0 11 f', ea = 1 + a/ ll + axa/2J ~ .. = (eax1'n = He1'>a). 

hecome di vergent under the lirtings + --? .¡. =+ K +. O --? 

O= - K. K E F [1 81. For this reason anl y lhe isotopies or 

the mulliplica tlon are used In applications al Ih is 

wri ting [201. 

[)espite its simplici t y. lhe Iifling F --? F has 

significant implicatlans in nurnber lheory itse lf. For 

instance; real nurnbers which are convenlionall y prime 

(under the tacit assllmplion 0 1' the unlt 1) are nol 

necessari ly prime with respect to a dirferenl un it [181. 

This ill ustral es lhal mosl 0 1' lhe proper ties and 

theorems of the contemporary nu rnber theory are 

dependenl on the assurned unit an do as sllch, admil 

intriguing Isotopies. Also. the isotopies permlt the 

conception 01' a new generation of cryplograllls whlch 

are expected to be difficlllt to break because or the 

availabi llly of an inf inite number of differenl unils 

which are not adrnitled by the conventional nll lTl ber 

theory. 

The notlon 0 1' isonllmbe rs was presen ted. 

apparently for lhe first ti me. by thi s author al the 

conference Di fferenlia l Geomelr /c Me t hods in 

Mathematical Physics. held at t he University or 

Clau lhal. Germany. In 1980 T he f lrst mathemati cal 

lreat menl appeared in ref. [121 of 1982. A systernatic 

study is ava ilal>le in at>Oye Iluoted rer . [181, while 

additional sludies and appl ica ti ons are presented in 

rnonographs [ 19.201. 

The malhematical and physlcally most im¡x>rl ant 

implicat Ion of isofie lds 15 that lhey irn pl y. ror evirlen l 

consislency. correspondi ng isolopies 0 1' all Iluantltles 

defl ned over conventional rields. Let E(X.D.R) be an N­

dimensional ElIclidean space, with loca l cllart x = (x k), k 

= 1, 2. . N- dimensiona l metric 8 = diag. (1, l. 1) 

and in vanant separation belween two poi nts x. y E L. 

( x - y )2. = ( xl - yl ) Di} ( xl - yJ) E R(n ,+,x). (17) 

over the real.~ R(n.+.x). whcre lile cnllven tion on the SlIlll 

of repeated indices is a:;sulIled herenn . 

Detinition 2 [16] 

An " isoeuelidean spaee" C(x,1UlJ is an N ­

di/1/ensional me/rie spaee defined over al1 L~orea l 

isofield [t("I .+.X) wtth an N x N -diltlcl1sional isounit 1. 
er¡u ipped wilh lhe "iSO/tletric" 

l ~t l 	 (1.8) 
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274 Isotoplc Uftlng of Newtonlan mechanics 

where S is lhe convenlional Euclidean melric, local 

chart in conlravarianl and covarianl forms 

x = ( xk ) = ( xk l, Xk = bkl Xl = t kr Srl x', xk E E; 
(19) 


and "isoseparalion " among lwo poinls X, yE t 


( X - y)~ : = (( X - yl) blj ( xl - yl ) J 1 E t 
(110) 

The "Jsoeuclldean gcomelry" is Che geomeCry of Che 
isoelJcJidean spaces. 

The primary properly or lhe lirting [(x,S,R) ---+ 

t (X,S,~ ) is, again, lhe preservation of all original 

geomelric axionls, lhus characlerizlng an isolopy. In 
aClualily, [(x,S,R) and t (x,S,ft) coincide al lhe abslracl 

level by construction for all poSitive-definile isounils 1 
(but nol so for isounils of differenl 10pology (261) . This 

is due lO lhe cOI:structlon of lhe isospaces via lhe 

derormatioll of lhe melrie 8 inlo lhe isomelric S = t x8 

wllilejOintl y lhe original unit I is deformed in lhe 

amount In verse of lhe deforrnalion of 8, 1 = t "1. This 

rneclJanisrn t hen ensures lhe preservatlon of all or iginal 

geolllelnc propert ies. In par ticular, since lhe original 

spaee E is fl al (with respecl lO lhe unil n, lhe 

correspomllng isospace t is isonal I hal is, it ver ifies 

lhe axiolll of f1a lness in isospace (wlth respecl lo lhe 

isouni(1). Slrnilar resu lts are oblained for lhe iSOlopies 

of Ihe Minkowsk i, Riemannian, Finsler ian and otller 

spaces (see [19J ror brevi ty). In particular, an originally 

eurved space remalns curved under isaloples. 

Nole Ihat lhe coordinales or E and f: coincide in 

lheir conlravarlanl form, xk = xk , bul nol in lheir 

covarianl fo rm, '" Because of lhe lalterXk xk 

occurrence, l he symbol x will be used for lhe 

coordinales or convent ional spaees, whlle lhe symbol x 

will be used for lhe coordinales of isospaces. When 

writ ing S(x, ... ) we refer lo lhe projec tion of ltle 

isornel ric II in lhe original space. 

