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Abstract

A formula for expanding Legendre polynomials in Bernoulll polynomials iIs considered. The
relationship is established by using a formula of finite summation, obtained by applying the discrete
orthogonal relation of the modified Lommel polynomials.
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Expresion de los polinomios de Legendre a traves
de los polinomios de Bernoulli

Resumen

En este trabajo se presenta una relacion entre los polinomios de Legendre y los polinomios de
Bernoulll. Concretamente, todos los polinomios de Legendre son expresados medlante polinomios de
Bernoulll. Para establecer esta relaclon, se ha utilizado una formula de suma finita, cuya prueba se
obtiene aplicando la ortogonalidad de los polinomnios modificados de Lommel.

Palabras claves: Polinomios de Legendre, polinomios de Bernoulli.

Is the "Kronecker delta”. By a linear change of x
the relation (1) becomes

Introduction

The main aim of this work is to obtain some
expanslon formulas of Legendre polynomlals in
Bernoulli polynomials.
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(13], Chapter 1, $ 1.13).

Let us recall some properties of Bernoulll num-
bers and polynomlals that will be used In the

next sections

B, =-1/2; By =0, m>0; B(0)=B,  (3)

minl
(m+n)!

By mn#0,
(4)

[ B, (0B, oodx= (1™
0

1
J Bamat9dx=0, mz0, (5)

(131, Chapter 1, $ 1.13, formulae (4),(17),(19); [5],
Chapter 2, p. 55, $ 2.4.1, formula (1), $ 2.4.2,
formula (2)).

The modified Lommel polynomials ([1], [2])
are defined by

R o) = (D)(20)"
oFa-n/2,(0-n)/2:0-n1-v-n-1/x%),  (6)

Tw+n)
(v)
and 9F3(ay ag.by by bs.2) Is a generallzed hyper-

geometric function ([3],Chapter 4).

Let{j, .|, n=%1, 12, ..., be the nonvanish-
Ing zeros of theBessel function J,(x) (4], Chap-
ter 7) ordered by

where (v), = is the Pchhammer symbol

<Jn.—2 <ju.—l <0 <.j|-.l <Jv.2 <

The modifled Lommel polynomials h,, ,(x) satisfy
the discrete orthogonal relationship

1 %,
Ju-l T 20en

X, sk ’ i @
P

where the dash in the sum indicates that the
term with Index k = 0 is omitted, and the recu-
rrence formula ([2])

P10 = 2x(n+ Ry, (0 = Ry (0. ()

Incidentally, we notice that formula (7) appeared
in [1,2] with the Incorrect right-hand side.

Formula of finite summation

The following formula of finite summation
containing Bernoulll numbers has been publish-
ed in [5], Chapter 5, 5.1.1.6 In incorrect form.
Since It plays an important role in the next
section and we could not find its proof In litera-
ture, we shall formulate It as a lemma.

Lemma

For 6=0or 1 the formula

n

(2n+ 21+ 20 + l)!BZH'H-2H-26+2
Z;‘ 2l+o)l(2n- 21+ DI2m+ 21+ 20+ 2)1

° 2n+o+ 1)!

N @n+ 20+ 32 dme Osmsn) )

Is valid.

Proof. We shall prove (9) by using the
discrete orthogonal relation (7) of the modified
Lommel polynomials when v=3/2.

First we consider the case o = 0. From (6) it
Is easy to see that the modified Lommel polyno-
mial h, (0 Is an even or an odd polynomial
according as n Is even or odd, Ile.

Ry = (=1)"h,, (2. Therefore,

Vel = hyp g o~ ‘j) n=0,1,.., (10

Is a polynomial of precise degree n In variable x.
Since ([4}, Chapter 7, $ 7.11, formula (14), p. 79)

Jllz(x) = V—gsm,
then
J’]/z‘k'——h[, k=i],i2....

Therefore, the discrete orthogonal relation (7) for
the sequence of polynomials {v,(x)} becomes

=R T i
Z D) G =BG am o
0<ms<n (11)
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Now we establish the explicit expression of the
polynomials v,(x). From(6) and (10) we have

2n
003/ Dy Kzf

oFs(-n, 1/2-1;3/2,-2n-1/2-2n;- 4—“;
_ (an+ 22"
e

i /2 -

2 (DiB/2d=1/2 = 2r),(2my,

- 4%",

where Id! = Ik - 2)(k— 4)...(k - 2[’—(] +2). Using
2

the formula

4@y (a+ 1/2) = 2y

we obtain

@n+ D22 L (<2n) 2 i
=T Doran - Iy %
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_ (dn+ 22"
e '
}": @2n-2k+ 1)y, . ﬁ)k
(2k+ D@En—-2k+2)y. - x’

