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Abstract 

In our paper [5] we proved lha t any totally con tact umbilical submanlfold M of a manifold with a Sa­
sakian 3-structure with dim ¡,¿; > 1, 'r/x E M, is totally contad geodesic. In the present pa per we solve the 

remaining cases . Namely. when dim fl~ = O, or d im ¡,¿; 	= 1, M is totaJly con tact geodesic or an intrinsic 

sphere respe lively . 

Key words: Sasakian-3 s tructur : totally contact u mbilical: lotally contact geodesic: ext..rin sic 
sphere . 

.Sobre subvariedades con contacto umbilical completo 
de una variedad con una estructura-3 sasakian 

Resumen 

En nuestro trabajo [5] probamos que cuaJquier s ubvariedad con contacto umb ilicaJ completo de u na 
variedad con una slructura-3 Sasakian con dim fl; > 1, para todo x que pertenece a M, es de contacto 

geodésico total. En el presente trabajo resolvemos los casos restantes. A saber. cuando d im ¡,¿; = O Ó 

dim ¡,¿~ = 1, M es de con tacto geodésico totaJ o una esfera intrins eca. recl1vamenle. 

Palabras clave: E structura 3-Sasakian. con tacto umbilical comple1o. con tacto geodésico total , 
esfera exlrinseca. 

Introduction 	 It Is well known (see [5]) that the langen t 
bun d le TM of a semi-invariant submaIlifold M 

The notion of CR-submanifold has been in­ (called also contact CR-submantfolds) , tangent to 
trodu ced by A. Bejancu [1] for the Kaehler m ani­ the s lrucLure vector field 1:,. has lhe decomposi ­
folds. by A. Bejancu-N. Papaghiuc [2 ] for the Sa­ lion TM = D E9 D,l. EB {';} . where D and D.J. are lhe 
saldan maniIolds (called semi-invariant s ubma­

invarian1 and anti-invariant dlstribu tions on M,
n ifolds) and by M. Barros- B.Y. Chen- F. Urbano 

with res pect to the structure tensor field f OIl ma­
[3 ] 	 for Lhe quaternion ic manifolds. Later. 

nifold M. Equivalently. M is a semi-invariant sub ­CR-submanifolds h ave been intensively s tu died 
manifold ofa m anifold Mif i1s normaJ bundle TMl.from different poin ts of view, several important 
has the decomposition TMl. = fl EB ¡,¿l., where presulls have been ob tained , sorne of them b eing 


broughl together in [11. Also sorne im portant re­ and fl1. are invarian 1 and anti-invariant sub­

sults have been oblained In [4 ] about QR-subma­
 bundles ofTM1. wiLh respec1 lo f. The equivalence 
nifolds of quaternionic Kaehlertan manifolds and fails case of manifold within the a Sasakian 
in [2J on semi-invarian1 submarufolds o f a mani ­ 3-s tructure.ln this case the distribution D.i i5 n ot 
fold with a Sasakian 3 -stn.lctu re. anti -invarian1 to lhe structure ten sor neldo 
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169 On su bm anifolds of a maniJold with a sasakian 3-s t ructure 

According to a known result (see [2J) a to­
tally contact umbilical semi-invar1ant subm ani­
fold of a manifold with a Sasakian 3-structure 

1 
with dim!-l - > 1. for any x E M. is totally contact 

x 

geodesic . The main purpose of the presen t paper 
is to s tudy the remainin g cases. More precis ely we 
prove thal Mis tota1ly contad geodes ic submani­

fold of M. if m m ¡.t; =O. Ir dim ~L; =1, x E M. but 

M is n ot totally contact geodesic. then Mis extrin­
sic sphere. 