Desp ile ils stmpllci I y, lhe fining [(x,S,R) ---+ t (x,S,ft) 
al50 has slgnificanl Imph allons In rael, lhe funelional 

dependence of lhe ismmit 1 remains unreslriclcd under 

isolopies. The isomel rlc S can lherefore depe nd on lhe 

local coordlnales x as we ll as 1 Ilelr derlva tives x, x, ... 

and any needed addltlona l var iable, S = b(x, x, x, ..J The 

isosepa rali on (1.1 0) is l herefore lhe mosl general 

posslble in tegro-{!irrerenlial separa tion w ilh signature 

(+, +, +) 

The aboye occurrence perrnils the geomelrical1y 

nonlr'ivial resull according lo whicll a melric space 

can be (fal under an arbitrary funclional dependence 

of lhe isomelric. The underslanding is trlal lhe 

projection of t(x,b,~) in lo lhe original space E(x,S,R) is 

curved . Nole lhal Riemannian melrics g(x) are a 

parlicular case or lhe broader isoeuclidean isomelric 

S{x, x, ji, .. J T his indicales lhal lhe N-dimensional 

Riemannian space .3l(x,g,R) over lhe reals can be 

feinlerpreted as the isospace fG:.B,Rl, B=g(x), over the 
isoreals via t he faclor ization g(x) = t(x)S The 

assumption of lhe Isounil 1 = T - I lhen eliminales lhe 

Riema nnian curvalure in isospace w tth inlriguing 

physical applications in gravilation [201. 

Isogeomelries have novel properties Wll ich do nol 

appear lO have propagaled as yel inlO lhe malhematícal 

lileralure. For inslance, lhe conventional lrigonomelry 

on l he lwo-dimensional Euclidean space [(x,S,R), S = 

diag. (1, 1) (Gauss plane) is lo 1 under li rt lng lo a two­

dimension al Rlemannian space 3l(X,g(x),R), bUI 

l rlgonomel ry can be rerormul al ed in lhe lwo­

d imenSional Isospace t(x,S(x,x,x.J,rt) resu lt ing In l he 50­

ca lled isorrigonomelry (see [191, App. 6.A, ror brevi ly). 

An Inlrigulng applicalion is l ile rormu lation of l he 

Pylhagorean lheorem (or a tr/angle wllh curved sides 

(because for each given such triangle, l here eX lsts an 

isol opy such lllal lIs image in isospace Is an ordlnary 

triangle wi lh recl lllnear sides). 

Slmtlarly , all i nr initely posslble spheroidal 

elllp50ids in lhree- dimensional Euclidean space x2/ a2 + 

y 2/b2 + z2/c2 = I E; R(n,+,x), a, b, e, '" O, are unlried by lhe 

perfecl sphere In isospace called /sospllere 

Z2 

+ ~-) 1 =l ( IHñ,+,x) , (lila) 
2c

In raet, under isolopies lhe semiaxes (1, 1, 1) or lhe 

original perfecl sphere are deformed Inlo lhe values (a2, 

b2, c2), bul the corresponding un ils (+1, +1, +1) are 

derormed of l he in verse amounls (a-2 , b-2, c-2 ), th us 

preserving [he perfec l spheridic il y in Isospace. When 

lhe condi t lOns of posl tl ve-der in i1.eness and non ­

singuJaril y or lhe isounil are relaxed, 1 he isosphere 

unifies all possible compact and noncompaet quadries 

and eones In three- dlmension . T lle use of yel more 

general isounlts lhen yields new geomelr ic notíons, such 
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as an isosphere whose isounit is singular or a 

distríbution 

The notions of isoeuclidean, isominkowskian and 

Isoriemannian spaces over isonelds were introduced by 

th is au thor in paper [161 of 1983, studied in various 

memoirs, and presented In a comprehensive way in 

monograph [1 91, Includ lng lhe iSOlopies or the 

Mlnkowsk ian, Riemannian and olher geomelries. 

T he nolion of isocontinuity on an isospace was 

firsl sludied by Kadeisvi ll [81 and resulled lO be easily 

reducible to lhal of conventional conlinuily because lhe 

isomodulus r"t(x) rof a funclion 1'(x) on t(x,B,R) over 

fl.(íl,+,x) is given by lhe convenlional modulus 11'''') I 
multiplied by lhe poSitive-definite isounil 1, 

r 1'(x) r = Il(x) I xl> O . (1.12) 

As an illuslralion, an infinile sequence 1'1' 1'2' ." is said 

lo be slrongly isoconvergent to l' when 

(1.13) 

wllile lile isocauchy condition can Ihen be expressed 

by 

(1.14) 

wllere 8 is real and m and n are greater lijan a suilably 

chosen N(8J. The isol opies of otller notions of conl inuit y, 

lirnits, series, ele. can be easily construcled [261. Note 

Illat r ' !nclions wllich are convenlionally continuous are 

also isocontinuous. Slm tlarly, a series wllich Is strongly 

convergenl is also slrongly isocoflvergent 

However, a series which is strongly isoconvergent 

is not necessarily strongly cO/Jvergent (ref [19l p. 271). 

As o resull, a series which iS conventionally divergent 

can tJe turned into a convergent (orm under a suilable 

isol opy Tlli s malllematically trivial properly Ilas 

ralher importanl pllysical applications, e.g ., for lile first 

construction of a llleory of strong interacl ions wilh 

convergent perlurbalive expansions [271. 

The nolion of an N-dimensional isomani(old was 

first studied by Tsagas and Sourlas [23,241 In this paper 

we use lile following simplest possible reall73 lion of 

isomanifolds. Since an NxN-dlmensional isounit is 

posilive-definite, 11 can always be diagonallzed into Ihe 

form 

(115) 

Consider then N ísoreal isofíelds ftk(ñ,+,x) each 

characterized by the isounil 1)( = b)( -2 with (ordered) 

carlesian producl 

(1.16) 

Since ftk '" R, il iS evidénl lhal RN'" RN, where RN iS lhe 

Cartesian producl of N conventional fíelds R(n,+,xl. Bul 

lhe tolal un il of ftN is expression (115). Therefore, one 

can inlroduce a lopology on ftN via lhe simple isotopy 

of tlle conventional topology on RN, 

(117) 

where ni represenls lhe subset of ftn defined by 

(118) 

As one can see, the aboye topology coincides 

everywhere with lhe convenlional IOpo logy T of R" 

excepl al Ihe isounill In particular, T is everywllere 

local-differenlial, except al 1 which can incorporate 

integral terms In Ihis sense T is called an isolopology 

or an inlegro- di((erential topology. 

