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Abstract

In our paper [5] we proved that any totally contact umbilical submanifold M of a manifold with a Sa-
sakian 3-structure with dim x; > 1, Vx € M, is totally contact geodesic. In the present paper we solve the

remaining cases. Namely, when dim u; =0, or dim x5 =1 M is totally contact geodesic or an intrinsic

sphere respectively.
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.Sobre subvariedades con contacto umbilical completo
de una variedad con una estructura-3 sasakian

Resumen

Ennuestro trabajo [5] probamos que cualquier subvariedad con contacto umbilical completo de una
variedad con una estructura-3 Sasakian con dim g, > 1, para todo x que pertenece a M, es de contacto

geodésico total. En el presente trabajo resolvemos los casos restantes. A saber, cuando dimu; =0 6

dim x4, =1, M es de contacto geodésico total o una esfera intrinseca. rectivamente.

Palabras clave: Estructura 3-Sasakian, contacto umbilical completo, contacto geodésico total,

esfera extrinseca.

Introduction

The notion of CR-submanifold has been in-
troduced by A. Bejancu [1] for the Kaehler mani-
folds, by A. Bejancu-N. Papaghiuc [2] for the Sa-
sakian mamnifolds (called semi-invariant subma-
nifolds) and by M. Barros- B.Y. Chen-F. Urbano
[3] for the quaternionic manifolds. Later,
CR-submanifolds have been intensively studied
from different points of view, several important
results have been obtained, some of them being
brought together in [1]. Also some important re-
sults have been obtained in [4] about QR-subma-
nifolds of quaternionic Kaehlerian manifolds and
in [2] on semi-invariant submanifolds of a mani-
fold with a Sasakian 3-structure.

It is well known (see [5]) that the tangent
bundle TM of a semi-invariant submanifold M
(called also contact CR-submanifolds), tangent to
the structure vector field &, has the decomposi-
tion TM = D @ D* @ {&}, where Dand D" are the
invariant and anti-invariant distributions on M,
with respect to the structure tensor field f on ma-
nifold M. Equivalently, M is a semi-invariant sub-
manifold of a manifold M if its normal bundle TM*
has the decomposition TM* = u @ u*, where u
and u* are invariant and anti-invariant sub-
bundles of TM* with respect to f. The equivalence
fails in the case of manifold with a Sasakian

3-structure.In this case the distribution D" is not
anti-invariant to the structure tensor field.
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According to a known result (see [2])} a to-
tally contact umbilical semi-invariant submani-
fold of a manifold with a Sasakian 3-structure

1
with dim 4 — > 1, for any x € M, is totally contact
X

geodesic. The main purpose of the present paper
is to study the remaining cases. More precisely we
prove that M is totally contact geodesic submani-
fold of M, if dim x =0. Ifdim x: =1 x € M, but
M is not totally contact geodesic, then Mis extrin-
sic sphere.

Preliminaries

Let M be a (4n+3)-dimensional differentia-
ble manifold with an almost contact metric
3-structure (fa.‘g‘a,vya,g). a € {1,2,3]. Then we

have

'd] ff =-I+ Na ®§a' (b] na(gb) = 6ab
(c) fa(iz:b) :_fb(ga)=§c' (dngefo=""p°fa =17

(e) faofb_”b®ga =_fb°fa+77a ®§b =fc'

0 74(X) = g(x.&,)

@ g( [.X. £,Y) = g(X,Y) =5 (X, (V)

for any cyclic permutation (a, b, ¢) of (1, 2, 3), whe-
re X and Y are the vector fields tangent to M, éis
the Kronecker's delta. Then M is called a manifold
with a Sasakian 3-structure, if each (fa. e O g)

is a Sasakian 3-structure, i.e. (see [6]):

a)(Vxr5,)Y =g(X,Y)E, —n,(Y)X,
b) VxE, =-f,X, ac€ {123} (1.2)

for any vector fields X, Y tangent to M where V is
the Levi-Civita connection on M. It is easy to see
that [§a, Ebj = 2£ for any cyclic permutation (a, b,
c)of (1, 2, 3). Throughout the paper, all manifolds
and maps are supposed differentiable of class C*.
We denote by F(M) the module of the differentiable
functions on M and by I'(E) the module of smooth
sections of a vector bundle E over M. We use the

same notations for any manifolds involved in the
study.

The curvature tensor K of M is defined by

KX YZ=V; §YZ_6Y§XZ—6[XVY]Z'
vX,v.z € r(1h).

