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Abstract

In the present paper, transformations for basic analogue of the Fox’s H-function of one and two vari-
ables have been derived by the application of the g-Leibniz rule for the product of two basic functions.
Some special cases involving a basic analogue of Meijer's G-function are also derived.
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Transformaciones de la funcion hipergeomeétrica
basica generalizada de dos variables

Resumen

En el presente trabajo han sido derivadas transformaciones para la analoga basica de la funcion H
de Fox de una y dos variables, aplicando la regla de Leibniz-q para el producto de dos funciones basicas.
Algunos casos especiales que incluyen una analoga basica de la funcion G de Meijer son también deriva-

dos.

Palabras clave: Operador derivada-q fraccional, regla de Leibniz-q, analoga basica de la funciéon H
de Fox y la funcién G de Meijer basca.

1. Introduction

Recently in a couple of papers Yadav and
Purohit [1, 2] have used the g-Leibniz rule for the
fractional g-derivatives of the product of various
basic hypergeometric function full stop. This has
resulted in deduction of several transformations
and expansion formulae involving the basic
hypergeometric functions. Earlier Denis [3] and
Shukla [4] have used the q-Leibniz rule to derive
certain transformations for basic hypergeometric
functions.

Recently Yadav et al. [5] have investigated
the fractional g-calculus operators involving the

basic analogue of Fox’s H-function and basic an-
alogue of Meijer’s G-function of two variables.

Motivated by the aforementioned work, we
investigate the applications of the q-Leibniz rule
to a product involving the basic analogue of Fox’s
H-function of two variables. This shall further be
used to derive transformations involving the
above mentioned functions.

The fractional g-differential operator of ar-
bitrary order u, cf. Al-Salam [6], is defined as:

Df of (x) = { [x - yql . flydlyq. (1)

Ty(—w)
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where Re(u) < 0 and

2)

oyl —xﬂ{ ~(y/x)q" }

(y / x]qv+n

where x and y are complex numbers with x # 0.
The basic integration cf. Gasper and
Rahman [7] is defined as:

flod(tq) = x(0-q) >, q" f(xq"), 3)

k=0

O~ %

provided that the series converges.
By virtue of the equation (3), the equation
(1) can be expressed as:

x (1=
1-g) < S gk - a1, L Flxg"),

D
ol (202 Ty(=1)

4

where Re(u) < 0 and the g-gamma function cf.
Gasper and Rahman [7], in various forms is given
by

(@9).0-9)"" [-qgl,.; (@@,

r = = —= =

al) (0% Q)w 1-g*' a-q**
0<lg <1 (5)
with ¢ #0,—1-2,... and
(@:q). = [0 -ag). ©)

J=0

Further, for real or complex ¢ and 0 < ‘q‘ <1

the g-shifted factorial is defined as:

1, ifn=0
q“:), = {0—q9)-g*")--- Q- g™ ), ifn € N (7)
[a-gHa-g?)---a-g=™] ", ifnez
or
(a;9).,
(@:q) =~ — 8
Pn = aqhq).,

In view of Agarwal [8], we have the g-exten-
sion of the Leibniz rule for the fractional gq-deriva-
tives for a product of two basic functions in terms

of a series involving the fractional q-derivatives of
the function, in the following manner:

n(n+1)
(-D"q 2 (g":q),
(q:9),

D ”{U(xq )}D AVL 9

4 AUV} = E

where U(x) and V(x) are two regular functions.

Following Saxena, Modi and Kalla [9], the
basic analogue of the H-function of two variables
is defined as:

[ (c7.7) ]
A,(M,:N,),(M,:N,) zl (aa)(a a') 1
He p.#,:0,).2,:0,)| 2, (d:0.0) |~ 2002~
(b, ;b ) |
. . 2 s t
i le(s,q)Xg(t.q)Xg(s,tq)n (z1)°(z5) dsdt. (10)

G(q"™®)G(g ") sin wssin xt

where 0 < |g| < 1and

-1

={H(1—q“+”)} - (11)
n=0

(@ Q)

Also

M, N,
HG(qu—ﬂjs)HG{ql—aj+ajs]

j=1 j=1
X\(s.q) =, . . (12

Pl
[l aa™*") [laq®™)

J=M,+1 =N, +1

M, N,
HG(q )} ﬂ}t)HG(ql—a}+a}t)

X,(t.q) = — . a3
l—[ Glg' Pt TTGq% ™"

Jj=M, +1 Jj=N,+1

and

A
l_[ (ql cj+yjs+yj’»t]

Jj=1

D
n G(q VjS—VJ'-t)HG[ql—dj+6J-S+yéj'~t]

J=A+1 j=1

X3(s,tq)

