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Abstract

In this paper the operator L{(.) of the basic multiple hypergeometric function given by Yadav et al. is
used in order to obtain the fractional g-integral operator L(.) of the generalized basic hypergeometric func-
tion . ¢4(.), also the q-Mellin transform for the operator L(.) is presented. Various interesting special cases,
involving g-special functions, have been derived as application of the main result.
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Algunos resultados sobre un operador g-integral
fraccional que incluye la funcion hipergeomeétrica
basica generalizada

Resumen

En este trabajo el operador L{.) de la funcién hipergeométrica multiple basica dado por Yadav et al. es
usado con el fin de obtener el operador g-integral fraccional L(.) de la funcién hipergeométrica basica gene-
ralizada ,¢4(.), ademas se presenta la transformada g-Mellin del operador L{.). Varios casos especiales inte-
resantes, que incluyen funciones g-especiales, han sido derivados como aplicacion del resultado principal.

Palabras clave: operadores g-integrales fraccionales, funcion hipergeométrica basica generalizada,
transformada g-Mellin, funciones g-especiales.

1. Introduction th derivative and n times integral to any complex
number, can be introduced in several ways. The
Nowadays, the fractional calculus theory is most widely used definition of an integral of frac-
applied in almost all the areas of science and en- tional order is via an integral transform, called
gineering. Operators of fractional calculus and the Riemann-Liouville operator of fractional inte-
their g-analogues have many applications, for ex- gration: [5, p. 146]
ample, they can used to solve dual integral and
series equations which arise in crack problems in p(x) = ﬁ f;( X~ \p()dt Re(a)>0
elasticity [1]. They find applications also in con- _ ;{7 5 () —n <Re(e)<0.n€ N,

trol systems, signal processing, bio-medical engi-
neering, radars, sonars, etc. [2-4]. 1)

The concept of differ-integral of complex or-

Many authors [5-19] have defined and
der v, which is a generalization of the ordinary n—

studied operators of fractional integration
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through an integral transform. Some of these op-
erators are:

1.1. Erdélyi-Kober Operator:
[10, p. 4, No. (20)]
L f(x)= 3 [obe =0 fodt, Re(a) 20,

—a-n d" +a+
= x"¢7 o xme 'II,L%nf(x), Re(a) <0,

where n is the minor integer major that a.

1.2. Saxena operator: [17, p. 288, No. (1)]

X fXF(a B+m: B, i)ﬂ Floyt
o \#PFMAT :

e, By, m: f1x)] = -

Re(a) <1; ‘L‘ <1, (3)
x

where Fla,b;c;x) denotes the Gauss hypergeo-
metric function, and the parameters involved are
complex numbers.

1.3. The operator L{.)

We consider the operator L{.) introduced by
Delgado and Galué [8] in the following form:

L{l,bl,bz,...,b,,y,ml,mz,...mT;f[x)} =

m, +b, m,+b,
s

x7 q"l q ... q
t : :
Fq(l+1) fo r+1¢r|: qb‘,...,qb’

g, %q}ﬂtldqt

4

-1l m, +b, m,+b,

1 1 , e
= fowy r+1¢r|:q q q

b, b, ;q,wq:|><
Fq(l+1) ,.esq

q

Slaw)d qw (5)

Lmy,....,m, are non-negative integers,

t
y €EC.by.....b, #0,—1-2,....|-|< 1

As particular cases of this operator we
have:

lirlr} L{l,b,,y,my; f(x)} =S3[-L by, y,my; f(x)], (6)
T+

where y € C,l,m; are non-negative integers,
b, #0,-1-2,..., with J[-, b;,y,m;; f(x)] as de-
fined in (3).

éirlr} L{Lby,y,0; f(x)} =1, 111 (x) (7

with y €C, | 1is non-negative integer,
b, #0,—1-2,...,and I, ;;, f(x) as in (2).

In this paper the operator L(.) of the basic
multiple hypergeometric function given by Yadav
etal. is used in order to obtain the fractional g-in-
tegral operator L() of the generalized basic
hypergeometric function ,¢4(.), also the g-Mellin
transform for the operator L(.) is presented. Vari-
ous interesting special cases, involving q-special
functions, have been derived as application of the
main result.