Because the structure tensor field f, veri-
fies (1.2a) then the curvature tensor field K verify

a) K(X,Y)foZ = foK(X.Y)Z +g( f,X.Z)Y —g(Y, Z)
foX +9(X.2) foY —g(foY. 2)X

b) g(K(foX. fo¥) faZ. faW) =g(K(X.Y)Z, W)

_na(YMa(Z)g(X‘ W)_na(x)'?a(w)g(y- Z)
+17a(XMa(Z)g(Y. W) +7,(Y o (W)g(X, Z),

Q) K(X,E,)Y =n,(Y)X —g(X.Y)E,.a € {123},
VX.Y.z,w e I(Til) (1.3)

Now, let M be a m-dimensional Riemannian
manifold isometrically immersed in M, and suppo-
se that the structure vector fields £, §,, §; of M are
tangent to M. We denote by TM and TM* the tan-
gent bundle and the normal bundle to M, repecti-
vely. We also denote by {£} the distribution span-
ned by &,,&,, £, on M. The induced metric tensor
on M will be denoted by the same symbol g.

The submanifold M of a manifold with a Sa-
sakian 3-structure is called semi-invariant sub-
manifold (see [2]) if there exists a vector subbund-
le pof TM™ such that

Solw) = fo(u*) €™, a € {123},

where u* is the complementary orthogonal bund-
le to uin TM*, It is easy to see that any real hyper-
surface of M is a semi-invariant submanifold.
Next, denote fa(;z;) by D,,.a € {L23}x € M.
By using (1.1e) and (1.1g) it is obtained that
D,., D,,, D;, are mutually orthogonal subspaces
of xxx and have the same dimension s as the di-
mension of T,M. We note that the subspaces
o - = {LZS} do not define in general a distri-

bution on M, but the maping,.

D“:x->D; =D, ®D,, ®D,,,
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is a 3s-dimensional distribution on M
(s =dim ). By straightforward calculation we

deduce
a) fa(‘Dux) = ﬂi: b) fa(I)bx) = DC_\( (14)

for each x € M, where (a, b, c) is a cyclic permu-
tation of (1,2,3). We denote by D the complemen-
tary orthogonal distribution to D* @ {£} in TM. It
follows that the distribution D is invariant with
respect to the action of fi, f,. f;, that is
J.(D) = D, a € {1.2,3}. Thus M is semi-invariant

submanifold of a manifold M with a Sasakian
3-structure if

™ =D ® D" ®{&},

where D, {£§} and D* are the above distributions.

We note that D* is not anti-invariant distribution
(see (1.4b)).

From the general theory of Riemannian
submanifolds, recall the Gauss and

Weingarten formulae

a) VY =V, Y +h(X,Y)

b) Vy N =—ApnX + VLN,
vX.ye r(mm). N € 1(mm*), (1.5)

where h is the second fundamental form of M, A
is the shape operator with respect to the normal
section N, V and V* are the induced connections
by V on TM and TM* and xx, respectively. The Co-
dazzi equation is given by

9(K(x.Y)z. N) = g((Vxh XY, 2)-(Vyh X X. Z)N).
VX.Y.Z € T(TM), Ne T(TM*). (1.6)

It is known that if{ei}i =1, ..., misanort-

honormal basis of '(TM), then the mean curvatu-
re vector field of M, denoted by H, is given by

1 m

He— Eh(ei.ei).

The submanifold M is called totally contact
umbilical if the second fundamental form h of M
is expressed as follows

Calin

ROX,Y) = S (o(fuXe fuY JH 4+ 7aGOR(Y . 8,)
+1.0R(X.&,)). VX, ¥ € I(TM) (1.7)

If H=0 and (1.7) holds, then M is called totally
contact geodesic submanifold of M.

It is known that any sphere of a Euclidean
space is totally umbilical and has positive cons-
tant curvature. Also we recall that M is an extrin-
sic sphere of M if it is totally contact umbilical
and has parallel the mean curvature vector field
H # 0, that is,

Vx H=0, VX €TI(mm).

Finally we recall some properties of
semi-invariant submanifolds of a manifold M -
with a Sasakian 3-structure, for later use (see [2])

Proposition. 1.1. Let M be a semi-invariant

submanifold of a manifold with a Sasakian
3-structure. Then

a)h(X.E,)=0;
b)
h(Z.E) =—faz. ¥X € T(D). Z € T(fu(s")) (1.8)

Also we see that if M is totally contact umbi-
lical then

(Vih)(y,z)=3g(Y,Z)ViH, (1.9

if Y and Z belong to (D) and X € I'(TM)

Main Results

Let M be a real m-diminsional submanifold
of a 2n+1-dimensional manifold M with a Sasa-
kian 3-structure, It was proved (see [2]) that if M
is totally contact umbilical semi-invariant proper
submanifold (dim D > 0; dimD* > 0),  with

s=dimus >1, x € M then M must be totally

contact geodesic. Then it remains to study the ca-
ses s = 0 and s = 1. To this end we first prove the
following general lemma.