(14)
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The coefficients y ; and y’, (1= j < C); 9;
andé’j, (I=j=D)sa;(0l=sj=sP)a;0=j=sh),
B; 1= j=0y), B;(1= j=Q,)are positive num-
bers, A, C, D, P, Py, @y, Q,, M}, My, N and N, are
non negative integers, satisfying the inequalities
0<A<C, 0=sM;=@Q;, O=<N,<P, D>0
Vi e {12}

The contours C; and C, are lines parallel to
Re(w;s) =0 (i =12), with indentations, if neces-
sary, in such a manner that all the poles of
G(qbf_ﬁjs) for jE€{L...,M;} and G(qbf_ﬂ}t) for
JjE€{l...,M,}, lie to the right and those of
Glq" ™Yy for jE{L..., A}l G(g'¥""®) for
JE€{L...,N}and G(g"™ " ®) for j € {1,..., N,} lie
to the left of the contours. An empty product is in-
terpreted as unity. The poles of the integrand are
assumed to be simple. The integral converges if
Re[slog(z,) —logsinnws]< 0 and Reltlog(z,) —
log sin zrt] < O for large values of |s| and [if on the

contours i.e. if ‘{arg(zi) —wywi? log‘zi‘} <z for

i =12 WhereO < ‘q‘ <1 such that logqg = -w =

—(w,; + iw,), w, and w, being real numbers.
Ifweseta=a'==p=y=y'=0=0=

then the definition (10) reduces to a basic ana-

logue of Meijer's G-function of two variables as
under:

[ (L) ]
FA BN, 00, N ) |z, |@D;(@D]
C.D.P:Q).Py:0,) 2,0 (di1) | T
(b,1); (b'])

[ Cis.oesCe 1

. ’ !
A,(M,:N,),(M,:N,) |[Zl_ a,....ap;dy,....dp, J_

Ge p.p,:0,).5,:0,)| 7,7 4 dy,....dp
b.....bg :by..... by,

1 Iy Yl(s;q)Yg(t;q]Ys(s,t:q)nz(zl]s(zg)tdsdt

(271)> Cror G(g"™)G(q" ") sin wssin wt
(15)

where

Ml Nl

HG(qu—s)HG(ql—aj+s]
Yi(s.q) =5 — : (16)

H G(ql—b/+5) HG{qaf—S]
J=M,+1 J=N,+1

Yadav y col.
M2 NZ
HG{qb"_t)nG{ql_q’ﬁ)
. _ J=1 Jj=1
lta= 9 1-b)+t 2 a’.—t’ 1)
[T aq™™ [lag™)
J=M, +1 J=N, +1
and
ﬁ 1 +s+t
Glg ™)
Yalstq) =—— 5 (8§
H G(ch—s— )HG{C] - j+s+ ]
Jj=A+1 J=1

Further, we observe that for A =C =D =0
the basic analogue of Fox’s H-function of two
variables given by (10) reduces to a product of two
basic Fox’s H-functions of one variables cf.
Saxena, Modi and Kalla [9], as under:

FO- 01N, 0,:N,) | 2 (a,a);(a,a)| _
0.0.(::01).0%5:0,)| 2, (b, B): (b, )| =

N[ aa)] v (a@a)]
Hy. /| 25y ) |5 | 220, 1 | (19)

where the basic analogue of Fox’s H-function of
one variable due to Saxena, Modi and Kalla [10],
is given by

i

M,.N (a.a)] 1
lel,Q1 I_X;q =

(b, B) |~ 271 ¢

Ml Nl
H G(qu_ﬁjs) H G(ql—q,v-*-ajs)ﬂxs

i j=1 J=1
Q] Pl ’

11 ad™™) Tlalq® “)Gqg")sin s
J=M,+1 J=N, 41

(20)

where0< M; = Q,,0=< N, < P, a;s and s all
positive integers. The contour C is a line parallel
to Re(ws) = 0 with indentations if necessary, in
such a manner that all the poles of G(qbf -p %),
1< j=< M, are to the right, and those of
Glq'~%""®), 1< j < N, to the left of C. The integral
converges if Re[slog(x) —log sin ws] < O for large
values of |s§ on the contour C ie. if
‘{arg(x) —wow;i! log\x\H <m, where 0<lg<l
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logq = —w = —(w, + iw,) , w, w;, w, are definite
quantities, w; and w, being real.

Further, if we seta; = 8; =1 Viandjin the
equation (20), we obtain the basic analogue of
Meijer's G-function, due to Saxena, Modi and
Kalla [10], namely

N[ @] _ AN apﬂ_ 1
HPII,QI1 Lx,q(b 1)J= Gpll,Qll Lx,qb1 _____ bQ,J = omi
M, N,
HG{qu—s)HG{ql—aj+s)nxs
1 1
f 9, . ;1 ds,
¢ H Glq'™"*) HG(qaf_S)G[ql_s)sinns
J=M,+1 J=N,+1

21

where0 < M, < Q,,0 < N, < P, and Re[slog(x) —
log sin ws] < 0.