2. Basic hypergeometric series

In this section we present some definitions
necessary for the development of the next sec-
tions.

2.1. The g-shifted factorial
The g-shifted factorial is defined as: [20]

1, n=0
(@q), =10-a)l-aq)l—aq?®)...0—-aqg"™), n=12...
[l-ag MNA-ag™®)...0-ag ™)', n=-1,-2..

(8)
Also,

(a;q), = lim(a;q), = [[(1-ag"), 9)
e k=0

which converges for ‘q‘ < land diverges fora =0

and ‘q‘ =1, and
(a;q), = % neEz, ‘q‘ <1l (10)
" (ag™q).,

2.2. Identities

We recall here the following g-identities [20,
p- 233, No. (I.13); p. 235, No. (I.35)]:

_(ad)lg/ )y e

(ag™:q)) = (ql_k/a;q]n (11)

Rev. Téc. Ing. Univ. Zulia. Vol. 35, No. 3, 2012



304

Galué

T,(x) @D ix g g<n (12)

(o)
2.3. Generalized basic hypergeometric

series

A generalization of the basic hyper-
geometric series ¢, is given by: [20]

a;,dg,...,A,.
] 1q.z | =
r S[bl,bg,..., 3

©

1+s-r
(a Dl Dyl o (3] n
-1 . a
,go (@ Qp(by: Q). (b1 Q) [( ra 2 (19

where by,....bg 2q™" for m=01L...;
-1
(g) = n(n ); q#0 when r>s+1 and
2
lim ,¢s =, F.
¢>1

Some special cases of the ¢ (.) are:

i) The two g-exponential functions, [20, p. 9,
Nos. (1.3.15), (1.3.16)]

© n 1

X
eqx) = ,;)(q: Q. (xq.

=100(0:=q. %), [x< 1
(14)

© n(n—l)/2xn
=) —— =(-x9), =opo(=—1q—x).
a 5 (q:q), ore

(15)
ii) g-analogues of Bessel functions, [20, p. 25]

1 v 2
W ) — (q"":q)s (f) Lol X
J,(xq) (€. \2 2$1/0,0;9" "5 q, af

O0<g<l (16)

(q9). \2 4
0<qg<l (17)

( v+1; )w xY X2 v+l
JPxq) =L 2] )| g g -t

iii) The g-Laguerre polynomials defined by [20,
p- 194]

a+l,

(q q)n 1¢1(q—n; qa+1;q’_an+a+1). (18]

Li(x:q) = W

iv) The little q-Jacobi polynomials: [21]

(qa+1_q]
Pr(la.ﬁ](x; q) =W’)n 2¢1(q—n’ qa+[3+n+1; qa+1: q, Xq).
’ n

(19)

v) The Wall polynomials: [20, p. 196]

n+1 (é) — i

< (—q™"x)/

W.(x:b.q) = (- )'(b:q), "5 [“} 4= X
! L V]

= (= D" (B @ q" ™% yp,(q".0; b; q, X). (20)

vi) The generalized Stieltjes-Wigert polyno-
mials: [20, p. 196]

n 32 1/2 \j
Sn(x;p,q)=(—1)”(p;q)nq_"(2”+”/2E[rf] 47 (4707
q

j=olJ (p:q);

— (_ l)n(p; q]nq—n[2n+l)/2 1¢1(q—n; p; q’_qn+3/2x)‘ (2 1)

2.4. g-analogue of the Karlsson-Minton
summation formula

Gasper (1981) derived a g-analogue of the
Karlsson-Minton summation formula, which is
given by: [20, p. 16, No. (1.9.10)]

" b,bq™,....bq™
r+2¢r+1|:q bq,lgl,...,b d :q,q}=

b (q: q), (P / D@y .. (b / D),
ba:a),  (bi@p, (b1 @y

(22)

where m;,m,,...,m. are non-negative integers,
n=m+..+m,.