Definition 3 [23] 

A "Iopological isospace" T(ftN) 15 lile /sospace ftN 

equipped with tll e isolopology T A " arl es i a n 

isomani(old" M(JV<) is l Ile lopological isospace T(RN) 

equipped wilh a veclor slructllre, an a(tllle slruétl/re 

and the mapp ing 

1': ftn -+ ~n, 1': a -+ 1'(a) = á, v a En . (118) 

An "isoeuclidean isomani(old" ~(E(X,B,f't)) occurs wl/en 

Ihe N- d imensional isospace ~ 15 reali7ed as ti/e 

Car/esian product 

(119) 

and equ/pped wfth Ihe isolopology T 1'Ii/1I i.sounit 

(115) 

T he extens ion of lhe aboye de fi nltion lo 

nondiagonal isounlts 1 can be lrivially achieved, e.g., by 

assuming lhal the individual isounits '. are posi ti ve-
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276 lsotoplc Uftlng of NewtonJan mechanJcs 

defin ite N>lN- dimensional nondlagonal matrices such lO 

yield the assumed total un lt 1 via lhe ordered cartesian 

producl 

(120) 

For a1\ addltlonal aspecls of isomanifolds and 

re!aled lopolog ical properties we refer lhe inlerested 

reader lo Tsagas and Sourlas [23,241. Il Shoulcl be nOled 
lhal lhelr sludy Is reierred lo MW'¡l, ralher lhan lo 

~(ftN) becau e of Ihe use of lhe eon ven liona/ lopology 

T (I.e. a topology wllh l he con ventional NxN­

dimensional unil n. The exlension lo t\.l (t) wilh lhe 

iSOlopology T is Introduced here apparently for lhe firsl 

time. 

The aboye nolions on isolopies are sufflc ienl for 

the l im iled olJJec lives of lhis paper. In regard lo 
add ll lonal Isolopies, we merely mentíon lhat l he Lie­

is%pie lIIeory submltled by lhis aulhor [14,16,19 and 

l oda y ca lled Lie-.')anlill¡ Isotheory (see monographs 

[2,7,10,211 or review paper [91 and IlIeralure (juOl ed 

therellll. In essen e, Lie's l heory In Its conlemporar y 

formulat Ion (on convenlional spaces over convelllional 

fields) is linear, local and canonical and, as sucJ¡, it 

possesses l irn ilalions in lIs appllcalions. The isolopies of 
Ue's Iheory are the mosl general possible nonli near, 

non local and noncanonical maps capable of recon ­

slrucling Iinearil Y, locality and canonicity when 

forrnulated In isos¡laces over isofi elds. As such, lhe 

iSOlapies irnply a cnn Idera ble brnadening of lhe 

appl ical ions of the con ventlonal Lie 1heory whtle 

preserving Its axiorns al Ihe abslracl level. 

T he isol opies 01' fllncllonal alla l sis, calleo 

¡sofunc / ianal analys is, were introduced by Kadeisvill 

[sI. wllo also Inl roduced a classi flca tíon of Isounits Inlo 

f ive topolag ica lly differenl classes, today ca l led 

Kade isvili's c /ass iflcation. ThiS papel' is devoted lO lhe 

isolopies of Kadelsvl li 's Class 1, Le, l hose wilh a well 

be!laved and posl/ive-defmlle isoun its, l he ¡solopies of 

Class 11 occur when Ihe isounits sal isfy the same 

conditions excepl tllal Ihey are negalive-defin il c; lhe 

isalopies of Class 111 are Ihe uníon of Classes I and 11; 

lhose of Class IV inel ude all preceding Classe plus 

singular isollnils; and l hose of Class V ¡nelude all 

precedi ng on es plus isoun lls of unre tr icled 

ch aracter lstics, such as Slep-funCtions, dist r ibutions, 

laU ices, elc. 

Kadeisvil i's classification is signlficant beca use il 

illuslrates l he broad characler of l he isolopies. For 

ínslance, Líe's lheory is unique (because referred lo l he 

single unil n, while lhe Lie-Sanlill i isolheory admils fi ve 

lopologically dlstincl classes (because based 00 fl ve 

distincl isounltsl. \t should be slressed Ihat, despile all 

lhe sl ud ies canducled lo date, I he isolopies remain 

vastl y unexplored al lhis wrí ling . In facl, only lhe 

isolopies of Class 1, 11 and 111 have been prelirn lnarlly 

studied unli l now, wh ile those of Classes IV and V have 

rernained essentially unexplored. 

Note thal lllls paper is fonnulaled for lsolopies of 

Class 1, bu! lis conten! can be readll y extended lo lhose 

of C!asses 11 and 111, allhough lhe exlension lO Cla~ses IV 

and V requlre specific sludies. 
EXAMPLES. SOrne specific examples of Isounlls 

used in reL [201 for various applicatíons may be of 

asslsl ance for malhematicians lo underslandlng I he 

ph ys lcal needs and Identif ying lhe en ulng 

malnemalical r equirements. One 01' lhe simplesL 

possible applications of lhe isolopies is lhe 

repre enlallon of nonspherlcal shapes of particles and 

Ihe lr de(ormal/ons due l o external forces or col llslons. 