Lemma. 2.1. Let M be a totally contact um-
bilical semi-invariant submanifold of a manifold
M with a Sasakian 3-structure and D # {0}. Then
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the mean curvature vector field H of M is a global
section of F(;ﬁ).

Proof. Let X€ T ((D) a unit vector field and
N € (). By using (1.1g), (1.2a), (1.5a) and (1.7)

we deduce that

g(H.N) = g(g(X, X)H,N) = (¥ X, N)
= g(Tx fuX ~(FxS)X. fuN) = g(R(X. FoX). fuN)
=g(X. faX)g(H, foN)=0

which proves our assertion.

Now we see thatif s =0, then H=0and M is
totally contact geodesic. Next, because M is not
totally contact geodesic and it is supposed to be
connected, then let @ =|H| # 0. Denote

QU :El H bW, =fUac {123} @1

Lemma. 2.2. Let M be a totally contact umbi-
lical semi-invariant submanifold of a manifold M
with a Sasakian 3-structure. Then we have

ViH € T(y*). ¥ X € T'(1™m).

Proof. Let X € I'(TM)and N € T'(u) Now by
using Lemma 2.1 we have H € I'(x*). By using
(1.1g), (1.2), (1.6b) and (1.7) we infer that,

g(V}H.N) = g(%xfaH —(ﬁxfa)H'faN) =
g(h(x, f.H). f.N) = (X, f,H)g(H, f,N) =0.

Therefore our assertion is proved.
Now we prove the main result of the paper

Theorem. 2.1. Let M be a proper totally con-
tact umbilical semi-invariant submanifold of a ma-
nifold with a Sasakian 3-structure, such that
dim x4, =1, foranyx € Mand H #0. Then M is an
extrinsic sphere.

Proof. Let X € I'(TM), Y € I'(D). By using
(1.3a) and (2.1b) we infer that

g(K(wy, X) f1v. U) = g(fLK(Wy, X)Y + g(X.Y)U, U)

=g(X.Y)-g(K(W, X)Y,w)). (2.2)

On the other hand, using (1.6) and (1.9) we
deduce that
Q(K(le X)fiY, U) = g((leh)(X, AY)=(Vxh)
(W1» le)U) =3g(X, le)Q(V%V, H, U) _39(Wl, le)
g(v&H.U) =3g(X. ,Y)g(Viy, H.U). (2.3)

The relations (2.2) and (2.3) imply

9(X, ) - g(K(Wy. X)Y. W)
=3g(x. f;Y)g(Viy H.U) (2.4)

But, using the symmetry properties of the
tensors g, K and f; with respect to g, we get

g(V(;v, H.U) =0 which together with Lemma 2.2,
imply ViH =0, Z € I'(D*). Next, let X € T(D) be

a unit vector field. By using (1.1e), (1.1g) (1.6) and
(1.9) we infer that

9(K(fiX. £.X) f2%.U) = g((V; xh)(foX. f5X)
{Vfﬁxh)(flx- f3X).U) =3g( foX, st)Q(V},x”v U)
-39(fiX, f3X)g(Vj,xH.U) =0 (2.5)

On the other hand, using (1.1a), (1.1c},
(1.3a), (1.3b), (1.6) and (1.9) we obtain

9(K( X, f2X)f3X.U) =—g( LK(X, f3X) fX.U)
=-g(K(X. f3X)f3X).U) =9((Vf3xh)(x- fsx)
-g((Vxh)(f3X. f3X) = -39(X. X)g(VxH.U) (2.6)

Now the relations (2.5), (2.6) and Lemma
2.2, imply VyH =0, ¥ X € I'(D). Taking again
X € r(D)a unit vector field and using (1.6), (1.7)
and (1.8a), we deduce that

o(k(&, x)x,0) = g ((v: h)x.X))

(vh)(&,.X).U0) = (Vi HU) 2.7)

Taking into account (1.3c), the fact that
Ue [“(,ul), from (2.7) and Lemma 2.2 we get

V; H=0. Finally we proved that VyH =0,
¥ X € I'(TM) The proof is complete,
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