
Rev. Téc. Ing. Univ. Zulia. Vol. 20, Nº 3,195-201, 1998 

Numerical bounds for the solution of linear 
systems with symmetric positive definite 

matrices 
H.-J. Dobner 

University oJKarlsruhe, D -76128 Karlsruhe, Germany 
e-mail: dobner®ma2marl.mathematik.uni-karlsruhe.de 

Ahstract 

We consider linear systems with symmetric posl tive definite matrices. For those problems we 
present a n ew melhod for es timating a posteriori the error produ ced by a numerical solution. The metbod 
ls especially intended for large sparse systems. Thls approach has been applied successfuUy to linear 
systems arising in process simulalion with the conjuga te gradient method as underlying scheme. 

Key word.s: Unear systems , symmetric matrices , large sparse systems, conjugate gradient for 
estimating the error. 

Límites numéricos para la solución de sistemas 
lineales con matrices simétricas definidas positivas 

Resumen 

Consideramos sistemas lineales con matrices simétricas definidas positivas. Para esos problemas 
presen tamos un nuevo método para estimar a posteriori el error producido por una solución n u mérica. El 
método está dirigido especialmente a sistemas sparse grandes. El m étodo propuesto ha sido apllcado 
exitosamente a sistemas lineales que aparecen en procesos de simulación con el método del gradiente 
conjugado como esquema fundamental. 

Palabras clave: Sistemas lineales, matrices simétricas, sistemas sparse grandes, gra diente 
conjugado. estimación del error. 

1. Introduction The utilization of (1.2) requ1res b oth the 
knowIedge of the defeet and of the inverse A'l . 

We consider linear systems Whlle the precise computation ofAX- bis possi­
bIe with an appropriate computer artthmetic (ef. 

Ax= b , (1. 1) Kulisch / Mtra.nker[ l]), the compulation of a reli­
able inver se A'l poses some difficult questions 

9inxnwith X,b E 9'ln and nonSingular A E . and ls therefore often ignored in practice. 
Throughout this paper we assume that A is sym­ Numerical metbods providing additionally, 
metric and posltive definite (SPD). Furtbennore it to a computed solution , safe error bou n ds are 
is supposed that A is a sparse matrix of large di ­ called validating schemes. There are only a few 
mension r1 without a band structure. Ifwe know papers treatin g this aspect and most of them 
an approximate solutioo x for the uok.nown x, make use of a decornposition of A (see Rump 121 . 
then we gel an posterior! error bound by Cordes / Kaucher[3]) . 

Sorne schemes (see Kaucher/Rump [4]) for 
(1.2) valldating however requlre fue expllcit knowledge 
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of an approxirnate inverse for K 1 and are there­
fore not practicable for large sparse matrices. 
OOler papers [oc condltion estimation (cf. Ar'ioU et 
al 15), Guang-yao [6]) are yielding estlmations 
rather than gu aranteed bounds. 

The paper is organized as [oUows. In the 
next section we present Ole baslc lbeoretical re­
sults. These results are used in section 3 to derive 

a new method for deterntining bounds on ¡lA-l ~ 

wi thln a com putatlonal framework. In fue last 
sect:lon we discuss aspects of reaUzation and re­
port about numertcal tests . 

2. Obtaining bounds on IIA-111 

Our goal Is lo compute good bound for 
Ilx-xllwith a small amount ofwork and storage. 
For this purpose we define with a parameter 
w > O the Richardson operator 

Rw := 1 - wA, (2. 1) 

where 1 denotes the identity matrix. 

Theorem 2.1 

Let A be a SPD rnatrix and w be chosen 
such tha t 

2
0< w< - (2.2)

I II 

then 

(2.3) 

Proof 

Since A 1s a SPD matrtx, Lhere exists posl~ 

Uve constants m.M With 

m(x, xl ~ (Ax. xl ~ M (x. xl , (2.4) 

where (x,x) = xTxis chosen as inner product and 

M =IIAlI 
as correspondlng matrtx nOnD. Consider 

and 

M(RJ = sup (R~. xl , 
IxI- ' 

together with (2 .4) we deduce 

resp. 