Preliminaries 

Lel M be a (4n+3)-dimen s ion al dlIferentia­
ble manifold with an almost con taet m trie 

3-strueture ( fa.ga . r¡a, g). a E {1.2.3). Then we 

have 

foyany cyclic permulation (a, b. e) of (1. 2 , 3). whe­

re X and Y are the vector fields tangent to M, ois 

tbe Kroneckey's delta. Then M is called a manifold 

with a Sasakian 3-struelure. if eaeh ( fa. ga' r¡ a' g) 
is a Sasaklan 3-s truetu re. Le. (see [6]): 

al (v x f a) y = g( X. y)ga - 1}a (Y )X. 


bl VxL = -faX. a E {L2,3} (1.2) 


for any vector fields X, Y tan ent lo Mwhere V is 

the Levi-Civita connection on M. It is easy t o see 

that [~ a' ~b] = ~e for any eyeHc permutation (a. b , 

el of (1 . 2. 3). Throughout the papero all manuoIds 
and maps are s upposed differentiable of clas s e"'. 
We denote by F(JW) the module oftbe differentiable 

functions on Mand by r(E) the module of smooth 

sections of a vector bundle E over M. We use the 

same notaUons for any m anifold s involved in lhe 
study . 

The curvature ten or K of M is defined by 

K(X. y )Z = V x V y Z - - y Vx Z - V¡x.y ]Z. 

VX. y,Z E r(1M). 

Because the strueture tensor fieId fa veri­
fies (1.2a) then the cu rvature tensor field K vertf)r 

al K(X . Y)JaZ = JaK( X . Y)Z + gUaX . z )y - g(Y . Z) 
JaX + g(X. Z )JaY - gUaY . z )x 

b) g (KUa X . JaY)Ja Z' JaW) = g( K(X. Y )Z. w) 

-r¡a(Y}r¡a(Z)g(X. w ) -r¡a(X}r¡a(W )g(Y . Z ) 
+ r¡ a( X}r¡a(Z)g(Y . W ) + 1la(Y}r¡a(W)g(X. Z ). 

e) 	K(X' ~a)Y =1la(Y)X-g(X. Y)~ a .a E {1.2. 3}. 
VX. Y . Z .W E r(TIw) (1.3) 

Now. let M be a m-dimensional Riemarmian 

m anifold isometrically immersed in M. and suppo­

se that tbe structure vector fields g¡. g2' ~3 of M are 

tangent to M. We denote by TM and TMJ
· the tan­

gent bund l and the normal bundle lo M. repecti­
vely. We also denote by {g} the distrib u tion s pan­
ned by gl '~2'~3 on M. The lnduced metric t nsor 
on M will be denoted by the sarne symbol g. 

The submanifold M of a manifold with a Sa­
sakian 3 -s tructure is called semi-invariant sub­
manllold (see [2 ]) ifthere exisLs a vector subbund ­
le p of TMJ. sueh that 

where !-IJ. Is the eomplementary ortbogonal bund­

le to ¡.¡ in TMJ. . It is easy to see lhat any real hyper­

surface of M is a semi-invarian t submanllold. 

Next. denote Ja(I' !) by D ax , a E {L2. 3}x E M. 

By using (1. le) and (l. l g) it is obtained thal 
D¡x ' D2x ' D3x are mutually orihogonal subspaces 
of xxx and have tbe same dimension s as the di­
mension of TxM. We note thaL the subspaces 
Dax' a E {L2,3} do n ot define in general a distrt­

bution on M. but the m a ping. 
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is a 3s-dimensional distribu tion on M 
(s = diro ,u:!:). By slraightforward ealeulation we 

deduce 

(1.4) 

for eaeh x E M, where (a, b, e) is a cyclle permu­
tatíon of (1.2.3). We denote by D the complemen ­
tary orihogonal dis tribuUon lo D l. lZi {.;} in TM. Il 

follows that fue d istrtbution D is invariant with 

respect to the action of JI ' J2' J 3' that is 
J a(D) = D, a E {1 2.3}.Thu s M ls semi-ínvariant 

su bmanifold of a m anifold M with a Sasa kian 
3 -structure if 

TM = DIZirY- IZi {';}, 

wh re D , {.;} arrd Dl. are th e aboye distrtbutions. 