2. Transformations involving
a basic analogue of Fox’s
H-function of two variables

In this section, we shall establish certain
theorems involving some transformations asso-
ciated with the basic analogue of the Fox’s
H-function and Meijer's G-function of two vari-
ables.

If Re(u) <0, Re[slog(z,) —logsinxs]< O,
Re[tlog(z,) —logsinnt]< 0,p and o being any
positive integers, then for 1 #0,—1-2,..., the fol-
lowing theorems holds:

Theorem 1

=24 p,o)c:y.y)

A+1,(M,:N,),(My:N,) z,x” (a, a); (a’, )

HC+1D+1[PQ)(P :9,) zxo‘ q(ddé]( —A+ 1 p, o) =
b ﬁ (b’, ﬂ/)
nn-1)
i(—l]”q 2 (g q),
er N (4 M () M
[ (0: p. 0)(0 ” v’ 1|
A+L(M;:N).(04,:N,) |2 X7 | (a, a);(
Heiipi1,0,) (Z’Q2 |lea’ (d: 6.6’ (n ,0 0) | (22)
[ (b.B):(b. B J

Theorem 2

[ 1-Ap.o) |
N ). (M N)Izlx" (a,a);(a,a) I
11,(P;:Q,).(P,:Q,) X []_ /1+M’p, o)

7 Twopivp |

n(n-1)
<« (=10"q 2 (g9,
,EO (@ a), *
1-1

gy, S0

MN+1|— o, [Oa(aa-|

Hp,'1.0, 41|22 Ay, 1, (n, 0 | (23)
Theorem 3
(c;y.v)
AL N, +1).0M, N, ) zix? | (I=4p).(a a)(a.a) | _
C.D.(P; +1:9, +1),(P,:Q, ) Zy q (d; 0,0 -

(b. ). (1= 2+ w; p): (b, B)

n(n-1)
w (—D"q 2 (g q)
,go (@ qalq” Hle)

[ @y.y) ]
AL(M, N, +1),(M,:N,) |zlxp' (0, p). (@, @);(a,a) |
Hc¢ D(P+IQ +1).(P, Qz]l z, g (d: 6, 0)
(b, B).(: p): (1, )
24)

Proof of (22): On taking, in the g-Leibniz
rule (9) U(x) = x*! and

(c:y.7)
z,x" (a,a);(a’,a’)‘
zx I (di0.0)
(b. B); (', B)

A[M N)(M N)
V(x) = He p.(p:0 )., :0,)

we get,
[ [ (cy.y) ]|
A.(M:N)).(M, N]IZIX (a, a); (a’, a’)|

-
D)’:,qj 'He p.p,:0)).6,:0,) (d;6,0) JJ_

(b, B): (b, B)

nn+1)
i(—l]”q 2 (g*q)
o (@ Dn

nDﬂqn{(Xq ]ﬂ l}x
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Yadav y col.

( [ (cyy) ]
AMN)LMN,) | 2X7 (a,a);(a’,cx’)‘
Dn Hc! D(P :9,).(P, QZJLZZXU 4 (d:o,0) J ’

(b, B): (', B)

Following the recent communication of au-
thors [5] we have:

( f . (c7.y) ]I]
(a',a))
D,‘j,qj )' ng gw(PNQ) %j NQi ZIX a(cczl 66:3](1 L_
(b. p)i (.1 |

e ey A+LM, N, )L (M
(=)™ x""""He 1 ps1p, in(PzQ2 X

|F | a-zpolar.y) 1|

Z,X (a,a);(a, @)

|z (0,01 — A+ i p.0) | 25)
1 (.. f) |

where Re[slog(z,;) —log sinws]< O and

Re[tlog(z,) — log sin wt] < O.

If we set A = 1in the above result (25), we ob-
tain the following transformation involving Fox’s
H-function of two variables:

( |F (c; V 7)

p
u J A(M:N,),(My:N,) | 2 XP - (a,a);(al,a)
Dx,q HC,D,(II:’l:IQI),(I%’ZIéQ)|

1

)

-4 (d;6,9) [r =

l ™ J
A+1,(M,:N,),(My:N,)

(b, B); (b, B)
(A—a)"x"He 1 pit. 0,0 5.0 20,) %

[ (O;p,o)(c;y,y/)]

zi x| (a,a);(a,a)

‘zzx (dt; 6,0) (s p. o) | (26)
] (b, p): (1, ) |

where Re[slog(z;) —log sin zs] < O and

Reltlog(z,) —log sin xt] < O.
On using the relation (26) and a fundamen-
tal result of fractional g-calculus, namely

ry(4)

u =1y —
Do) (A —w)

X1 (A #0,-1-2..),
(27)

we arrive at the Theorem 1 after some simplifica-
tions.