Froro 

j t i5 easy to show Lhat (2.3) is satlsfted, if (2.2) 

holds . 

The reverse ofTheorem 2.1 15 also true: 

If (2.3) holds, then A ls a SPD matrix and 
(2.2) Is satls fied. 

Since A is nonsingular the unique solutions 
of 

(2.5) 

and of (1.1) coincide, furthermore we derive frOID 

Theorem2. 1 thal fue sequence 

(2.6) 

converges to tlle solution x. 

We note thal (2. 5) is an operator equation of 
the second ldnd, so its solutlon x Is glven, due to 
(2.3), (2.6) by the Neumann series 

x =¿ 
, 

R:;'wb = w L
, 

R::J>. 
lJ =- O 

This 1mplies 

so that. by (2 .3) and (2.5) 
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(2. 7) 

Com bining (2. 5) - (2.7) yields a result 

which serves as basis for an automatic error con­

trol: 

Let Z E 9r' be arbitrary. Let B~z) denote the 

ball of radius 

(2 .8)
r = 1 _~wll llb - AzII 

centered around z, then the soluUon x of (1.1) Is 
contained in B ,{z), that Is 

X E B,.(z) (2.9) 

Proo! 

Applymg (2.7) to (1.2) gives 

(2.10) 

whlch In turn implies (2.9). 

Let denote Amax (A) and Amín (A) the largest and 
smallest eigenvalue of A. Choose the parameter 
w accordlng to 

2 w - (2.11) 
opt - Amax (A) + Amin (A) • 

then the spectral radJus of Rw is given by 

(R ) = Ama..{A) - Am/n (A) < 1. (2. 12) 
P "'", Amax (A) + Amin (A) 

Unfortunately the exlreme eigenvalues of a 
rnatrtx A are nollmown In general, therefore the 
results of this section must be fonnulated in a 
way, so that they are applicable for computa­
tiona) analysls. 

3. An estimatioD theorem 

In lhis section we deroonstrate how to apply 
the theoretical results of the preceedlng section 
in practice. It lurned oul, that Intervals are an 
appropriale tool lo describe numerlcal intoler­
ances. The sel of closed real tntervals 

is denoted by J(~). Analogously J(~n) and J(91nxn) 

are denned. Intervals are written in square 

brackets. Set theoretic rela tions, such as =, ~, u 

are explained as usuaLfor vectors and matrices 

componentwise . 

For [a] E J(~) midpoint mid ([a]), diameter 

diam ([alJ and absolute value I [a] I are defined 
according to 

mid ([all = -.!.(g.+Ul ,
2 

for inlerval vectors and matrices we WJite 11.11and 
again these definltions apply componentwise. 
For intervals the basic artthroetlc operations 
• E { +, -. ' , / } are explained according to 

[a] '" [b] =[mil1{ª'" º, ª* b. a* º, a* b} 
max{ª* Q,g* b. a* Q. a* b}] . 

with O i1' lb] in case of division. 

With V, ¡., we distlngulsh the downwardly 
and upwardly dJrected roundings. Of great im­
portance ls fue scalar producl of two vectors, e.g. 
for computing Rw ln (2 .1). This operation must be 
done with rnaxirnum accuracy. so that no floating 
point number lies between the exact and the 
rounded result of such an optimal dot product 
(cf. Kulisch / Mtranker [1j) . 

Fo. a given fioatlng polnt quantlty y we as­
sign a corresponding interval Iy] quanttty by 

(3.1) 

so al! imprecisions of a numerical process can be 
controlled. Using the notations froro inlerval 
analysis the results of tbe p.evious section are 
surnmarized in 
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Theorem 3.1 

Let X denote an approximate solulion of 
(1. 1). Then the following error bound ls guaran­
teed 

(3.2) 

provided II[R",]II<1. 

Proof 

Combine Theorem 2.1. along with (2.5) ­

(2.7). 