2.5. The basic multiple hypergeometric
function

It was introduced by H.M. Srivastava [22]
and is given by
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A:B';..;B™ [(a]:‘g"-' (9(")]'[(b’]'¢’]' '[[b(n])"f’m)]' - x x | =
D [t p P [(): 0k s [(@):0m ] T T ) T
A B
[lega, . .. gmﬂ(bj,q oy 1L @), o n
Lm,z0 1 D A (@D, (G Dy,
my,...m, OEI(C q]m A E(dfj; q)m16} . };[l[d(,n]; m”(;J('U m m

where the arguments x,, ..., x,,, the complex pa-

rameters
a.j=L...A:b% j=1.. B
¢pi=1..CdP, j=1. D%k =1 n

and the associated coefficients

ko (k) (k).
Qj,_]— A¢ L...,BJ- :
ph.j =1,...,c,a‘jk’,1 =1...D{%k=1...n

are so constrained that the multiple serie (23)
converges.

As particular case of (23) for n =1,
A=C=0,¢;=1 j=1..,B, 6’J-=l,j=l,...,D’

we obtain
OB —:[bidl, ..., [bg1l; _
0:D\ —[djdl, ..., [dp ;4 -
B
[, o,
E J=1 X1 _
ok
e (@:9),
20 T gy, F o™
j=1
by, b, ..., by
BPD |:dr dz/ d/ ' q, Xlil (24)

which is a general basic hypergeometric series
[23].

2.6. The g-derivative operator

It is denoted by D, and defined for fixed g by
[20, p. 22]

_ f2) - flgz)

D) = o (25)

2.7. q-Beta function

It is defined by [20, p. 18, No. (1.10.13), p.
19, No. (1.11.7)]

I (X, (y)
B (x,y) = L9272 Rex R ) 2
X Y) T(x+y) ex,Rey>0 (26)
1,1 (g q)e
B (x,y) = [t —2=2d ¢,
q(x y) fO (tquQ)m q
Rex>0,y#0,—-1-2,... 27)

From these results we have

r (x)

B x—1
ftdt D)

Re x> 0, (28)

now applying (12), when x =u+n, Re(u) >0,

neEz,

( u+1, q) (qu, q)

u+l, q)
(29)

Bq(x’l)=f<1>tu+n_ldqt=(1_q]( “a). (g

3. Fractional g-integral operator
L(.) of the generalized basic
hypergeometric series

R.K. Yadav, S.L. Kalla and G. Kaur [24] ap-
plied the operator L(.) to the basic multiple
hypergeometric function and established the fol-
lowing result:

L{l, by,....b.,y,my,...,m;

@A:B’;...:B(”)([ o', (n)] [ ..... [ (n]):¢(n]];

]| R (d]é] ..... [@™):0m];
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! A (1—g)+igt+it-m=—-m)
q; Xy 1y X =
11 n-n (qy+1;q)l+l

b;
TrlLl ’%ﬂ@A:BM...;BW([(a):ec-.-,0‘"’]:
1-b;—m

j=1(q j q)y+1 C:D'+r+1;..;D™ [(C):w,’”',w(n)]:

[((B):¢1.1q" " ML Ig> T P,
[(d’):d’], [qy+2+l: 11], [q2+y—b1—m1:;{1], o

[q*7 P41 [(b’]:q)”] Do [(b(”]):(p(”)];
[q* =m0 (@) [(d(")):é(”)];

———— A
q: iy g TN ...,unxin] (30)

where y € C,l,m,,..., m, are non-negative inte-
gers, b,....,b. #0,—1-2,...,and 4;(i =1,...,n) are
arbitrary quantities.

From (30) and using (24) we get

L{l,bl,...,br,y,ml,...,mr;

b}, b, ..., b,
B‘PD[dlr d22 dI? g, #1&]}

quﬂm—ml—---—m,lﬁ (@ 7:1a)n
(@ Dy ilg ™),

1-b;

’ / y+1
¢ bl vvvvv bg.q .
Brrel¥orel) oy dD qy+2+l q2+"/‘b1—"11 ’’’’’ q2+y—b,—m,’

q ﬂlxlq(lmlmmr)} ' (31)

where y € C,l,m,,...,m, are non-negative inte-
gers, by,...,b. #0,—1-2,....