By changing now n-k by k we get

v, (0 = (122 an+ DI |

(2k+ I)ZH—Zk X .k
k;o (2n—-2k+ DI2n+2k+ 2)y, o = TCZ)
= (-1"2%"@n+ DI .
= (2i2n+ 2k + 1) Xk
go(2k)1(2n— 2k+ Di@n+ 1 © 2
L 2+ 2k+ D! Wil
=CD k%@k)!(Zn ks O 2 - (12

Now the orthogonal relation (11) becomes

m 1 _(@n+ Hin®™?
¥ @4n+3)

0<m<n

mn’

EIU"(—) (4 2
(13)

Putting the explicit representation (12) of v, (4
into (13) we get

50

& nl
y y DT @n+ 2L+ 1)1 1 (L)m 1
S&ohen-2le it ad a2
2
%— e 0 SmM< (14)

By changing the order of summation in (14) we
obtain

i 1™ 2n+ 20+ s ~
5 44D 2n - 2L+ it S P2

@n+ 22
(4n+ 3)

e 0SmMsn

Applying the formula ([3],Chapter 1,
formula (16), p. 38)

$ 1.13,

( l)rm-l(Qn)zrr&Zkz
z k,lrm-ZH—Z 2m+ 21+ 2)12 Bymioua -

(15)

we get

" 2n+ 21+ 1By oue
E 2HI2n-21+ DICm+ 21+ 2)

2n+ !

@n+3)2 e 0<mM<n

(16)

Hence formula (9) Is proved in case 0= 0.
We consider now the case 6 = 1. Let
X 01 (9 + 0, (9. (17)

t(09 =

Since v,(0) = (-1)", it is easy to see that £,(») Is a
polynomlal of precise degree n. We have

oo

1
g} 2

41«’) K .
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1 _4@n+ NP2
K @n+3) mn

m

S
=43 wd—a) =)
&K 41>
0<m<n

After replacing v,(x) and v,,1(x) in (17) by their
explicit representation formulas (12) we obtain

_(=1)"2(4n+5)
tn(x) = 1(2 E

n Kk
(2n+ 2k + 3)! —-x
EO(2k+ DI2n-2k+ 1)! [ﬁZJ g L

By introducing expression (19) Into (18) we get

= gy !
zl:z ( ]) (2n+2[+3) ( 1 )l:I )

Sl @i+ Dien- 20+ it 412

1w 1 AGa+ Bt
4K Kt

)

@+ 5) e 0Emsn (20)

By changing the order of summation in (20) we
have

R N
1) 2n+ 201+ 3)!
2 44m L+ H@2n - 21+ )2t
=0
o 1 4@n+2mPt
k}_:; P T O<m<n  (21)

Replacing the infinite sum in (21) by the formula
([3],Chapter 1)

) 1y (Qmy22id

R
E{ 224 T (Om+ 21+ 4)12 Bamizua -

we obtain

n

2n+ 20+ 3)!BZm+2H~4

% @+ I2n- 20+ )I2m+ 21+ 4)

2n+2)!
——-(4n+5)12 Smn’ 0<m<n (22)

Hence, the formula (9) is proved for the case
c=1L

Legendre and Bernoulli
polynomials

Now we shall use the formula of finite
summation (9) to prove the following main theo-

rem.

Theorem

Legendre polynomials are expressed
through Bernoulli polynomials by the following
formula

Pyry146 2x— 1) =

5 @2n+2k+ 20+ 1)Byj 0010
_;O(2k+ o)l2k+o+ DI(2n-2k+ 1)’

(n20; o=0or 1).

n

(23)

Proof. First, we apply the lemma In case
¢ =0. In formula (16) replacing By,,;o2 by for-
mula (4) we get

Il By i1 (9 z": (2n+2k+ DBy,

o @m+ 1) & 2k)N2n - 2k + D}(2k+ 1) =

@2n+ U5,
@An+3)2 ’

0<m<n (24)

If we set

n

2n+2k+ 1)IBy, (0

EO 2RI(2k+ DI2n-2k+ 1)1

Py, (25)

then Pj..1(»9 Is a polynomial of degree 2n + 1 and
we obtain

] ien+
J Bama® Braeax=1S02 05 g
O<m<n

Using (4) agaln and noticing that By,,,95,1 = O for
m> 0, k=0, we have

Rev. Téc. Ing. Unlv. Zulla. Vol. 18, No. 3, 1995



Legendre polynomials by using Bernoulll polynomials

289

| 1
|| Bunlot Prs0de=[ B

D (2n+2k+ 1)1By, (0
EO (2k)!(2k+ DI2n - 2k + 1)!

n
- 2n+2k+ 1)! 1
=2 @RIk + Dign- 2k+ 1) JOBZ'"(") Byen(9dx

k=0
_ i )2 2n + 2k + D@2k + 1)!
i (

2112k + DI@n - 2k + 1)i@m+ 2k+ 1) 27

By =0 m>0.