We note th at rY- is not anti- invariant disLrlbu tion 
(see (l.4b)) . 

From lhe general theory of Riemannian 
submanifolds, recalI the Gau ss and 

Weingarten form u lae 

a) Vx y = V x Y + h(X . y ). 

b) VxN = -ANX + V; N , 

VX. y E r(TM), N E rCfM J. ), (1.5) 

where h is lhe s econd fundamental form of M. A N 

is the sh ape operator with respecl to the nonnal 
section N. V and V~ a re the induced connections 
by V on TM and TM.l. and xx, respectively. The Co­
dazzi equation is given by 

g(K(X . Y)Z , N) = g«Vx h)(Y , Z )-(Vyh)(X. Z)N ) . 

VX. Y.Z E r(TM), N E r(1Ml. ). (1.6) 

rtis known thatif{eJi = 1, ... , mis an orl­

h on onnal basis oC r(1Ml. then the mean curvatu­
re vector fieId of M, denoted by H . is given by 

The s u bman ifaId M is called to tally contact 
umbilical if the secand fundamen tal form h of M 
is expressed as follows 

3 

h(X, y ) = 2:. (g( JaX , JaY )H + t)a(X)h( y . .;J 
a 

If H = O and (1 .7) holds. then M is called totally 

contact geodesic s ubmanifo ld of M. 

It is known that any s phere of a Euclidean 
space is totally umbilical and has posiUve cons­
tant curvature. Also we recall that M is an extrin­
sic sph .re of Mif it is tot Iy con tact umbilical 
and has paralle l the mean curvatu re vector field 
H ~ 0 , that ¡s . 

V~ H = O. '¡f X E r(TM). 

Finally we reeall some p roperties of 

semi-invariant submanifolds of a manifold M 

wiili a Sasakian 3-slructure , for la le r use (see (2)) 

ProPOSitiOD. 1.1. Let M be a semi-invariant 
s ubmanifold oJ a manifold with a Sasakian 
3-structllfe. Then 

a) h(X . ~ a) = 0: 
b) 

h(Z'~a)=-JaZ' VX E r(D), Z E r(Ja(l<l. ») (1.8) 

Also we see th al lf Mis total ly contact umbi ­
lical then 

(Vxh)(Y. Z ) = 3g(Y. Z)V~ H. (1.9) 

if YandZbelong to f (D)and X E r (1M) 

Main Results 

Let M be a r eal m-diminsional s ubmanifold 

of a 2 n +l-d imen s ional manifold Mwiili a Sasa­
kian 3 -structure. It wa s p roved (se [2)) thal if M 
is totally conlacl u m bilical semi-invariant p roper 

subrnanlfold ( dim D > O; dirn DJ. > O). with 

s = dim J.t ~ > l. x E M then M must be totally 

contact geodesie. Then it remains lo Sludy the ca­
ses s =O and s = l . To this end we first prove the 
following general lernma. 

Lem.ma. 2.1. Let M be a totaUy contact um­

bUical semi-invariant submanifold. oJ a manifold. 
Mwith a Sasakian 3-structLtre and D ~ {O}. Then 
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the m an curvat"ure vector field H oJM is a global 

section oJ r(#"- ) . 

Proof. Let X E r ((D) a unil veclor field and 

N E r(~l). By uslng (1.1 g) . (1.2a). (1.5a) and 0.7) 

we deduce that 

g(H. N) = g(g(X. X )H. N) = g(\'x x . N) 

= g(Vx JaX - (VxJa)X , JaN ) = g(h( X. JaX), JaN) 

=g(X. JaX)g(H. JaN) =0 

which proves our assertion. 