Let 

C = ~~ il~j l (3.3) 
) 1 
) , 1 

and a be a real n umber with O < a < l. Ir tbe pa­
rarneter w in (2. 1) is chosen. so that 

C 1
O-<- - QI( ' i= l. .... n. (3.4) 

a w 

holds, then Rw is strlctly diagonal dominant. To 
see tbis. constder 

Iw(.'hI < wC ~~i: 
k 1 11- w~/1 - 11- w~ ¡ 1 
k rl 

then (3,4) impUes 

w C a(1 - wa. ¡)
0< - - - < =a, 

1- wa.¡ 1 - wa.¡ 

Since A is selfadjoint. the matrix Rw =1- wA 
is a1so selfadjOint. tbus 

where p(Rw) denotes the spectral radius of R w. 

If A ls addltionally strictly diagonal domi ­
nanto we derive with Gerschgorin's circle Theo ­
rem the computable bound 

(3.5) 


in this case (2.7) is immecüate. 

Once a Ooating pOint apprOximation x has 
been computed. the next step is to set up the er­
ror bound (3.2). To this airo we realize the estima­
tion by a computational process: 

If [zl J{\H n) Is an interval vector witb the 
property 

wb + R",lz) e [z) (3.6) 

then the solution xof(LI) lies within [z). 

Proof 

The mapping on lhe left hand s ide of (3.6) Is 
continuous. therefore lhe encJosur In (3.6) fur­
nishes together with Brouwer 's ftxed point Theo­
rem the assertion. 

In practice. the set [2) Is determined itera­
tlvely. accordlng lo 

(3.7) 

when starting with [)O)l=[~). 

As direct consequence of encJosure (3.6) we 
have: 

lf two llerate of (3.7) fulfill 

(3.8) 

then lhe esUmation 

(3.9) 

has been es tabIished . 

Since by construction l\Rw~ <1 is attained . 
the difficulty for explicltely bounding ~A 111 resp. 

IIRwlllS transfered lo the examinaUon of tbe enclo­
sure requirement (3.8), this condition however 
can be checked easily by computational means. 
such a computer assis ted a posteriori error 
anaIysis foI' large sparse systems seems not 
available. 
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Figure l. Matrix type l. 

4. Realization and numerlcal 
results 

Here we report aboul n urnelical tests and 
discuss aspects of implementation. The exan1­

pIes treated are taken from process simulation 
(cf. KIetlenhelmer [7 )). The matrices oC the linear 
systems are sparse. symmetric and posltive defl ­
rute. There are considered two types of matrices. 
where the distribution ofthe non-nullelemenis 18 
displayed In Figures 1 and 2. 

The necessary steps are described below. 

1. 	 Compute a soluUon :x with the method of 
conjugate gradients (91) 

2 . 	 Choose w and 0.. wWch are related by (3.9) 

and built up R w (~) . 

3 . 	 Correctlon of the relaxation parameter w 

(9t) 

4. 	 Validation step (I 91) 

We continue giving detailed comments on 
these step8. 

Step 1 

The matrices are slored with cornpressed 
row storage techniques . First a floating poin t ap­
proximation x for (1 .1) Is cornputed by the follow­
ing preconditloned CG (pcG) scherne . with M as 
preconditloner: 

",'...::. " :......:..". . ~. -: :. ' ­

"':';':''1¡,' ~ "Ic,.' • "Ic,.' • -¡"'", ..1 " .. 

.::. . :-...... ~-:.: , "...:..:r. t. /.'. ¡;'P.J 
",. •....~.. ••••• '.\:'. .......Y'~... . .... . .. ........... '., .....:... 


t.: . ~.: I • :':,. 

··~ll. -1, I •••••• 

",\ 
I .... ", 

.~'. . ..... ':. ..... 
.... ", "-'1 ...•• 	 • -c.... 
'.~. 

'L l' .' '''\ ' . '. 01. r: ..., 

ti 

'." 

'1 ... ,~ ~ • '. :~I 
, J' ~ 1& • .'. 
l. ... II¡,.p, r 

J~ <,j' 

" 
~" 

.'" ... 


'.,,' 
" "JI ,.'~ •• ' ". ~ ~ '.r: •Po: 

Figure 2 . Matrix type 2. 