In the rest of the paper for convenience we
will use the following notation:

L{l,b,, by, ....,b.,y,m;,my, ...

l,by, by, ...
L > M1 M2 T ] X
im0

.m.; f(x)} =

Lb,,b,,... ]
y,ml,mz,...,mT
Jractional g-integral operator and .¢(.) the gener-
alized basic hypergeometric series, as defined in
(4) and (13) respectively, then

Lemma: Let L[ f(x) be a

l.by, by, .... b, 1 lanag,.ay B
r (y+ A+1)
Ly +A+2+ l)

T C

@3 D, (@73 D,

Lq)
mr q(y+/1+1)lx/1 %

y+i+l _y+i+2-b

u+f+1¢v+f+1|:al’a2, e ?+1+2+2q y+l+2—llzy—';7;’
Cy,Cq,...,C,. q .q L
y+A+2-b,

g Henem pg! =Mt ]x}, (32)

with  Lmy,...,m, non-negative integers,

lzm+..4m,; y€C, Rely+i+1)>0; bj,
y+A+2-b;—m; #0~1-2..,j =12 ..r;
€1,Cgy...,C, #q " forn =0,12,...

Proof: From (5) we get
Lbpby...b, 1 5  [ay.aq....a, B
b, b,,...,b, a..d......a
g 12 e 120 M,
X L[y+lml,n12,... :l{u(va:Cl CohonrC,y ,q,px:|}’

now, taking in (31) u; = p, x; = x with ,.¢/(.) as
defined in (13), we have

l,b,by,...,b, a;, dy,...,a,
L[y,ml,mz,...,mT ”¢V Cy,Cy,...,C, 4 pxX
xl(l_q)l+1q(y+/l+l)(l—m‘—'-~—mr) r(g b, (@), 1

1-b;—m;

e) o jeilg

y+Ai+1

(q ’ q)y+l+1

+i+1  24y+i-b
a,...,a,q" gt

2+y+i-b, —
CpronnnCy @ TR @YD

2+y+Ai-b,
q . (l—m,—"'—mr)xi|‘

u+r+l¢v+r+1|:

q2+y+ I-b,-m, >4 P4 (33)

Now, using the results (11) and (10) joint
with (12) we obtain respectively

1-b

r (q Iq] r q
1_[ 1-b;—m, — 1_[

bjy/ll

’ q] q(y+/1+1)m

j=1lq ) PR R (] jlq}mj
(34)
1-q)tt _ Ty+4+) (35)
(@ hah  Toly +A+1+2)

Rev. Téc. Ing. Univ. Zulia. Vol. 35, No. 3, 2012



Some results on a fractional g-integral operator involving generalized basic hypergeometric function = 307

Then the substitution of (34) and (35) in (33) [Lm; non-negative integres, l=m;; y €C,
leads us to (32). Re(y+4+1)>0; b, y+i+2-b —m; #0,—1,
Particular  cases: By  replacing —2..:¢.Cp...nc, #q "forn=0,12....

in (32) by
q“,...,q%,q,...,q%, respectively, and letting

a,,asy, ..., 4, C,Co, ..., C,

a;,dy,...,d F(y+/1+1]xl
I 2 F[ 1O Gy, ]}=
V~l+1{x wlepncy.ie, P r(y+/l+2+l)><

q = 1" we obtain according to (6) and (7)

a;,dy,...,a a,,ay,...,a,,y+A+1
S[_l’bl’y’ml;xl “Fv[cll,c;...,cyu;pxﬂ = “+1Fv+l[cl,02,...,cv,y+l+l+2,’px (87)
[y+A+1)(b, —y—A-1), Inon-negative integer;y € C,Re(y + A +1) > 0; b;,
Ty + A+ 2+ (b)), X y+A+2-b #0,-1-2,..; ¢,Cy,...,c, #q " for

‘ n=0,12,..

i g Janagany A+ Ly + A+ 2-by ) Interestingly, by making a suitable change
* usz ”*2[01,62 ..... C,y + A+ 1+ 2y + 2+ 2-b —ml’px} to the parameters a,,a,,...,a,,¢;,Cy,...,¢, and
the argument x in conjunction with definitions
(36) given in (14)-(21), we obtain the following results

given in Table 1.