Now we s ee that if S =O. then H =O and M ls 
totally eontact geodesic. Next. beeause M is not 
totally eontact geodes ic and it is supposed to be 
connected . then let a = IIHlr ;to O. Den ote 

1 
a)U = ~H. b) Wa =Jp. a E {l2.3}. (2. 1) 

a 

Lem.ma. 2.2. Let M be a toiaUy contad wnbi­
Ueal semi-invariant submanifoLd oJ a manifold M 
with a SasaJcían 3 -structu re. Then we have 

V~H E r( ,u"- ). 'rI X E r(1M). 

Proof. LeLX E r(1M)and N E r (#) Now by 

using Lernma 2.1 w e have HE r(,u"- ). By u s ing 

0.1g). (1.2). (1.6b) and (1.7) we infer fuat. 

g(V~H, N) = g(VxJa H - ( Vx Ja )H, J aN) = 

g(h(X. J aH) . Ja N) = g(X. Ja H)g(H, Ja N) = o. 

Th erefore our assertion is p roved. 

Now we prove the main result of fue paper 

Theorem. 2.1. Let M be aproper totally eon­
taeL wnbilical semi-invariant submanifold ola ma­
niJold w ith a Sasakian 3-structure, su.ch thai 

dim,u~ = l Jor any x E M and H ;to O. Then Misan 

extrinsic sphere. 

Proof. Let X E r(1M). y E reD). By using 

(1.3a) and (2 .1b) we infer iliaL 

g(K{W¡. X)J¡Y. u ) = g(J¡ K{W¡. X )Y + g(X. Y )u. u) 

=g(X. Y)- g(K(W¡. X )Y. w ¡). (2. 2) 

On the otheT h and . using (1.6 ) and (1.9) we 
deduce lhat 

g(K{W¡. X)J¡Y. u) = g«Vw¡h)(X. J¡Y) -(Vx h) 

(W¡. J¡Y)U) =3g(X. J¡Y)9(v tv¡H. u) - 3g(W¡. J¡Y) 

g(vtJl .U) =3g(X. J¡Y )g(Vtv, H.U). (2.3) 

Th e relations (2.2) a n d (2 .3) im ply 

g(x. Y)- g(K (W¡. X )Y. w¡) 


=3g(X. J¡y)g(vtv , H . u) (2 .4) 


But, using th e syrnmetry p roperties of the 
ten sors g , K and J¡ with r espect to g , we get 

g(V~ , H.U) = O which together with Lemma 2.2, 

imply V~H = O. Z E r(DJ 
) . Next.let X E r (D ) be 

a u n it vector [¡eld . By u s ing (1. le). (l.l g) (1.6) and 
(1.9) we infer lhat 

g(K(J¡X . J2X)J3X, u) = g« yo J,X h)(J2X , f3 x) 

-( yoJ,xh)(J¡x. J3X), u) =3g(J2X, f3 X )g(VJ ,x H. u ) 

- 3g(j¡X. J3x )g(Vj,xH . u) =0 (2 .5) 

On the other hand, using (1 . 1 a). (1. 1el. 
(1.3a). (1.3bl, (1. 6) and (1.9 ) we obtain 

g( K(j¡X. J2X )J3X, u) = -g(J¡ K(X. f3 X)J2X . U) 

= - g( K(X . J3X) f3 X) . u ) = g« VJ3x h)(X. f3 X) 

-g« Vx h )(f3 X. f3X) = -3g(X.X )g (V:kH. u) (2 .6 ) 

Now fue relations (2.5) . (2 .6) and Lemma 
2 .2 . im ply V~H = O. 'rI X E re D). Taking again 

X E r(D)a unil vector fleld and using (1.6), (1.7) 

and (1.8a l. we ded uce that 

(2 .7) 

Taking ínto accou n t (l.3c). the faci that 

U E r ( #"- ). fm m (2. 7) and Lemma 2 .2 we geL 

V't ,H = O. Finally we proved iliat V~H = O. 

'rI X E r(T1W) Th e proofis complete. 
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