Finally, applying (5) we obtain

1 1
J, Bt Phn@odx= | Fneodx= (28

n

. 2n+2k+ 1) 1 )
=% (210!(2k + DI(2n -2k + 1) Jo Byj1(9dx = 0.

k=0

From (26), (27) and (28) we can conclude that the
polynomial P, () is orthogonal to the system
(Bo(x9, By(%), -, By(x)| with respect to the weight
1 on the interval [0,1]. Since the system of Le-
gendre polynomials P,(2x— 1) is also orthogonal
with respect to the weight 1 on [0,1], then there
exists a sequence of scalars {an] such that

P10 = 0, Pyp1(2x - 1), n20.  (29)

The coefficients a;, can be found exactly. Indeed,
putting x = 0 into (29) and taking into account
formula (3) and the formula

Pn(—l) = (_l)n

we have
S (2n+2k+ DBy,

= O :k_zo(zk)!(zm Di@n-2k+ 11 - 21 ="1/2.

Therefore, o, = 1/2. Consequently, formula (29)
becomes

Py(2x-1) = 2P;n+l(x) =

(Zﬂ +2k+ l)!BQ;ﬂl(X]

k§o 2RI2n-2k+ DI2k+ 1)’

(30)

and the proof of the theorem iIn case 0=0 is
finished.

For the case =1 we shall apply the
lemma for o = 1. The method used here is similar
to the method used in the previous case.

Again replacing By .014 in (22) by formula
(4) we get

Jl By 000 & (21 + 2k + 3)! Byje0(20)
0 @m+2)l & 2hc+ D2k + 212n— 2k + 1)!

@n+2)
@ns 5y o 0SMSR (31)

Setting

n

(2n+ 2k + 3)!1By9(»

E) 2k+ DI2n-2k+ )2k + 2)!

= Ppa(, (32)

then F),,5(x) is a polynomial of precise degree
2n+ 2 and we have

{@n+2)1%,,,

Brrbg ¢ L VmEn

1
jo BerH-Z(x) P&mz(x)d)‘:
(33)

Completely similar to the corresponding step in
the proof of the theorem In case o =0 we also
obtain

1
Io Byri1 () Ponyo(0dx=0, 0<m<n (34)

and

1
Io By Py pg(dx = 0 (35)

Now, from (33), (34) and (35) and reasoning the
same as before we can conclude that there exists
a sequence of scalars {B,} with

P20 =B Popa(2x- 1), n20.  (36)
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We shall find the coefficients B,,. From (2) we have

1
1
IO Posal2x - Ddx=7-"2

hence

2

dn+5° (87

1
J= IO Pén+2(x)dx:

On the other hand, the following equalities are
easy to be verified

J= JO Py rip)dx=

n

Z 2n+ 2k + 3)!
2k+ DI2n-2k+ DN2k+2)! -~

k=0
n

z 2n+2h+ 3)!
(2h+ DI2n-2h+ 2){(2h+ 2! ~

he=0

1
Jo B)ia¥) Bypyp(x)dx

_i @n+ 2k+ 3)!

e Ck+ DH(2n—-2k+ 1)

n

=2n+ 2h+ 3)!sz+2m_4

EO (2h+ DI(2n - 2h + D2k + 2h + 4)!

Applying formula (22} to the inner finite sum, we
obtain

n
[ ! 2n+ 2)18
J=Z (2n+ 2k + 3)! ( N,

S (2kc+ 1)I2n - 2k+ DI " (4n+5)12

_ An+3)2n+2)! 1
T@2n+ Didn+ 512 44n+5)°

(38)

From (86) we have B, > 0, hence comparing (37)
and (38) we have

Br=1/2 . (39)

Consequently, from (36) we get

Praa(2x~ 1) = 2P, 0(0 =
2n+2k+ 3)!82;&2(-’()

z'go @k+ )2k +2)(2n-2k+ 1)!°

n

(40)

and the proof of the theorem is finished.
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