Table 1. The fractional g-integral operator L(.) of some g-special functions

Lby.by,....b, -l x4y g g™t gmrtr
Jx) L[ ]f[x]=mjo t .0 " 1q.£q | flH)dt Eq.
7imy Mg, q"....q N°
0,7+, grHsdh ., gredsd-be
A A . L=(my 4+, )
xX'e |x
4(x) Ax*,, ”,Lﬂm‘qwﬁm qriann 124 x| <1 (38)
i 2 qrﬂd‘qrd;z—b[ .___.qrwh&—b.- [ —
Xx“E (x Ax 1q,— 2 d
I'l( ] rH r+l[q!+xd+'l b‘.‘rwhz-‘ln—nq ‘,,,.q”*ﬂ-ik -my ® q’ q x ” (39)
x‘Jf,”{J;; q} B x1+vf2 0,0,q7*4+4/3%1 gred=v/2e3-by . aredeviZed-be . - ey g 0
r+3%r+2 " i ,q.— —a X, X> (40)
qw 'qu wiBaI—B.qy—Aw.FBOS-M-m; ‘mlqrwi"f‘ld—h-—m,

P, qr A 2 greden[2e3-bmm | aredse/343-by-mg 4

A 1(2) . qyuwnu_q,.:.vnv:-q _m.q?‘"‘"-"“'z"k T TS
X Jy (‘J;' Q'] B x’ti—v/ﬁ i r+2|: ;q’_.#x , X > 0 (41)

= padsl yeds2eby | yedeZ-by
Ara(,. @)y .4 G el ¢ n+a+l+H-(my +-+m, )
x’Ly(x:q) ASGa X raba| 199 KX (42)
qa& .q;r-t L4 .qyohz-h-ml .___.q}‘).oﬂ—b(—my
x‘IPrEg_ﬁj [x; q} A M xﬁ ¢ q—n 'qm-,aﬂhl .qrﬂh—l _qnbz—h ...__q.rhhﬂ—h- . l+[-(ml+"""mr]x {43]
(g:q), r+37r+2 qavl.q;r+11<-!+2‘qnx+2—h|—M| .___'q,p-.hz—b,—mr ’q’ q i

g",0,q7H A g At L, gredeate

W, (b,a) A1) (biq), g 2x Ham[ ;q'quﬁuwx]' "8

b‘q,mma : qy-wh-z—bl -my I'qru-m-br -my

x*S,(x;p,q ACD"(p:g), g x 1q—q

- Ael _ypedeR-by | _pedsd-by
-n(2n+1)/2 2 a7 g I-tmy+otm, ne3/2 .
T+2¥r+2 pbqr+.l-slo2.qr+4+2—b1—m1 R (45)
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where L. b,. b b 1
M APl VP P2 ] : }=7
T(y+Ai+1) q{x {%mpmz,m,mf SO = i+
q
= X m,+b, m, +b,
L ly+A+2+1) xf w’ 6, {q d - - :q,wQ}
- ) NG Lt q'...-.q
q q” :q m, q(},+1+1]1‘ ©  prs-1
(q” ,q)ml-..(q o) {fox f(xw)qu}dqw, (48)

L ly+2+v/2+1) (¢"*q).
Ty +A+v/242+1) 2(q: g

byﬂv/21 b, —y—A-v/2-1,

(g™ D, -+
(@”: @, (0" D,

(y+A+v /2+1)1

fe) iy

X

q

4. g-Mellin Transform of L(.)

