
Rev. Téc. Ins. Unlv. ZulJa. Vol. 18, No. 3, 285-290, 1995 

Expressions of Legendre polynomials through

Bemoulli polynomials 


Vu Kim Tuan1 y Nguyen Thi Tinh* 
Hanoí lnstitute 01Mathematics. P. O. Box 631. Bo Ho. Hanoi, Vietnam & 

Department 01Mathematics and lriformatics. Faculty oJ Science, Kuwaü University 
P.O. Box 5969, SaJat 13060. Kuwait 

'Hanoi Teacw'S TrainÍTl{} Col12ge No. 1 

Abstract 

A fonnula for expandJng Legendre polynomlals ln Bemoulli polynom1aJs Is consldered. The 
relatlonship Is establlshed by uslng a fonnula of ftnlte summatlon, obtatned by applylng the dlscrete 
orthogonal relatlon of the modlfted LommeJ polynomlaJs. 
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Expresión de los polinomios de Legendre a través 
de los polinomios de Bernoulli 

Resumen 

En este trabajo se presenta una relación ntre los polinomios de Legendre y los pollnomi d 
BemoullJ. Concretamente, todos los polinomios de Legendre son expresados mediante polinomios de 
BemoullJ. Para establecer esta relación. se ha utilizado una fórmula de suma ftnIta, cuya prueba se 
obtiene apllcando la ortogonalidad de los polJnomnlos modificados de Lommel. 

Palabras claves: Polinomios de Legendre. polJnomlos de BemouLlI. 

15 the "Kronecker deJta". By a IJnear chang of xIntroduction 
the relatlon (1) becomes 

The maln alm ofthls work 15 to obtaln sorne 
expan510n formulas of Legendre polynom1als In I 1 
Bemoulll polynomlaJs . J P,,(2x - 1)pm(2x - l)dx = -2 10 T1111 . (2) 

o n + 
Legendre polynomlals are deftned by 

BernoullJ numbers B n , n ~ O, ar deflned 
1 d"(2'-lt byP,,(Á'j =-- , n~ O, 


nl2fl 
 clJt 

z "" ~and satJsfy the orthogonaJ relaUon - . - =L Bn nI ' Izl < 2rr,
lf-l n=O 

(1) 
whereas Bemoulll polynomlaJs B n(x) , n ~ O, are 
deflned by 

«(3). Chapter 3, 3.12.8 and 3.12. ) Ol, where 

z¿'Z ~ z· 
1) = {D, m ot n ~ = L Bn(x) ni' Izl < 2n, 

mn 1, m=n e -1 =O 
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((3). Chapter 1. $ 1.13). 


Let us recall sorne propertles of BemoullJ num­

bers and polynomJals that will be used in the 

next sections 

B1 =-1/ 2; B.lrnt l = O, m> O; BTI(O) = Bn, (3) 

(4) 

(5) 

((31 . Chapter I. $ 1.13. formulae (4).(17).(19): 15]. 
Chapter 2, p. 55, $ 2.4.1. fonnula (1). $ 2.4.2, 
formula (2)). . 

The mod1fled Lornmel polynomlals ([l], [2J) 
are deflned by 

h,.,,,(X) =(v)n(2xt 

2F3(- n/2,( I - n) / 2;v.-n.l -v--n:- I/Xl). (6) 

f(v + n) 
where (v)n = Is the Pchharnmer symbol

r(v) 

and 2F3(a¡ .!JJ.2:b¡ .b.l.bs:z) Is a generaJlzed hyper­
geometrlc functlon H31,Chapter 4) . 

LetUu.n l. n = ±I . ±2, .... be the nonvanlsh ­
Ing zero of theBessel functlon J,,(XJ ([4]. Chap­
ter 7) ordered by 

... <}".-2 <} u.-I < O <}... I <}",2 < ... 

The modlfled LommeJ poJynomJaJs 11n.u(XJ satlsfy 
the dlscrete orthogonal relatlonshlp 

L 'h" u(_1_)h".,,,(-.J_) _1_ = Omn (7) 
1<=- . Ju--l.k Jv- I .k lu-- l.k 2(v + n) • 

where the dash In the sum lndlcates that the 
tem) with Index k =O 18 omlUed. and the recu ­
rrence fornlUJa ([2)) 

(8) 

lncldentally. we notlce that formula (7) appeare<! 
In [1.21 wtth the Incorrect rtght-hand s lde. 

Formula of finite surnmatioD 

The following fonnula of tlntte summ~tlon 
contaln1ng BemoulJl numbers has been publlsh­
ed 1n (5], Chapter 5, 5.1.1.6 1n Incorrect form o 
Slnce It plays an Important role In the next 
sectlon and we could not find Its proof In lltera­
ture, we shall formulate 1t as a lenuna. 