For the slmplesL possible case of spheroidal e1ltpsoids In 
three dimension, l he isounil iS glveo by 

(1. 21 ) 

where lhe semlaxes n¡/ are sufflcienll y well behaved, 

real valued and posl tive- definite funclions or local 

quanllt ies, 5uch as lhe intensit y of exlernaJ rields, the 

local pressure, etc. 

The oext slmplest possible example Is Ihe 

represenlMlon of systems whlch are opeo ­

nonconservaUve because of exchanges of physical 

quantilies wilh an external syslem. In lhls case the 

isounH is a well behaved funcli o or local Quantltles 

admilling f l he va lue I as a particular case, e.g., 

1 = e rlt. x. x, .) 
(1.22) 

Isounlls of this type permit l he representat lon of 

conlfnuously decaylng angular momen la; partic les 

moving wl l hin res istt ve media under noohamillonian 

bul local- dlfferential forces (see later on~ Ihe growlh of 

sea she ll s; and other nonconservatlve systems. 

The nexl class of lsounlls needed lo applicalions t'5 
of oonlocal-inlegral t ype, I hat IS, dependenl on an 

Integral over a su r face or a volume. An lItusl raUon is 

glven by Ihe two electrons of the Cooper pair In 
su perconductivlt y which experience an atrractlve 
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Inleraclion agalnst their repuls lve Coulomb force. The 

use of the quanlum mechanical Coulomb law wllh 

convenUonal unit I = dlag. (1, 1, Il leads to repulsion. On 

the conlrary, Anlmalu [1 1has shown lhal lhe following 

isounlt 

f d3 x cIIt (x) <I> ,(x)
1 = e dlag. O, l. 1). 0 .23) 

permll s a quant1tative Inlerprelatlon of lhe attraclion 

among lhe two identical elect rons in a way conform 

wl lh experimental evidence, where <1>1 and <I>¡ are the 

wavefunctions of the two elec lrons wilh related spin 

orien tatlon t and ¡. . The exponenl of (1 .23) the n 

¡Ilus l rales lhe lype of non locallly needed for 

applicalions. Note thal when the overlapping of the two 

wavepackelS ~I and 4>J Is no 1 nger apprec iable, Ihe 
inlegral in the exponenl of isounil (1 .23) is Ignorable and 

1 recovers lhe e nventlonal unlt 1. 

In general, lhe isoun il used in appllcation is a 

posit ive-define mat rix wl lh lhe dlmension of l he used 

carr ier space (1 wO-, th ree- and four- dlmenSion for 

problems in lhe plan e, space and space-Ume, 

respectively) which is genera lly nondlagonal wh ose 

elemenls ha ve a local-dlrrerenlial as well as non local 

inlegral dependence on local physical quantil les. 

Remark. In lhe con venl ional Euelidean space 
[ (x,S.R) lhe unit of lhe fleld R. whlch 15 lhe t ri via l 

number +1. 15 dlfferent lhan Ihe unlt of the spaee, 

which Is (he unil matrlx I = dlag. (1, 1, 1), allhough Ihe 

fle ld could be lnviall y reformulaled to admi t lhe lalter 

uni!. Under isotopies lile isounlt o( a/l ma/hematlca / 

. tructure musl be ' he same. There fore, in the 

isoeuclldean spaces I::(x,~.r{) the lsounit 1of l he isofield ~ 

COincides wlth Ihe isounit of Ihe lsospace 

2. IsodifTerential calculus on isomanifolds. 

Let [(x,S,R) be the ordinary N-dimensiona l 

Eucli(lean space wlth local coordinates x = (x~·), k = 1, 2, 

• N, and metric 8 = diag. (1, 1, 1) over Ihe reals R(n.+,x). 

Le! f(ii ,Í),Rl be li s isolopic image will, local coordinales x 
= (xk) and isomelric a=ts over (he Isoreals R(ñ,+,x). Let 

l he isounil be given by the N" N nowher singular, 
symme! r lc. real- valued and poslllvrlertnite'matrix 1 = 

Ol~ = 01)) = t - I = (T1))-1 = (TI~- I whose elemenls have a 

smooth bul olherwlse arbitrary functiona l dependence 

on the local coordinates, their der lvatives wil h respect 

to an independent variable and any needed additional 

quantily,l = l(X, .. J The following properlies Ihen hOld 

from Deftmtion 2: 

(2 la) 

(2. lb) 

X, xi. Si) = [ ( Smn) I ji! . 

(2 1cl 

Let ~[f:(X,t;,R )1 be an isomanifold on f: as per 

Dertnil ion 3 hereon refer red as ~ [E:: l. T he 

isodirrerenlía l calculus n ~(C) can be defi ned as an 

isotoplc IIfting of Ihe conventional dirrerentlal caleulus 

on M(E), lhal Is, a l ifUng based on t he generallzatlon f 

the unll I of M(E) Inlo l he Isounil 1 of ~(C ), under lhe 

condlllon of preserving lhe orig inal axioms and 

properlies of lhe ordinary differenllal calculus, 
ineluding lhe condlllon of lhe Invarianee of lhe Isounlt 
(see below). 