Proof of (23): On setting

N[

U(X) — xl—lH}ID\fthl Lzlxp;q(a, a)-|

(b, B)]

and,

v =ittty )

in the g-Leibniz rule (9), we obtain

ot el B i ol ) =

nn+1)
i(—l)"q 2 (@":q),
ur (@D

Dg;]”{(xq”)‘—lH,i‘f{éV; [zl(xq”]p: qizj Z”} x

D, {Hp o [22)(0 qig, 2‘”} 28)

In view of the known results due to Yadav,
Purohit and Vyas [5], namely

oo gl i

_ A—u—1¢71.(M;:N,),(M,:N,)
A-a)™x"*"H 1 p.4,).#,:0,) %

{ (1= 4 p,0) 1
|21x” (a,a);(a’,a’)

Z,x° Y1-2+ wp.o)f
] (b, : (b ) |

(29)

( [ cy.y) |
D J LA N, ) (M N1|zlxﬂ (a,a);(a), a’HL
X.q C.,D,(P;:9Q,).,(P,:Q,) (d; 6,6’]

| |

(1-q) "X HE: gW(PNQ] e Ngl) X
[ (c;y,7) 1
lzx? | (=4 p)(a a)(a,a) |
|z, ° (d: 0, 0) |
|7 bpa=1+ i, p)]

(30)

by assigning A = C = D =0, in the above equa-
tions (29), (30) and using the result (19) we obtain
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the following fractional q-derivative formulae in-
volving Fox’s H-function:

[

D;:V_qn{[an)l_lH}IJ‘fl'é\il Lzl(an]p; q

(o) _
(b, B)
xn—ﬂ+}.—1qn(l—l] M,.N,+1
WHPI+LQ1+I X

[ . 1-4p)aa) |
(2D Y, gy (=74 = )| (1)
and
LN, . |ala))]
Dz*q{H’I’f a7 ;q(blﬁUJ} -
X" N+ | [0,0),(aa)]
i-q" P2+1,Q2+1|_22X ’q[b’,ﬁ’),(n,a)J' (32)

On substituting (29), (31) and (32) in (28) we
arrive at the Theorem 2 after some simplifica-
tions.

Proof of (24): The proof of Theorem 3 is simi-
lar to that of the Theorem 1; for sake of brevity we
omit the proof.

3. Applications

The g-extension of the H-function of two
variables defined by (10) in terms of the Mellin-
Barnes type of basic contour integrals, possess
the advantage that a number of g-special func-
tions (including Fox’s H-function of one variable)
happen to be the particular cases of this func-
tion. The transformations deduced in the previ-
ous section can find many applications giving
rise to the transformations for various g-special
functions, which are special cases of the Fox’s
H-function.

For example, if we seta =a'=f=p'=
y=y'=0=0=p =0=1 in the Theorem 1 and
Theorem 2, we respectively obtain the following
results involving Meijer’s G-function of two vari-
ables:

(@)
1-4cy,....cc
GAFLM N ). (My:N,) zZ1X al,...,apl;ai,...,a}:z
C+1,D+1,(P,:Q,).(P,:Q,) sz.q dy,....dpl—A+pu
by,....bg ibj,....by,

+n(n—1)
<« (=10"q 2 (g"“q),
S (@@,

A+1,(M,:N,).(M,:N,)
GC+1,D+11,(PI'1:Qj,(PZ:Q2)x

[ 0;cy,....¢c
|Z1X, al,...,apl;ai,...,a;,2 | (33)
ZQx’q d,....dp;n ’
. ! U
by.....bg :by..... by,

{ e,

- AL(M,:N,).(M,:N,) | 21X a,....ap ;aj, ..., dp, ~

W) Gt 90 Feg) 2l 1—au | "
[ bl,...,le;bi,...,b’QzJ

. . n}.+n(n2_1) i

E(_D q ("

ot (q:q),

[

M, N, +1
Gplhrl,b1+1“zl(x‘1n]3 q

1-Zay,....ap |
br..obg 1= 2+ u—n|*

O,a’l,...,ajaz-|

M, N, +1 .,
! U .
Lo eees Qz,nJ

Gp,’1.0, +1[22x; q (34)

On putting A =C=D=0,p=1and z; =1
in the Theorem 3, we obtain a known result due
to Yadav and Purohit [2, p.323, eq. (2.1)].

We conclude with an observation that the
method used here can be employed to yield a va-
riety of interesting results involving the expan-
sions and transformations for the generalized ba-
sic hypergeometric functions of two variables.
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