Lemma 

For (J :;: Oor 1the fonnula 

n
L (2n + 2l + 20 + 1)!~mt 21 +2<J +2 


~ (2l + 0)!(2n - 21 + 1)!(2m + 2l + 20 + 2)! = 

(_ J)<J (2n + o + 1) o (O S m S n) (9)
(4n + 20 + 3)! 2 nVl' 

Is valld. 
Proof. We shall prove (9) by uslng the 

dlscrete orthogonal relatlon (7) of the mod1fled 
Lommel polynomlals when v = 3 / 2. 

Flrst we conslder the case o = O. From (6) It 
Is easy to see that the rnodlfled Lornmel polyno ­
mlal hn.v(XJ Is an even or an odd po]ynomlal 
accordJng as n Is even or odd, I.e. 

hn. uC-XJ = (- lthn.JX)· Therefore, 

Is a polynonUal of precise degree n In vartabJe x 

Slnce' ([4). Chapter 7, $ 7. JI. formula (14). p. 79) 


then 

Therefore, the dlscrete orthogonal relatlon (7) for 
!he sequence of polynomJals ¡unIx») becomes 

i 1 1 1 ri2 
k=¡ U"(4,(l)Um(4,(l) . ,(l = 2(3 + 4n) °mn' 

O :5:m:5: n (I1) 
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Now we establ1s h the expl1clt expressIon of the 
polynornJals 'U,,(x). From(6} and (lO) we haye 

r? 
2F3(-n, 1/2-n:,3 /2 ,-2n,-1 /2-2rr,- 4t 

_ (4n + 1)1I22 ,,? 
¡n 

k 
where kI! = kf.k- 2)(k- 4)... (k- 2["2] + 2). Uslng 

the fonnula 

we obtaln 

2"x";1) (x) = (4n + } )!!2 (-2 n)2k (_ n?)k 
T1 ¡(lo" ,L; (2hk4n - 1)2k x 

k=O 

(4n + 1)!!22"x" 

¡{l" 


n (2n - 2k + 1hk ¡{l k 

L (2k + 1)!(4n - 2k + 2hk (--;) 
k~ 

By changing now n-k by k we get 

" (2k + 1hrr-2k x k 

L (2'1 - 2k + 1)1(2'1 + 2k + 2hn-2k (- ¡(lo)
k=O 

" (2 '1)!(2'1 + 2k + l )! x k

L (2k)! (2n - 2k + 1)1(4n + 1)! (- ¡(lo) 
k=O 

n ~ " (2n + 2k + 1)! x k 
(l2)= (-1) ,L; (2~!(2n - 2k+ 1)! (- ¡(l ) . 

k=O 

Now the orthogonaJ relatlon (11) become8 

O::; m::; 11. (13) 

Puttlng the expl1c1t representatlon (12) of v,,{A1 
into (13) we get 

i[i (-1)rtH(2n '+ 2l +1)1 (_] ),](_1)m ~ _ 
1<=1 /;=() (2l )1(2n - 2l + 1)17?1 4¡(l 4k?- ,¿. ­

(2n + 1 ) 11?n+2 
(4n + 3)! ómn• O::; m::; 11. (l4) 

By changlng the order of summatlon in (l4) we 
obtaJn 

n 1 ~ 
(-I)n+ (2n + 2/ + 1)! 

~ 4!l-m(2l)!(2n- 2l+ 1)I¡(lol ~ ¡(lm+2!l-2 

(2n + 1)!¡(lon+2 
(4n + 3)! 0mn' O ::; m::; 11. 

Applytng the fonnula ([3J,Chapter l. $ 1. 13. 
fonnula (16). p. 38) 

1 (_ 1)m+l(2n)2m+2H-2 
L ¡(lmt-2 !l-2 = (2m + 2/ + 2)12 ~mt-2!l-2' (15) 
1<=1 

we get 

T1 (2n + 2l + 1)IB¿mt-2 !l-2 

L (2 l )!(2n - 21 + 1)!(2m + 2L + 2 )!
!=O 

(2 n + 1)! 
(16)(4n + 3)12 0mn' O ::; m :<O; 11. 

Hence formula (9) 18 proved In case O" =O. 