Definition 4 

Th e "first - order isodJ((erent/als" or t he 

conlravarianl and covarian' coordina/es xl< a nd xI<' 
on ~(I:: ) are g/ven by 

where l he expresslons axl< and aXk are deflned on 
t,.1(!:: ) whlle Che corresponding expre sions 11< Idxl a n d 

t l<IcI x 1are Che projections on M(E). Let t{X) be a 

su(ficienlly smooth iso(unction on a c/o ed doma in 
()(xk) o ( conl ravanan l coordrnales xl< on M(C). Tllen 

the N1soderivative" al a poinC al< E O(xk) ;s given by 

af(x) 
tkl--- I_L _ 

a Xl x' =a 

Lim 01< --- --- ­ (23)
ax axk 

where use or Kadeisvili 's [12) notions o( isoconllnufty, 

isolímlts and Isoconvergence I assumed,<lt(x)!Clxl< i s 

compuled on ~(f:) and tl<lar(x)/axl is lhe projection in 
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M(E) The "isoderivative" of a smOOCh isofunction 't(x) 

of Ihe covarianC variable xk aC Che poinC ak E ()(X k) is 

given by 

o[(x) 
= 1k - - __ 

I ax IXk = ak 
I 

Llma- , (24) 
xk~uk 

The aboye definilion and lhe axiom-preserving 

characler of lhe isolopies l hen permil lhe lifting of lhe 

various aspecls o f lhe conventional differential 

calculus We here mention for brevily lhe following 

isol op ies: lhe isodifferenCla ls of an isofunction of 

conlravarianl (covariant) coordinales Xk (Xk) on t (x,S,R) 

are defined via lhe isoderivatives according lo lhe 

respec tive ru les 

of 

a 't(x ~¡co nlrav = -- axk = 1'k' - - lkJ dxi = df(x) (25a) 

Clxk ox l 

ClI af 
ar(x~ov r. = - - axk= lk, -- 1'k)dx) df(x);(25b) 

dX k oX i 

an iteration of the notion of isoderivative leads to the 

second-order isoderivaUves (no sums on k) 

and similarly for isoderivatives of iligher order; lhe 

Isulaplacian on C(x,tí,R) is given by 

3. = d dI; = di S di = d' 8 a) = 1J ok 8 oí 
k ') ') k ')' 

and and results lo be differenl lhan lhe correspondmg 

expressJOn on a Riemannian space ~(x,g,R) wilh melric 

g(x) = tí r:, = tí- 1/ 2 o t¡ 1/2 ¡jIJ él 
, I J 

A few examples are in order . Firsl nole lhe 

following properlies deri ved from definitions (2.3) and 
(24), 

"'x' /"x') 81 dX IdX = 8) dx/axJ=1',í, "a )' I ) ,,' 

(28) 

Nexl, we have lhe simple isoderivatives 

d (XttlIJX ~ él (XiQl¡X~ 
=1'rl - -- ­

(29a) 

d In Mx) o In l\J(x) d ~(x) 


1'k 
l --- = (29b) 


ox l 

and similarly for other cases 

For compleleness we mention Ihe (inde finite) 

isoinCegraCion which, when defined as Ihe inverse of 

lhe isodifferenl ial, is given by 

rax = r1'1 dx = Jdx = x, (2.10) 

namel y, r = J1'. Definile isoinlegrals are formulaled 

accordingly. 

The aboye basic nolions are su fficienl for our 

needs al lhis t ime. The class of isodl rferen ti able 

isofunctions of order m will be indicaled cm 
Systematic sludies on lhe isolopies of lhe various 

lheorems of lhe eonvenlional caleulus (see, e.g., [32J) wl ll 

be studied elsewhere 

Remark 1. The iSodirrerentlal, isoderi val ive and 

i5odif ferenlialion verify lhe cündition of preserving lhe 

basie isounit 1. Malhemalieally, this eondl tion is 

necessary lo prevenl lhat a set of isofuncllons 't(x), ¡'¡(x), 

., on t(x,b,R) over lhe isofield R(ñ,+,x) with isouni l 1are 

mapped under isoderivat ¡ve Into a el oC isofunctiOTlS 

r'(x), g'(X)" def tned over a dlfferenl field t:>ecause of 

lhe alteration of lhe isounit Physieally, the condition is 

al50 necessary beca use lhe unit is a pre-requisi te for 

measurement s The lack oC conservaliOTl of lhe unil 

lherefore implles lile lack o f consistent physical 

applieal ions. 

As an example, lhe following alternative defmilion 

o f lhe isodifferenlial 

axk = d (1\ Xl) = [ ( 0,1\ ) x' + 1k, I d Xi = 'fI\ dx' , 

(211) 

would lm ply l he alteral ion of l he isou nit, 1 ---+ W ,. 1, 
lhus bemg m alhematically and pl1ysieally unaeceplable. 

Neverl heíess, when using isoclerivatives on 

independent isomanifolds, say, isoderivalives on 

eoordmates and lime, the aboye rule does nol app ly and 

we have 
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q ~, l(l, x) q [ ~, l(l, x) I q [ T, ~t, x,J al f(t, x) 1 . 
(212) 

Additional properties of the isodlfferenlial calculus will 

be identified during lhe course of our analysis. 

Remark 2. T he convenlional differenlial 

calculus is local-differenlial on M(E). The isodifferenlial 

calculus is loca l-differenlial on M(f:) but, when 

projected on M(E), 11 becomes In tegro-dífferential 

because it incorporales inlegral terms in lhe isounil. 

Remark 3. A representative applicalion of lhe 

convenlional d ifferenlial calculus is lhe charac ­

lerizal ion of the equations of motion of a salellile in a 

sla ttonary orbit in emply space. A representative 

applicalion of the isodi frerenlial calculus is lhe 

characterizalion of lhe equations Of molíon of l he same 

sal ellit e, lhis time, during re-enlry in our almosphere . 