In this section we establish the g-Mellin
transform of the fractional g-integral operator

by, by,...,b, ]
L .).
[y,ml,mz,...,mr(]

The g-Mellin Transform of fl) is defined by
(25]

M {f(x):s} = CxT f(X)d . (46)

1
1-q
L,b,,by,...,b. }
Yy, my, My, ..., M,
Jractional g-integral operator, as defined in (4),
then

L,b,,b b
p » Dy, Da, ..., O Lol =
Mq{x L[y,ml,mz,...,mr]f(x]’s} B
Ly —p—s+1)
Ty —p—s+2+10)

Theorem 1. LetL[ f(x)bea

(y=—p=s+t)l

b, +p+s—y-1,
1TP 14 ’q)ml"'(q

@ D, @5 @,

b, +p+s—y-1.

(g o)

=M ASW):p + s}

(47)

where M { f (x); s} denote the g-Mellin transform of

J0I; Lm,....,m, non-negative integers,
Lz my+..+m,; y € C, Re(y —p—s+1)>0;
by,....,b. #0,—1-2,...

Proof: From (5) and (46) we obtain,

where we have interchanged the order of integra-
tion.

Making a change of variable in the inner in-
tegral and using (25) we have,

f:;xp‘i-s—lf(m)dqx — w—(p+s) f:yp+s—1f[y)dqy —
w1 - )M { f(y): p + s}

The substitution of this expression in (48)
yields

Mq{xpl{ b, b,,...,b, ]f(x];s}: L

YoMy My, .., T (+1)

MAf(y);p+ s}f; w’ TP x

-1 170 r 0
r+l¢|: d " roed ;q,wq]dqw. (49)

Now, applying (13),

Mq{xpL[ Lb,.b,, ...

by DA
,m,]f(x]’s} ST+ X

Y, My, My, ...
- m +b, m, +b,
g )
M {f(y) p+s}2 5 . £q* x
k= (a.q -.-quq)k
L y—p-stk
fo w’PTR w, 50)
and from (29)
f(l) w?~Pstkg W =
y—p—s+2 y—p—s+1,
(1 q) (qy p— 5+1’q) (qyfp—s+2,q)k’
(q D (q o)
Re(y —p —s) > 0. 51)

Then, (50) and (51) lead us to
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Mq{xpL[ Lby.by,....b, ]f(x];s} _

Y, My, My, ..., M,

1-q) (@ "%q)
L+ (g q)

=M {f(y);p+s}x

m

1+by
5

y—p=s+l.

S g ") (g

Dic
<o (a.q™.....q"

Qi

—p—s+2,

" Q) (q"

which using (13) can be written as

Mq{xpL[ by, by, ....b, ]f(x];s} _

Y, my, My, ..., M,

1-q (@ "%q)
L+ (g~ """ q)

= M{f(y):p+shx

©

—1 —-p—s+1 _m,+b +h,
¢ q ’qV pP=s g l’.“’qmr rqq
r+2%r+1 —p—-s+2 _b b, YoM
qV pP—s .q 1’.“’qr

and by virtue of (22)

l,b,,b,,...,b
P s 1, Do, , b, ) _
Mq{x L|:V’m1, mz,,,,,mr]f(x],s} =
1-q) (qy—p—s+2;q)
L+ (g7 q)

(y=p=s+Dl( .
q (g:q); »

=M Af(y);p+ stx

©

(@7 q)
(qbl+p+s—y—1; q]ml N (qb,+p+s—y—l; q)mr
(G D, - (0" 1), ’ °2
l=m+..+m,.

On the other hand, from (10) and (12)

-9 (@ ""qulgq)
L+1) (@7 )@ 7 q),

y—p—s+2+l,

(1-q)

I+1 (q q)oc
(@ " q).,

and using newly (12)

(l1-q) (@ "*qulag,  _
C+1) (@7 q). (@ q),
Fq(y -p-s+])
Ty —p—s+2+10) )

(53)

Finally, from the results (52) and (53) we get
47).

As particular case from this theorem we get

Ly —p—s+1) “
Fq(y —-p-s+2+1)

Mq{xpL[l, b,y,m; f(x)]; s} =

b+p+s—y—1,
(y—p—s+1)l (q prsy ’q)

M ;p+sh, 54
q . AS Wi p+s) (54)

where [ m non-negative integers, [=m; y € C,
Re(y —p—-s+1)>0;b=#0,-1-2,...
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