We cons lder now the case O" = 1. Let 

~(x) = x 
- 11'Un+l (x) + 'U,,(x)]. (17) 

Slnce \),,(0) = (-1)", It 18 easy to see that ln(x) Is a 
polynomiaJ of precise degree 11. We haye 

~ 

~ 11m 1 
,L; ~(-) . (-) . 4 = (18) 
k=1 4 ¡(l 40 k 
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00 

11m 4 
::: I \ln+l (----:2) . (--:2) ' . 2 

Ic=l 41r 41r Ir 

.. 
~ 1 1 m 4 

+L '\)n(----:2) . (----:2) ' . 2 
Ic=l 41r 41r K 

00 1 1 m 1 4(2n + 1)1;n+2 
= 4 ~ Un(4kl) . (4kl ) . k?- = (4n + 3)1 °mn' 

O$;m ~ rt 

After replaclng u,,(x) and Urt+I(x) in (17) by thelr 
expIJclt representatlon formulas (12) we obtaln 

n k

I. (2n + 2k + 3)! (-xJ (19) 
k=O (2k + 1)1 (2n - 2k + 1)1 ¡(l 

By Lntroduclng expresslon (l9) Into (l8) we get 

I.[i (- l)n+l(2n + 2L + 3)1 (_1_)'] 
k=! f=() (2l + 1)1(2n - 2l + 1)1¡(l1 4~ . 

1 m 1 4(2n + 2)I1(2n+4 
(4¡¿ ) k4 = (4n+ 5)1 bm,.,. O ~ m~n. (20) 

By changlng the order of summatJon In (20) we 
have 

n (-I )n+l(2n + 2l +3)1 

~ 4 itm(2 L + 1 )1(2n - 2 l + 1 )I¡(l¡ 

1 4(2n + 2)1,(211+4 
(21)I.

00 

¡¿m+2 it4 = (4n + 5)! O ~ m ~ n. 
k=1 

Repla ctng the Inftnlte swn In (21) by the formula 
(/3l.Chapter 1) 

00 1 (_I)m+itl(2n)2m+2it4 

I. ¡¿m+2it4 = (2m + 2/ + 4)!2 Bl m+2it4 , 
k=! 

we obtaln 

n (2n + 2l + 3)1B¿m+2it4 

I. (2 l + 1 )1(2n - 2/ + 1 )1(2m + 21 + 4)! 
f=() 

(2" + 2)1 
(22)- (4n + 5)12 0mn ' O~ m~ rt 

Hence, the formula (9) ls proved for the case 
0= 1. 

Legendre and Bemou11i 
polynomials 

Now we shaU use the fonnula of ftnlte 
surnmatJon (9) to prove the foUowtng main theo­
remo 

Theorem 
Legendre polynornJals are expressed 

through Bemoulll polynomlaJs by the followlng 
formula 

P2n+l to"(2x-l )= 

': (2n + 2k + 20 + 1)1B¿kta+l (x) 

2 L (2k + 0)1(2k + cr + 1)!(2n _ 2k + 1)1 ' (23)
k=O 

(n ~ O: 0= O or 1) . 

Proof. Flrst. we apply the lenuna In case 
0= O. In formula (16) replaclng .B¿m+2~~2 by for­
mula (4) we get 

t .B¿m¡.) (x) n (2n + 2k + l)l.B¿k+l (x) 

O (2m + 1)1 I. (2k)I(2n - 2k + 1)!(2k + 1)! = 
k=O 

(2n + I)lbmn 
(24) (4n + 3)!2 ' O o;:; m o;:; n. 

Ir we set 

n (2n + 2k + 1)1B¿k+! (x)

L (2k)1(2k + 1)1(2n - 2k + 1)! = ~n+! (x), (25)
k=O 

then P2n+!(x) Is a polynomlal ofdegree 2n + ] and 
we obtaln 

2 
I ~ _ 1(2n + 1)1)JO B:lm+!(~ 2n+! (x)dx - (4n + 3)1 2 ómn• (26) 

O ~m~ n. 

Uslng (4) agaln and notJclng that ~m+2k+l =O for 
m > O, k~ O, we have 
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JI JI 
~n.(x) 1zn¡.1 (X)~= Bzm(.k?

O o 

n (2n + 2k + 1)113..lk+l (x) 

L (2k)I(2k + 1)!(2n - 2k + 1)1 dx 
le={) 

fl 

~ (2n + 2 k + 1)1 J1 
=,t.., (2k)I(2k + 1)1(2n - 2k + 1)1 OB.zm(x) B.zk+l(x)dx 

le={) 

_i (_ ] )2n~1(2n + 2k + 1)1(2m)I(2k + 1)1 

- (2k)I(2k + 1)1(2n - 2k + 1)1(2m + 2k + 1)1(27) 
le={) 

BzmtZktl = O, m> O. 