In the former case lhe actual shape and dimension of 

lhe sale ll ite do nol affecl its trajectory. T herefore, lhe 

salellile can be well approximaled as a mas:5ive poin t, 

accorcJing to Galilei's [si origina l conception, yielding a 

local - difrerenlia/ prob/em. In l he lalter case lhe aclual 

shape and dtmension of lhe salel lite dlrectly affecls its 

trajeclory I>ecause t wo salellites with all l he same inilial 

re-entry dala of rnass, speed, elc . bul dir rerenl shapes 

and dimen_ions llave differenl re-entry trajeclories. In 

lll is la tler case lhe Ga lilean approxima tion of the 

satellite into a massive poin! is no longer applicable, and 

we have an in tegro-differenlia/ prO/J/em, that is, a 

prob lem with conven tional local - differentlal center­

o f - mass trajeclories x(t) plus additional corrective 

terms w llh lhe slructure of surface integrals 

represe nllng lhe contribution of the shape and 

dimension of the satell ite The noti on of integro­
differentiallopology has been conceived by lh ls aulhor 

[191 in an altempl to characterlze tlle lalter syslems. 

3. Isotopic lifting of Newtonian mechanics. 

Newlon's equalions have remained essenliall y 

unchanged since Iheir formulat ion in 1687 [1 31. Their 

re-i nspection Is now warra nled because classical 

Hami l! onian mechanics has been const ruc! ed lo 

represent Newton's equations and, in turn, quan lum 

mechan ics has been conslrucled as an operalor image 

o f Haml llonian mechan les. T he appllcablllt y of lhese 

meehanies 15 essenliall y restr icted lo local-differential 

and potential syslems, whlle the advaneemenl of 

knowledge in various disciplines is requesting lhe 

lrealment of nonlocaHnlegral and nonpolenlial 

syslems. Il lhen follows lhal a possible broadening of 

conlemporary dynamics musl originale from ils 

foundations, Newlon's equalions. 

In lhis section we Introduce, apparently for lhe 

firsl time, lhe non linear, nonloca l and nonhamillonian 

isotopies of Newlon's equations as characterized by lhe 

isoclifferential calculus. The isolopies have been selected 

ove r a variely of other pOSS ibilities because of lheir 

axiom-preserving character as well as of the 

consequenlial broadening of classical and quanlum 

mechanics ou tlined in subsequent seclions. 

The conlemporary formulalion of Newl on's 

equalions requires lhe tensor ial space S(t ,x, v) = 

E(t)xE(x,8,R)XE(d;,R) where E(t) is the one-dimensional 

space represénting lime t, E{x,S,R) is the conventional 

lhree-dimensional Euclidean space wilh local 

trajeClOries x([) =(x') =(x, y, z) and E( v,S,R) is the tangent 

space TE which, at this Newlonian level, can be 

considered as an indepencJent space represen! Ing lhe 

contravariant velocities v = (v k ) = dx'/dl . Newton 's 

equations for a lest body of mass m = consl (?, O) 

mov ing w ilhin a resisti ve meditlm (e.g., our atmosphere) 

can lhen be written 

m dv, I di - r S\(I, x, v) - rNS\(t, x, v) 0, 

k = 1, 2,3 ( = x, y, z) , (31) 

where SA (NSA) stands for vana liana/ se /f-adjoinln ess 

(va r iat/ona/ non -se/f-adJoint ness) , Le .. the verifica! ion 

(violalion) of lhe necessary and su rficienl condilions for 

the exislence of a polential U(t, x, v) originally due to 

Helmhollz [61 (see monograph [lsI for hisl or ical notes 

and systematic slud les). I! should be recalled l hat in 

Newlonian mechanics l he polenl ial U(l, x, v) musl be 

linear in the velocilies lo avoid a redefin ition of Ihe 

ma~s, 

U(l, x, v) = Uk(l , x) v' + Uo(t, x) . (32) 

Eq.s (31) can lhen be wrtUen 

aU(t, x, v)( m d~ _ -='- a U(t, x, v) + 


dt dI av' 

NSA 


- FNS\(I, x, v) = 
} 

{m~- + 

dt 
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NSA 
- r NSA (1 x v) =O (33)k ' t } , 

name ly, Ihey are nol in general derivable from 
Lagrange's [141 or Hamllton 's [si equations in Ihe local 

charl (1, x, vI, as well known [20,21 1 (see laler on for 

eoordlnale Iransforms). The exlenslon lO syslems of n 

particles w ith masses mk (;o< O) Is st ralghforward and w lll 

be ignored ror brev ily . 

The representation spaee of lile deslred isolopie 

tmage of Newlon's equalions is given by lhe Kronecker 

produel of Iso. paces sa,X,Y) = f;a)xf:G:,B,A.)xf;(v,b,R.) wilh 

lol al lsounll ) !O! = 1°0 xl x 1, where )°0 = (to°¡-I is the 

(one-dlmenslona)) lime Isounil. 1 = Ok l) = (tkl¡-I is Ihe 

(lh ree- dimensional) space isoun il, and lhe isounlls of 

isospaces t (x, , ~ ) and f;(\I"R) ha e bee. assumed lo 

coincide ror si mpl ic ity . ror clarily, we con linue lo 

dlrrerenliale lhe /s oClme 1, IsocoorCtnales xk(l) and 

isoveloc i lies .;;k(l) rrom lhe original respecti ve 

quanli ttes 1, Xk and vk , wilh Ihe following relationshi ps 

in additlon lo (2. 1) 

1 = 1, 

(34) 

Detinition 5 

The isolopic fitting o( Newlon's equations (3.3) in 
isospa ee S(l, x, v), lI t re ealled " iso lopie New lon 

equar IOn5", are given by 

a aoa, x, v)
f\a, x, v) + 

a1 ayk 

aoa,x, v) 
+ aXk 

, aVk (¡0kG, x) axl (¡OoG, x) 
m - - + = o 

Ul (¡ Xl a1 (¡ xk 
(35a) 

where we have used properties (27), m= eonsl (7 o) is 

lhe "isnlopic ma5s~ lha l is. Ihe Image o ( Ihe Newtonian 

mass in isospaee and one shoufd nole Ihe preserva/ion 

o ( lhe linear il y o( i.'iO{X) lentiaf (351)) in vk . 