)0) initlal guess 

i = 1,2.... 

Mz((-I) = rU- 1) • 

, ¡ = 1 

~t - ¡ = ¡~r" ",z" ~ )
(r(f ;11 I Zh :¡)) 

If M is posltive definite and ) '1 not the true 
solution. we derive 0.( > O and ~t > O. After sorne 
manipulaUons we arrive a t the recurrence rela­
Uon 

(4.1) 

¡ = 1, .. . . n-l. 

:-:-=u­
• • ~ • I 

6­

ai • . '. '. 	 .' 
• 

.......p

• lA '," ." • 

••,.... '. t ..... ;: 
"'!r.'.-pr;; •. 
.'.Ir...~: 


': ;fr._ • 

.r.p;.'-., 
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in ma trix forro shortly written as 

(AM -l)R = RB, (4.2) 

where 

...!... .!l
", ". 

...!... .!2. + -.L - .!2 o
'" ", ". ", 

--'- i!. +-,­B = (4.3)
' J 2 "!> '1'3 

and the (i+ l )-th colurnn of the matrtx R ls the re­
sidual vector ,1 ~. Since AM i and B are similar 
matrices, lhey have identical etgenvalues. ln gen ­
eral the iteration l.enninates after k « n ltera­
tions , tha1. 1s Il r(KJ:1 is very small. Then we treat ,1kl 

as zero vector; define a submatrix Bk of B by us­
ing k ins tead o[ n and consider instead of R a n x 

k-matrixRkWitb columnsr(Ol, r(Jl , '''' r(k-Il , and ob­
taio 

(4.4) 

In ou r computations M was taken as the identity 
matrix. 

Step 2 

This is a straightforward realization of ine­
quality (3.4) . 

Step S 

The extreme eigenvalues of Bk are taken as 
approximation for fue extreme elgenvalues of 

AM 1 . The com putatlon of tbe elgenvalues of B k 

witb tbe QR metbod can be performed as a by 
product in the peo scheme with addillonal com­
putational and storage costs of order O(c) onIy. 

Furthermore AM'1 must not be given explicitely. 
Now the parameter w i8 choseo du e to (2.1 1). 

Step 4 

In a final validatlon step, the guaranteed er­
ror estimation (3.9) is established in an interval 
analytica1 framework. 

Numerical results reported heTeo were ob­
tained by a PASCAL-XSC code on an u sual PC 
486 DX-2/ 66. In the Table 1 we sbow some nu­
merical Tesults. 

For a nonsingular and non-SPD matrix A 
we solve instead of(1.1) the equivalent linear sys­
tem 

(4.6) 

where AT indicates lhe transpo ed matrix o[ A. 
Since (4.6) is now a system Witb a SPD matrix, fue 
method discussed here ls appUcable to a wtde 
class of problems. 

Nomenclature 
n dimension of lhe linear system. 

NNE number of non-nullelements, compa­
red to n 2 expressed as a peTcentage. 

/ter n umber of iteratlon needed to com­
pute a good approximatlon X. t.l-J.at ls 

Type of matrix 

N 

NNE 

iter 

E 

w 

p(Rwl 

T able 1 

1 1 2 2 

28 1054 3102 113 257 

17.4 0.62 0.42 8.75 3.85 

25 75 410 40 37 

l.OE­ IO L OE- I0 l.OE- lO l. OE­ IO 1.0E-IO 

0 .999 1.020 0.643 0.567 0 .568 

0.979 0.979 0.996 0.992 0.985 

diam (xl 2 .564E-IO 1.678E-3 8.616E-9 4. 175E-8 2.835E-7 
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for an iterate of the CG-method the 

defect is sufftciently small 

Il deJec I~E (4.5) 

For simplicity as starting vector 
a1ways the nullvector has been cho­
sen. 

E stopping rule in (4.5). 

w according to (2. 11). 

p(R ) 

Diam (x) 

estimation, according to (2.12). 

diameter of the interval vector. enclo­
sing tbe solu tion x, according to (3.9). 
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