FLnaliy, applyIng (5) we obtaJn 

1 1J Bo(x) ~n¡.l (x)dx:= J ~rH-l (x)dx = (2B)
o O 

n 
~ (2n + 2k + 1)! JI 

=,t.., (2k)!(2k + 1)1(2n - 2k + 1)1 o B.zlot-l (x)dx = O. 
le={) 

From (26), (27) and (28) we can concludethat the 

polynomlal ~n+ l (X) Is orthogonal to the system 

!Bo(x) , B1(x), · , B.zn(x)! W1th respect to the welght 
1 on the Interval [O,]]. SLnce the system of Le­
gendre polynomlals Pn(2x - 1) Is also orthogonal 
W1th respect to tbe welght Ion [O.l]. theo there 
exists a sequence of scalars {On)such that 

The coefflclents On can be found exactly. Indeed, 
puttlog x = O Into (29) and takIng Into account 
fonnula (3) and the formuJa 

we have 

~ (2n + 2k + 1)1.Bzk+1 

- Il,l = ,t.., (2k) !(2k + ])1(2n _ 2k + 1)1 = B1 = - 1/2. 
le={) 

Therefore, On = 1/2. Consequently. formula (29) 
becomes 

n 
(2n t 21c + 1) ~ktl(x) 

2 L (2k) I(2n _ 2k + 1)!(2k + . ) )! ' (30) 
k=O 

and the proof of the theorem In case O" = O Is 
finis hed. 

For the case O" = 1 we shali apply the 
lemma for O" = l. The method used here Is similar 
to the method used In the prevIous case. 

Agaln replaclng ~~2H4 In (22) by formula 
(4) we get 

t B.z~2(x) fl (2n + 2k + 3)I13..lk+2(x) 

o (2m + 2)1 L (2k + 1)1(2k + 2 )1(2n - 2k + 1)' dx:=le={) . 

(2n + 2)1 
(4 n + 5)12 ómn' O $ m $ n (3]) 

Settlog 

n (2n + 2k + 3)1B.zk+2(x)
L (2k + 1)!(2n - 2k + 1)1(2k + 2)1= ~rn-2(x) ' (32) 
lc=O 

then ~rn-2(X) Is a polynomlal of precIse degree 
2n + 2 and we have 

2
I (2n + 2)11 ómnJo B.z~2(x) ~rn-2 (X)dx = (4n + 5)!2 ,O $ m $ n 

(33) 

Completely slrnllar to the correspondlng s tep In 
the proof of the theorem lo case O" = O we also 
obtal n 

J1 
B.zmrl(x) ~f}dX)dx=O. O $ m $ n. (34) 

o 

and 

1f Bo(x) F; rn-2(x)dx = O (35) 
O 

Now, from (33). (34) and (35) and reasonlng the 
same as before we can conclude that there exists 
a sequence of scalars ¡Pn)wtth 

(36) 
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We shall flnd the coeffic1ents 13n. From (2) we have 

I 	 1
J ~nd2x - I )dx = 4-5' o 	 0 + 

hence 

1 2 ~~ 
J =J P2n+2(x)dx =-45 . (37) 

o n + 

On the other hand , the followmg equalJtles are 
easy to be vertfled 

1 	 2 

J = J Pin.dx)dx= 
o 

n 

~ (2n + 2k+ 3 )! 


"- (2k + 1)!(2n - 2k + J)!(2k + 2)!
k=O 

n 

~ (20 + 2h + 3)1 

"- (2h + ) )!(2n - 2h + 2)I(2h + 2)! 
lt=O 

n 
~ (20 + 2k+ 3)1 

- "- (2k+ 1)!(2 n - 2k+ l )! 
k=O 

" - (20 + 2 I1 + 3)!B2k+211t4 

L (2h+ 1)1(2n- 2h + 1)1(2k + 2h + 4)! 
Ir-{) 

Applylng formula (22) to the Inner tlnlte sum, we 
obtaln 

n 
J - L (2n + 2k+ 3)! (20 + 2)! 6kn 

- (2k + 1)!(2n - 2k + 1)! ' (4n + 5)!2 
k=O 

(4n + 3)I(2n + 2)! 1 
(38) 

(2n + 1 )!(4n 5)!2 4·(4n + 5) . 

From (36) we have ~" > O, hence comparlng (37) 

and (38) we have 

Pn = 1/2 . (39) 

Consequently, from (36) we get 

P2n+2(2x - 1) = 2P;nt2(x) = 
n (20 + 2k + 3)!Bzkdx) 

2 I (2 k t 1)1(2k +2)1(2n - 2k t 1)1 ' (40) 
k=O 

and the proof of the theorem 15 tlnJshed. 
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