We are now equl pped lo prove lhe followlng: 

Theorem 1 

A11 poss ible sume/enUy smQOIh, regular. bul 

nonJinear, non loca/-integra l and varlalionaJly non­

self- adjOlnl Newlon's equalions (3.3) a/ways admll in a 
ne igh borhood Ú($) of a pOIn / ( l, x, v) / h e 

represen/al/on in terms of /he isot oplc Newlon's 

equat ions (35) 

. aVk a (¡oa, x, v) doa. x, v) 
In - - ---- + - - - ­

al al. 


dVI a ul(t , x) aUJl, x) 

it k ( m-- + 

, dI 


- rNSA¡(t , x, v) } = o . (36) 

Proof. When projecled in lhe or iginal space S(l, 

x, v), Eq.s (35l can be wrilten 

d (tle
l vI ) d aon. x, v) 

rút 00 - t o- 1'k' +o
dt dI él vi 

aOG, X, y) 
+ ti

k 
él Xl 

d VI aO/l, x) 
=mtootk

l - - too ticI VS + 
dI axs 

aO (l, xl dt I 
• t leti 

k + m 0° --- VI = o. (37) 
a xl dI 

Su fficienl condllions ror identi lies (36) are lhen lhen 

given by 

m dv, / dI, (38a) 

a i l , x) élU,ll, x) 
t = , (:l.Bb)o VS VS 

o 
~ ~ .'\a XS 

aOo(t, xl aUo(I, xl 
(3Bc) 

a xl él Xl 

dI 
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whiCh, under Ihe assumed contmuit y and regular ity 

condillons (s@@ [201for d@lai ls) always admits ti solution 
in Ihe unl<nown quanll ties m. t oo, t" l, O" and 00 for 

given equations (3.3). In faet, syslem (3.8) is 

overdetermined and the following solution exlsts for 

diagona/space isounlt and constanl lime ísounll, 

100 = constant > O, (3.9) 

for which 

mToo == m, 0,,1t, x) = 1°0u,,(t, x) , 0olt, x) Uo(t, x), 

(310a) 

where there are no repeated índices, mís constanl and 

the functions f k are compu ted from Eq.s (3.IOb) q.e.d. 

The primary motivations for the submission of 

I he isotoplc Newlon's equallons are expressed by the 
follow ing properlles wilh self-ev ident proofs. 

Corollary I.A 

TlJe isO l oplc Newl on equations permll a 

represenlalion of lile acl ual nonspherical shape of lIJe 

body considered and of ils poss/ble deforma lions via 

lhe general/zed unll (or isolopic e/ementJ of Ihe 

Iheory. 

Recall that Newlon 's [131 equalions were based on 

Ihe Galilean [5J approximale the body considered as a 

rnassive poin!. The point-like representation of particles 

l hen implied only aClion -at - a- dislance, polential 

interactions wilh consequent ial analytic represenlalions 

via Hamillon's equations as well as under sympleclic 

map inlo qu anl um mechanical formulations . A 

represenlation of the exlended character of partlcles is 

reached In second quanllz ttOn via the form factors. 

Howe ver, this representatíon is restricted to spherical 

shapes from the fundamental symmetry of quantum 

mechanics, the rotallonal symmetry . Moreover, Ihe 

lalter symmetry is known lo be a symmetry of r igid 

bodies. Form factors cannot therefore represent the 

deformarions of particles under surricíently íntense 

external jnleractions which is studied vía other rathe r 

cornplícated procedures. 

A firsl motívation for the st udies presented in this 

paper is lO in t roduce a represen l ation of ac tual 

nOJl5pIJerical Jnd de(orrmbleshapes Or parlicl@s al lh@ 
primitive Newtonian level, which then persisls under 

classical anal ytic represenlalions as wetl as under 

maps to ffrsf quantízalion. The iSOloplc . ewton 

equations do indeed achieve these objectives by sett ing 

l ile foundatlons for JXlSsible new advances In classical 

and quanlum physics. The objective is achieved via the 

new degrees of freedom of the generallzed unít of Ihe 
theory which are evidenlly absent in the conventíonal 

Newlonlan, c lasslcal and quanlum formulallons. 

As a simple case, suppose lhal lhe body considered 
2ls a rtgtd spheroidal elltpsoid with semiaxes n,2, n2 , ni 

= conslants. Su h a shape is directiy represented by lhe 

¡SOlopic elemenl of the theory In the simple diagonal 
forrn (1.21), i,e., 

(311 ) 

The representation of the shape in isospace SO, X. v) is 

lhen ernbedded in the isoderi vafives of the ¡solopic 

Ne w l n equalions and, when prOjected in the 
conventional space S(I, x, v) can be wrltlen 

d v, aU,(t, x) aUo(l , x) 
V Sm t" i - - t\(' - --- + t k ' --- 0, 

dt a XS ax' 
(3 12) 

namely, the shape terms 1',' are admitted as factors 

Note lhat Ihe representa/ ron of shape occurs only 

in isospace beca use, when proJected in I he 

convenlional Euc/idean space, lIJe slJape lerms canee/ 

Oul by reco vering Ihe convenlional POlnt - Jlke 

characler of Newlon 's equalionsTl1is illustrales the 

necessII y of the Isotopy for lhe representat ion of shape. 

Moreover, the nonspherical characler of 'he sflape 

emerges on/y in lile proJec lion in ordlnary spaces, 

because a/l deformed spheres in ordinary spaces are 

mapped inlo lIle perfect isosphere In iSOspace (SeC! 1), 

;; 2 = (x ' n,-2 x' + x2 n2-
2 x2 + x3 n 2 x3 ) 1 f !Hñ,+. x) .

3 

(31 3) 

The representation of shapes rnore complex than 

lhe spheroidal ell ipsoids is posslble wl1h non- diagonal 

isoun ils. The representation of the deformations of l he 

orig ina l shape due to mol ion wllhin reslsti ve media or 
other reasons, can be achieved vta a sullable f unctional 

dependence of the t k' terms In velocltfes, pressure, etc. 
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(see (19,201 for various applieations in elassieal and 

quanlum meehanies). 

Corollary 1.B 
The isOlopic Newlon equal ions permit a novel 

repreSen/allon of varialionally non-self-adjOinl forees 

via the isometrie o( the underlying geometry, 
according lo lhe rules 

while /eav ing unchanged lhe represen/alion o( 

cOllvenlional se /( -adJoinl (orces (excepl for lhe 

conslanl faclor fOo o( Uk). 

1n fael, lhe non-self-adjoinl forees are embedded 

in lhe covarianl eoordinales in isospace vI = Tllv, 

where lhe are the eovarianl coordinales inv j 

convenlional spaee. The novelty lherefore lies on lhe 

fael lhal non-self-adjoinl forees are represented by lhe 

isogeomeiry itsel r, lhus providing anolher motivation 

for lhe isolopies. 

The simplieily of represenlation (3.14) should be 

kepl in mind and eompared lo lhe eomplexily of lhe 

conventional solulion of lhe inverse problem of 

Newtonian mechanics [19,201, i.e., lhe represenlation of 

non - self-adjoinl syslems via a Lagrangian or a 

Harnillonian Moreover, under the assumed eonditions, 

lhe tall er exisls in lhe fixed eoordinales (1, x, v) of lhe 

o,bse rver only for a reslrieled elass ealled 

nonessentiaJly nonsel(adjoinl [loe. eit.I, whi le isore­

presenlation (3.6) always ex ist lO the given coordinales 

(1, x, v) under lhe same eondlllons. Physieal problematie 

a<;pects in the use of eoordinate lransformations are 

discussed in lhe seeond paper of lhis series. 

The f o llow ing exam ples illuslrate isorepre ­

sentation (3.6). Tile equation of lhe linearly damped 

parl iele in one dimension 

m dv/dl + y v = O, Y E R(n,+,x), y> O, (3 15) 

admi ls Isorepresenlation (36) wilh values 

(316) 

where So is a shape (aclor, e.g., of lhe spherOldal lype 

(3.1 1) wh ieh Is pro tale In 1 he dlrection of mol ion. 1n 1 h is 

way, the Isotopie Newlon equations represen! : 1) l he 

nonselfadjOinl foree FNSA = - yv exper ienced by an 

objeet moving within a physical medium; 2) its extended 

eharaeter (whieh is neeessary for lhe existence of the 

resistive foree); and 3) lhe deformation of lhe orig inal 

shape (in the ease eonsidered a perfect sphere) eaused 

by lhe medium. 

The equation ror lhe linearly damped harmonic 

oscillator in one dimension 

mX + 'Y X + k x =: O, kE R(n,+,x), k> O , (3.17) 

admits isorepresentation (36) with the values 

yt/2mt = ~o e , Uo = - ! k x 2 'Uk = O, too = 1, 

(3.18) 

where So represenls lhe shape of l he body 

oseillating wilhin a resistive medium. The inleresled 

reader ean eonslruel a virtually endless variely of 

isorepresentations of non-self-adjOinl rorees. A 

syslematie sludy will be eonduCled elsewhere 

Corollary 1.C 

The isolapic Newlon equalions permil lhe 

r epresentalJon of non loca/- int egral (orces when 

comp/ele/y embedded in lhe iSOUíllt of lhe lheory. 

The aboye oeeurrenee is permit led by lhe 

inlegro-dirrerential lopology of isomanlfolds M(C) 

reealled al lhe end of Seet. l . Consider as an example 

lhe inlegro-differential equation 

m dv/dl l' y v2 Joda :r(o,.J = O, y> O, (319) 

represenl ing an extended objeel (suel1 as a spaee- sh ip 

during re-enlry In our atrnosphere) with loeal­

d i rrerentia l eenter-of -mass trajec tory x(l) and 

correellve lerms of Integral l ype due lO lhe shape 

(su r raee) o of lhe body moving wlth in a resistlve 

medium, where :r is a suitable Kernel depending on o as 

well as on olher variables such as pressure, lemperature, 

denslly, ele. T he aboye equation admits isorepre­

senlalion (3.6) w tth l he values 

=1'- e'Ym-l x fo da~(a, .Jt ;:)0 ' t oo = 1, 

where So is the shape factor, whlch is admltted by the 

integro-dlrrerentlal l opology of lhe isomani fold M(f:) 

because al l in legral lerms are embedded in lhe isounll. 
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Similar isorepresentations can be eas ily construeted by 

the inlerested reader. 

Jl should be recalled lhal the representatlon of 
nonlocal-integral terms is prohibited In Hamiltonian 

mechanic5 because the underl ying geometry and 

lopology are local-dir rerential. In rae, lhe Lle- Koening 

Theorem requires a local-d/fferenlial approxJmatlon of 

systems and it is inapphcable to integral syslems of 

l ype (3.19). F'urther developments and implícat ions will 

be discussed in the subsequenl papers. 
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